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11

Numerical Methods in Heat
conduction

Learning objectives:

1.

Here, the differential equation is substituted by a set of algebraic equations (obtained by applying

heat balance at the nodes) and simultaneous solution of these algebraic equations gives the

temperatures at selected, ‘discrete points’ in the system. So, the important difference to be

noted is that while in an analytical solution, temperature is obtained at any point in the body,

in a numerical solution temperatures are obtained only at selected, discrete points or ‘nodes.

By selecting these nodes close enough, sufficiently accurate results are obtained.

Advantages of numerical methods are:

1) easy to apply, with the availability of high speed computers

2) desired accuracy can be obtained by controlling the no. of nodes or ‘mesh size.

3) variation in area, thermal conductivity or heat transfer coefficients, and complicated
boundary conditions can be easily taken in to account.

4) mathematical model for a numerical solution is more likely to be a better representative
of the actual system

5) parametric study to observe the effect of variation of different parameters on the solution,
or ‘what-if” analysis, is easier with numerical methods in conjunction with high speed
computers.

We shall study problems to formulate set of algebraic equations from the differential equations

in Cartesian, cylindrical and spherical coordinates and solve them for one-dimensional, steady

state conduction. Then, we shall also study the finite difference representation and solution of

two-dimensional, steady state conduction problems.

Download free eBooks at bookboon.com



Formulas:[Ref. 1]

1D Steady State conduction, with heat generation, in Cartesian coordinates:

Volume element of node ‘m’

Plane wall /

Volume element of q Volume element of
node ‘0’ m node ‘M’
| |
| ) X [
| S 4 |
| |
To| T1 T2 m-1 Tm m+1 TM—l | TM
L 4 L 4 L <@ L 2 X
| |
| 2 m-1 m m+1 M-l |M
! m12  mtl/2 )x
x=0 x=1L
Fig. 8.2 Finite difference formulaion in a plane wall by energy balance
For Internal Nodes:
T -T T .- T
kA L kA™ D g AAX=0 (8.7)
Ax Ax
i.e q (8%’
m _ 8.8
<Tm717 2.Tm+Tm+1>Jr k =0 ( )
For Boundary Nodes:
s Volume element of node “0'
heat gen. g,
) X/2
»
Qe > < Qright= KA(T,-T,)/) x
To T1 T2 m-1 Tm Tmﬂ TM—I TM
® . . . . . . . » x
0 1 ) m-1 m  mtl L—JM—I M
) X
x=0 x=L

Fig. 8.3 Finite difference formulation for left boundary of a plane wall
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1. Specified temps at the boundaries: Here, the temps at boundaries are given.
2. With Prescribed heat flux at the boundaries:

By energy balance:
T,:-T
1 0 A-A
Qleft+k'A'<>+qo‘< X>=0 (8.10)
Ax 2
For node 0:
(T~ Ty A-Ax
Ax 2
ie (M%) q. 2:Axq
2T |- 2T+ o leftyy (8.12)
k k
For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1":
<TM717TM> A-Ax|_
qrigh‘c'A+ kA= q\p =0 (8.13)
AX
. 2
i.e. (AX) g 2:AXq pieh
ght_
Py 2Tyt 0 (8.14)
360°
Deloitte
Discover the truth at WWW.dClOitte,CalcareerS © Deloitte & Touche LLP and affiliated entities.
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For insulated boundary condition and for a plane of thermal symmetry: It is a special case of case

with prescribed heat flux at boundaries: i.e. q_left = q_right =0

2
(Ax)q
70=0

2T |- 2T+ (8.15)

2
(Ax)q
2T 2T o Mo

- N (8.16)

We can also get the above eqns by applying the ‘mirror image concept’ at the insulated (or symmetry)

boundary.

3. Convection boundary condition:

For node 0:
h-A-<T - T >+k-A-<T1TO>+q JAAXI, (8.19)
a 0 A X 0 2 '
ie (4%°q
2T 2T 1 22 X) " — ° ¢ 2'hk'A 51 ,=0 (8.20)

For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1":
We get:

<TM717TM>
AXx

=0 (8.21)

AT, =Ty + kA A'AX)

VS
ne

i.e.
2T, |~ 2T\

(4"q
LN M, 2hdxg oo (8.22)
k k K

4. Radiation boundary condition:

For node 0:

T:-T
1 0 A-A
s'c-A-<Ta4TO4>+k-A-< - >+q0'( zx)=0 (8.23)
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For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1":
We get:

<TM717TM>
Ax

AA
a‘c-A-<Ta4—TM4>+k-A- X)

+q M(
5. Combined convection and radiation boundary condition:
Let the combined heat transfer coefficient be: h

b

For node 0”:

hcomb'A'<Ta7 T0>+k'A'<T L T0> +q0.<A‘AX): °
Ax

2T172TO Ta:O

2
h combd x) (Ax)"q o 2:h comb A X
1+ + + :

k k

For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1":

We get:

T -T _
hcomb'A'<TaTM>+k'A'< MiiAlX M>+CIM'<A2AX>=0

1

2
h comb'A x| (Ax)q M 2:h comb'A X
+ L. . T,

2T, - 2Ty

Download free eBooks at bookboon.com
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6. Interface Boundary condition:

Interface
qA,m
Medium A
k )
A Qleﬁ
® . . . . < . . . . » x
0 1 2 m-1 | m m+1

> )x
Qleft - kAA(Tm—l_Tm)/) X

Qright - kBA(Tm+1_Tm)/ ) X

Fig. 8.4 Finite difference formulation for interface boundary condition

REALLY
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With no contact resistance:

The finite difference formulation for this boundary condition is given by:

T T - T
m—1 m m+1 m A-Ax A-Ax|_
kA'A‘+kB'A'+qA,m‘(2 )*qa,m'(>'0 (8.29)

With contact resistance:
If there is a contact resistance Rc at the interface, we use the resistance concept to write the difference
equation. (See eqn. (8.9)). Now, at the interface, there is a temperature drop. Let the temperature at the

interface drop from Tc, to Tc,.

Then, we can write:

T - Tec T - Tc
m—1 1 m+1 2 A-Ax A-Ax
KaA—————rkpA————1q, )*qB,m( >= 0 (8.30)
Ax Ax 2 2
And, temperature drop at the interface is calculated as:
Re
AT C—<Tc - Te 2>—Q'X (8.31)

where Q is the heat flow rate through the interface (i.e. between nodes (m-1) and (m+1)) and (Rc/A)

is the interface thermal resistance.
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One-dimensional, steady state conduction in cylindrical systems:

TM
B

Ty T .

-~ Volume element of node ‘m

o,
.,
- Cylinder

Tm+l

| ) r

m ﬁ mt1 M-IM )1/2

m-12  m+1/2 ) r
r=0 r=R

Fig. 8.5 Finite difference formulaion in a cylindrical/spherical system

For Internal node:

Writing an energy balance for the volume element around node ‘m, remembering that all heat flows are

into the volume, we get:

o1 T + Tt T + (21 mArAr)Lq
At At m =0
2 ~<m-A r— Ar Lk 2= ~<m-A r+ Ar L'k
2 2
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Simplifying the above equation, we get:

1

2
(Ar)"q
1+— | T +7m=0
2

(8.32)

T - 2T +
m—1 m

b
2'm
Eqn. (8.32) is the finite difference eqn. for internal nodes i.e. for nodes 1, 2, ....(M-1), with constant

thermal conductivity and internal heat generation.
At the centre: i.e. at r = 0:

Writing the energy balance for the half-volume (of thickness Ar/2) around node ‘0; we get:

T1-Ty Ar
— T
2

2
- -L-q = 0
Ar ) 0

20 ALk
2

Simplifying the above equation, we get:

2
(Ar) q():O

4-<T1—TO>+ 3

(8.33)
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At the periphery: i.e. at node ‘M:

For convection boundary conditions, where heat transfer from the periphery is with an ambient at

temperature T  with a heat transfer coeff. of h, energy balance around node ‘M; gives:

£ MATL)#h(T o= Ty) + 27 Mo r-%~L-qM: 0

2n -<M~A r-— |

Simplifying the above equation, we get:

1 1 Arh
- — |- T | [1=-—]+
< oM/ M1 H 2-M> k

UL, M_ 0 (8.34)

One-dimensional, steady state conduction in spherical systems:

See the fig. for cyl. system, i.e. fig. 8.5 above.

For Internal node:

Writing an energy balance for the volume element around node ‘m; remembering that all heat flows are

into the volume, we get:

T -T T -T
molom + mfl m +[4-n -(m-Ar)2~Ar]qm:0
Ar Ar
E AR (8.35)
4n-mAr——| 'k 4n-mAr+—] k
2 2
Simplifying the above equation, we get:
1 2 1 2 (A r)z'q m
(lm) -<Tm71 T >+ an '<TmeTm>+T=0 (8.36)
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At the centre, r = 0:

Applying the energy balance to the half-volume around node ‘0,

Ti-To 4 (Ar>3
——+-—1—]qp=0
Ar 2
2
4 (“) k
2
Simplifying,
2
(Ar)qq
6(T-Tg)+——=0
(T1-To)+—

For the boundary node ‘M’:

(8.37)

Let there be heat transfer at the boundary with a fluid flowing at a temperature of T with a heat transfer

coefl. of ‘h’ Then, writing an energy balance for the half-volume around node ‘M, we get:

MZLL M 4 (M-Ar)z-h-<Taf Typ)+4n (M-Ar)z-E.qM: 0
Ar 2
2
4m - M-Ar— Ar k
2

Table 8.1

Summary of steady state, finite difference equations for different boundary conditions:

(q = heat flux, h = conv. heat tr. coeff., k = thermal cond., no int. heat gen., and Ax = Ay)

(8.38)
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Situation Finite difference eqn. (with Ax = Ay, no heat generation)

1) Node at an internal corner with convection (Fig. (8.7,a):

2:h-Ax 2:h-Ax

m,nf1+2.Tmf1,n+2.Tm,n+1+Tm+1,n7 <6+ >.Tm,nJr Kk T a=0 (8_44)

2) Node at a plane surface with convection (Fig. (8.7,b):
2:h-Ax h-Ax

<2.Tmfl,nJrTm,nqtlJrTm,nf1>7L k .T32.< k 2 .Tm,nzo (845)

3) Node at an external corner with convection (Fig. (8.7,c):
2:h-Ax h-Ax
(Ton 1" T 1) « Ta % +1)T, =0 (8.46)

4) Node at a plane surface with uniform heat flux (Fig. (8.7,d):

2-q-Ax
<2'Tm71,n+Tm,n+l+Tm,n71> k N 4.Tm,n= 0 (847)

> RBS Group
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Note: In eqns.(8.42) and (8.44), put h = 0 or q = 0, to get difference equations for an insulated surface

or a surface with thermal symmetry.

One-dimensional Transient heat conduction in a plane wall:

Applying the general energy balance:

T —T T —T AL
AL A LA A=A ARC T (851)

AX AX AT

Simplifying,

Qm'(AX)2=(Ax)2'<T i+l i>

TmfliZ'TerTrnqtlJr k o -AT m m (852)
where, a = ko thermal diffisivity of the material.
PCh
A
Now, the term 4AT s the finite difference form of the Fourier number, Fo
(A%’
So, eqn. (8.52) reduces to:
2 i+1 i
q 1y (AX) <Tm> - <Tm>
T 2Tt Tt — = - (8.53)
Explicit method:
i 2 it+1 i
i i i Am (A% <Tm> - <Tm>
(T 1) = 2(Tw) + (Twyr) T o (8.54)
So, we write for T ™':
i 2
. ; . . q ) (Ax)
<Tm>l+l=FO.{ <Tmf l> - <Tm+l>l} (1= Z'FO)'<Tm>1 Jr F0'< m> k (8.55)
When there is no heat generation, eqn. (8.55) reduces to:
i1 i i i
T) =Rl (T, ) (T, ) (1 2F0) (T, ) (8.56)
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Implicit method:

If in the LHS of eqn. (8.53), we use the values at time step (i + 1), we get the implicit relation for

the node temperatures:

. : i i <qm>i+l~(AX)2_ <Tm>i+1 B <Tm>i
ie <Tm71> 1 2.<Tm> Ty <Tm+1> 1, . = - (8.57)
Eqn. (8.57) is simplified to:
i 7 i i ™ Tlax’ i
(1+2Fo)-(T_) L Fo-7<Tm71> 1 (Toit) hy ) . ~(r,)=0 (8.58)
When there is no heat generation, eqn. (8.58) reduces to:
(1+2F0)(T )" 7' For (T, )T (1, )7 (1, )= 0 (8.59)

For Boundary Nodes:

Exact nature of the difference eqns. depends on the specific boundary condition. For example:

For node ‘0’ with convection boundary condition:

Explicit formulation:

. T)' - (T) . T ) (T )

h-A-{Ta— <TOH + k-A~7< ) AX< o + (q(,)‘-A%Ep-A -A2X~Cp-< o . ) (8.60)

Simplifying:
. . : (q,)' (A%’

(T,)' " '=(1- 2.Fo - 2-Fo-Bi) (Ty)' + Foo 2T, ) + 2 BiT + OT (8.61)
where Bi—%‘ = Biot number
When there is no heat generation, eqn. (8.61) for explicit formulation becomes:

<T0>i+ '=(1- 2-Fo - 2:Fo-Bi) -<T0>i + Fo-{2-<Tl>i + 2~Bi~TJ (8.62)

Stability criterion foe Explicit method:

“Coefficients of all T ' in the T "' expressions (called ‘primary coefficients’) must be greater than

or equal to zero for all nodes ‘m’”.
Generally, boundary nodes with convection conditions are more restrictive and in such cases, coeff.

of T ' from the most restrictive eqn. must be considered for the stability criterion and the time step At

must be determined with respect to that coefficient.
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Table 8.2
Summary of transient, finite difference equations for different boundary conditions:

(q = heat flux, h = conv. heat tr. coeff,, k = thermal cond., no int. heat gen., and Ax = Ay)

Situation Finite difference eqn. (with Ax = Ay, no heat generation)

1. Node at an interior corner with convection (Fig. (8.12,a):

Explicit method:

<Tm,n>i+l=§.Fo-{2~<Tm,n+1>i+ 2T e (T (T ) e 2BET a} (8.71)

+[1- 4Fo- 4~F0~Bi> (T, n>i
3 B
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Stability criterion for above:
L3
Fo-(3+ Bi)<~ (8.72)
4

Implicit method:

Bi

1+4Fo-|1+—

'<Tm,n>i+1* 2-Fo >i+1+ <Tm,n71>i+l+2'<T

i+1 .
)+ 2BIT,

<Tm71,n
+2-<T

mact) | (T =0 (8.73)

m+1,n

2. Node at a plane surface with convection (Fig. (8.12,b):

Explicit method:

<Tm,n>iﬂ=Fo-{2-<Tmf1,n>i+ (T e (T )+ 2BiT J

; ' 8.74
+(1-4-Fo-— 2-Fo-Bi)-<Tm n>1 (8.74)
Stability criterion for above:
W1
Fo-(2 + Bi) SE (8.75)

Implicit method:

{1 +2Fo(2+ Bi)'<Tm,n>i+l a FO-{2.<Tm7 1,n>ile Jr <Tm,n+1>i+1 Jr <Tm,nf 1>i+1}=<Tm,n>i +2:BiFo-T a (8'76)

3. Node at a plane surface, insulated:

To obtain finite difference eqn. or stability criterion for an insulated surface (or a surface of thermal
symmetry), set Bi = 0 (i.e. h = 0) in eqns. (8.74), (8.75) or (8.76).

4. Node at exterior corner, with convection (Fig. 8.12, ¢):

Explicit method:

i+1_ i i .
(Tl —2-Fo-{ (To 1) (T o)+ 2BIT a} 8.77)
+(1-4Fo- 4-Fo-Bi)-<Tm n>1
Stability criterion for above:
L1
Fo-(1+ Bi) SZ (8.78)

Implicit method:

(1+ 4-Fo-(1+ Bi))-(ijn>iH - 2-F0~{ (T,
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11A.  One-dimensional, steady state conduction:

Prob. 11.A.1. Heat is generated uniformly in a stainless steel plate having k = 20 W/m.K. The thickness
of the plate is 1 cm and heat generation rate is 500 MW/m®. If the two sides of the plate are maintained
at 200 and 100 C respectively, calculate the temperature at the centre of the plate. Also find the distance

of the plate at which maximum temperature occurs from the 200 C surface.

Mathcad Solution:
Data:
L:=001 m.. thickness of slab
A =10 number of sub-regions to which the slab is divided
k=20 VWim_C).....thermal cond. of slab material

T =200 C...temp. of left surface, node 0",

Typ=100  C.temp. of right surface, node "0

qg = 500-10° W/m2___uniform heat gen. rate in slab

J.x:i:ﬂ e, Ax:=0001 m. distance between adjacent nodes
M 10

Note that there are 11 nodes, numbered as: 0,1,2,3,4,.....10. Out of these, nodes ‘0’ and ‘10 are boundary
nodes and the nodes 1,2,3...9 are internal nodes. Temperature of node ‘0’ is given, i.e. T = 200 C, and
T, =100 C.

Fig. 11.A.1 shows the schematic of finite difference nodes for this problem.

x
LWl I 10
x=10 x=L
Fig.1L.A.1. Finite difference nodes
Apply eqn. (8.8) for interior nodes, 1,2,3...9:
- g E'E—ﬁ‘xj;
{1']_____1— _--1'1____+ Ir___+1}+—k =0 (8.78)
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Qg (ax)’
We have: - I ¥
k
Mode 0: Tp=200 C.._bydata.. (a)
Mode 1: Tp-2T(+Ty+25=0 ... (b)
Mode 2: T{-2T5+T5;+23=0 __(c)
Mode 3: To-2T3+ T +25=0 __{d)

Find out more and apply

redefining / standards
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Mode 4:

Mode §:

Mode 6:

Mode 7:

Mode 8:

Mode 9:

1—-\.—2-1—4_+1—j+zj=|} ..... (E}
T_I_—El'j+1'|5+25=l} ..... |:f}
Tj— 2T |5+ 1—?+Ej=|} Eg}

Tﬁ_ 2'1—'_:+ 1'9+25=I} |:h}

1'_7—2-1'9+1'9+25=I} ..... |:|}

TS—E'TQ+TID+25=D ..... |:_|}

For Mode 10: For this boundary condition, temp is given:

Mode 10:

Equations (a) to (k) have to be solved simultaneously to get 10 nodal temperatures. Of
course, in this case temp. at node "0 and node "0 is already known.

We will use "Solve block” of Mathcad to solve these 10 equations simultaneously.

We start with assumed or trial values for all the vaniables i.e. for the temperatures at nodes
1to 9. Then, in the solve block, immediately below 'Given’ write all the constraint equations.
Then, the command ‘Find(T0O,T1,T2._T10) immediately gives a vector of temperature values:

Given

Mode 0:

Mode 1:

Mode 2:

Mode 3:

Mode 4:

(%]
n
LA
=
|—|

....trial values of temperatures

Tp=200 C.. .bydata.. (a)

TD—E'I1+I2+25=D ..... (b}
T 1~ 2I2+ 1'3+25=I} |:|3}
1—2—2'1-3+1—_|_+25=|} (d}
1—3—2'1-4_+1—j+25=|} ..... (E}

26
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Mode &: Ty-2T5+Tg+25=0 .. (f)
MNode B: Ts-2Te+T7+23=0  __(g)
MNode 7: Te-2T7+Tg+23=0 __(h)
Mode 8: T7-2Tg+Tg+23=0 (i)
Mode 9 Tg-2Tg+Typ+23=0 . i)
Mode 10: =0 (k)

Temp =Find{T 5. T1.T5.T3.T;.T5.T.T7.Tg.Tg.T )
... Temp’ is the vector containing values of temperatures T0, T1...T10 .. shown below:

Therefore,

Temp =

i.e. Temperatures at different nodes are: T0 = 200 C, T1 = 302.5 C, T3 = 380 C...etc.

To draw the temp. distribution:

In the above, temperatures at various nodes are contained in vector Temp'.

i:=0,1.10  _._define the range vanahle i, varying from 0 to 10 with an increment of 1

i the node no. and {i. Ax) gives the distance from left edge of slab.

27
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Temp distribn in Slab with heat zen.

fy 340
Ehsm ”/
E_EC':' -\
£ am
Z xS \
o1 \
i
200
180 Y

o 0001 0002 0003 004 Q005 QODE 0007 QR QDR 001

Distance fom 1=f sdz= {m)

The graph is not very smooth, since only 10 nodes are chosen. It may be noted that if more no. of nodes

are chosen, obviously the graph will be smoother.

The next step for
top-performing

graduates

Masters in Management Designed for high-achieving graduates across all disciplines, London Business School’'s Masters
in Management provides specific and tangible foundations for a successful career in business.

This 12-month, full-time programme is a business qualification with impact. In 2010, our MiM
employment rate was 95% within 3 months of graduation*; the majority of graduates choosing to
work in consulting or financial services.

As well as a renowned qualification from a world-class business school, you also gain access
to the School’s network of more than 34,000 global alumni —a community that offers support and
opportunities throughout your career.

For more information visit www.london.edu/mm, email mim@london.edu or
give us a call on +44 (0)20 7000 7573.

*Figures taken from London Business School’s Masters in Management 2010 employment report
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Also note that mid-point temp. T5 = 462.5 C’ Tmax occurs at slighly before x = 0.005 m.
This problem was solved analytically in Prob. 1E.2.

Let us compare the results from analytical relation and numerical methods:

Analytical relation for temp distribution is:

T1:=200 C T2:=100 C

1g (2-Ty |

T(x) =Tl+|(L-x)—=+ T(0.01) =100 .. _checks.
2k L
x:=0,0001..001 ___define the range variahle x
i=0,1.10 ....define the range variable i
Analytical method Numerical method
X T(x) 1-Ax Temp,

0 200 0 200
0.001 3025 0.001 3023
0.002 380 0.002 380
0.003 4323 0.003 432.3
0.004 460 0.004 480
0.0035 462.5 0.0035 462.5
0.006 440 0.004 440
0.007 3025 0.007 30235
0.008 320 0.003 320
0.009 2223 0.009 222.3
0.01 100 0.01 100

As we can see from the above Table, there is an excellent agreement between the analytical results and

results by finite difference method.
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Plot of x vs Temp:

LHs = 200C, RHS = 100C

Dist (mm) |T(deg.C)
0 200

=T - B B = T o B = A
o

&
=
g
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500

Slab with heat generation, LHS at 200 C, RHSat 100 C

450

400

350

300

Tempideg. C)
[ o=}
L
[=]
|
|

8 £l 10 11

(b) When left surface is insulated, right face maintained at 100 C:

Now, the node ‘0’ is on an insulated boundary. Difference equation for node ‘0’ is obtained now treating

it as an internal node if the insulated surface is imagined to be a mirror i.e. node ‘1’ extends to the left

of node ‘0’ and eqn. (8.8) is applicable.

q g {4x)
ie {Tn_ 1—2Tﬂ+Tﬂ_+1}+ mk =0
qg (M)’
Form=0- TI—E'TD+I‘1+E—=D
- k
Fram mirror image concept: T =T,

Therefare, for node "7, we get:

2T - 2T+ 2520

Equations for other nodes remain unchanged.

Therefore, solving eqn (@)....(k) simultaneously will give the temperatures at nodes 0 to 10.

32
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Use ‘solve blocK’ to solve the set of algebraic equations (') to (k) simultaneously, in Mathcad.

Start with assumed or trial values of temperatures:

Tp=30 Ty=30 T5:=30 Ty:=30 Ty=30 Ts5:=30 _..trial values of

temperatures
Tg:=30 T7:=50 Tg:=50 Tg:=30 T p =100

Given
Mode 0 2T-2Tp+25=0 ... (&)
Mode 1: Tp-2Ty+To+25=0 .. (b)
Mode 2: T1-2T5+T5+25=0 (c)
Mode 3: T,-2T3+ T +23=0 _ (d)
Mode 4: T3-2T,;+T5+23=0 (e)
Mode 5: Ty-2T5+Tg+23=0 .. i)
Mode B: Ts-2Te+T7+23=0  _ (g)
Mode T: Teg-2T7+Tg+25=0 __(h)
Mode 8: T7-2Tg+Tg+25=0 ... (i)
Mode 9: Tg-2Tg+Tp+23=0 ... ]
Mode 10: Typ=to (k)

Temp =Find{T 0. T1.T5.T3.T ;. T5.T5.T7.Tg.Tg.T )

33
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... Temp’ is the vector containing values of temperatures T0, T1...T10 .. shown below:

i.e. TO=1350 C, T1 =1337.5C, T3 =1300 C ... T10 = 100 C. etc.

To draw the temp. distribution:

In the above, temperatures at various nodes are contained in vector Temp'.

i:=0,1..10 __define the range variahle i, varying from 0 to 10 with an increment of 1

T is the node no. and {i. Ax) gives the distance from left edge of slab.

Temp. (deg.()

1400
1350
1300
1250
1200
1150
1100
1050
1000

o50

250

750
00
650

550
500
450

350
300
250
200
150
100

50

1]
[}

Temp distribn in Slab with heat gen.

0001 0002 0003 0004 0005 0006 0007 00D 0000 001

Driztzncs fom laf edes (m)
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Obviously, max. temp occurs at the insulated left face, and Tmax = 1350 C. and at mid-point i.e.

x = 0.005 m, the temp is 1037.5 C.

Solution with FEHT:
Node Nos.:

Slab with heat generation

Insulated

LN

(3} N \\ o

Insulated T=100C

STEP INTO A WORLD
OF OPPORTUNITY

www.ecco.com/trainees
tfrainees@ecco.com
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Slab with heat generation, LHS insulated

1600

1400

1200 -\

1000 \

800 \

500 \

200 \

200 \

Temp (deg. C)

(c) When left surface is maintained at 200 C, right face subjected to convection by a fluid at 100 C
with a heat transfer coeff. h = 4000 W/m~2.C:

Mow: T, =100 C.. tempoffluid h:=4000 W/m*2.C__ convection coeff

Mow, all other eqns. except for node 0 and 10 remain the same as for previous problem.
For node 10, write the difference eqn.:

For Mode 10: here, we have convection boundary condition. So, apply eqn_(8.22):

(A%)"97f 2heAx
+ .
k k

+

h'ﬂ) T,=0 (8.22)

E-TM_ - 2T M-(l + m

OR: we can directly write the energy balance for node 10, remembering that all heat flows to
be considered as flowing 'in to” the node: We get:

T;-T .
Q 10 Ay
ke l—— hi{T_-T =0 Mk
[ = ]+ { a 1u}+qg(j) eqn. (k)
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For node '0", we have TO =200 C.

Equations (a) to (k) have to be solved simultanecusly to get 10 nodal temperatures.

Use "solve block’ to solve the set of algebraic equations (a8') to (k) simultaneously, in Mathcad.
Start with assumed or trial values of temperatures:

Tp=200 Ty{:=50 T5:=50 Ty:=30 T =3 Tg=30
_...trial values of
. - - temperatures
Tlﬁ. =30 T-:=30 TS =30 TQ—JD T].D_]'DI}
Given
Mode 0: Tg=200 (a’)
MNode 1: Tp-2T(+To+25=0 ... )]
Mode 2: T{-2T,+T54+23=0  _[c]

efficiency reliability delivery
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numerate backgrounds to join us.
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Mode 4:

Mode §:

Mode 6:

Mode T:

Mode 8:

Mode 9:

Mode 10:

Temp :=Find{T 0. T{.T5.T3.T ;. T5.T5.T7.Tg.Tq.T )

T3-2T +T5+23=0 ... ()
Ty-2T5+Tg+25=0 ... (f)
Ts-2Te+T7+23=0 (g}
Te-2T7+Tg+23=0 ___(h)

T7—2T8+T9+lj=|} ..... |:|}

TS—2T9+T1|}+25=D ..... |:_|}

Ty-T
e T
Ax

]+h-{ra_ T m} + qg-(‘“

Numerical Methods in Heat conduction

..."Temp’ is the vector containing values of temperatures TO0, T1...T10 .. shown below:

To draw the temp. distribution:

In the above, temperatures at various nodes are contained in vector Temp'.

1:=0.1.

_..define the range variable i, varying from 0 to 10 with an increment of 1

' is the node no. and {i. Ax) gives the distance from left edge of slab.
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w00 Temp distribn in Slab with heat gen.

700

600

500

Temp. (deg)

400

300 /
25

200

L] 0.001 0002 0003 0004 0005 0006 0007 0008 0000 001

Distance Fom lef adgze (m)

Now, temp at the mid-point, i.e. x = 0.005 m is 687.5 C and temp at the right face, i.e. at x = 0.0l m
is = 550 C. and at mid-point i.e. x = 0.005 m, the temp is 687.5 C. T__ occurs at around x = 0.065 m.

Solution with FEHT:

Node Nos.:

Slab with heat generation

Insulated

AN
A

h=4000 W/m"2.C
Tfluid =100 C

40
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Plot x vs Temp:

LHs =200 C., RHS = Convn, h = 4000 W/m~"2.C, T_inf =100 C

Dist (mm) |T({deg.C)
200
348
468
566
638
687
710
708
681
629
550

['=D = R I = B ¥ I I I =

[y
=]

Slab with heat generation, LHS at 200 C, RHS with
convection, h=4000W/m"2.C, T_fluid=100C

BOO
700

500 / \\
500 /

400 /

300 /

200

Temp (deg. C)

100

“Prob. 11.A.2. Consider a large plane wall of thickness L = 0.3 m, k = 2.5 W/m.C, and surface area A =
24 m/2. The left side of the wall is subjected to a heat flux of q_0 = 350 W/mA2 while the temp at that
surface is measured to be T_0 = 60 C. Assuming steady, 1D heat transfer and taking a nodal spacing of
6 cm, (a) obtain the finite difference formulation for the six nodes and (b) determine the temp of the

other surface of the wall by solving those eqns. [Ref. 2]”
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Fig.Prob.11.A.2

EES Solution:

“Data:”

k =2.5 [W/m-C]

L =0.3[m]

A =24 [mA2]

“There are 5 equal divisions (M = 5) so that DELTAx = 0.06 m.

Of these, 0 and 5 are boundary nodes and 1 to 4 are internal nodes:

On the LHS, there is constant heat flux, and the temp is also given; on the RHS no condition is given”
DELTAx = 0.06[m]

q_0 = 350[W/mA2]

T[0]=60[C] “.for node 0’ ... by data”

“Find T_1 by energy balance at node 0:”

q 0*A+k*A*(T[1] - T[0]) / DELTAx = 0 “...finds T[1] ... energy balance at node 0”
“Similarly, eqn for node 1 gives temp T_2, ..... and eqn for node 4 gives temp T_5:”
“Now for internal nodes, for the mth node: the difference eqn. is:

T (m-1)-2*T_m+T _(m+1)=0"

“i.e. for nodes 1 to 4, we get:”

43
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Duplicate m = 1,4

T[m-1] - 2*T[m] + T[m+1] =0

end

“To draw the plot of x vs Temp.:”

duplicate i = 0,5

X[i] =i * DELTAx

End

Results:

Unit Settings: 51 C kPa kJ mass deqg
A =24 [md] Ax=0.06 [m] k=25 Mm-C] L=0.3 [m]
gp =350 [W/im?]

4
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Temp at various distances from LHS:

- il [
Sort Ti S
[C] [m]
[0] 60 0
[1] 516 0.06
2] 432 012
3] 8 018
[4] 26 4 024
5] 18 03

Plot the temp distribution:

60

Temp profile inthe slab with const. heat flux on LHS

50

40

Temp [C]

30

20

0 0.05 0.1 0.15 0.2 0.25 0.3

“Prob. 11.A.3. Consider a plane wall of thickness L = 0.02 m, k = 25 W/m.C. Internal heat generation
rate is 0.25 MW/mA3. On both sides, heat is transferred only by radiation to the surroundings at 30 C.

Determine centre and surface temperatures. Take 10 equal divisions.”

4
Qleﬂ / Qright Tsurr= 30C

Fig.Prob.11.A.3
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EES Solution:

“Data:”
k =25 [W/m-C]
L =0.02[m]

A =1 [mA"2]%..assumed”

sigma = 5.67e-08 [W/mA2-KA4] “.Stefan — Boltzmann constant”

epsilon = 1 “...emissivity of surfaces = 1, assumed”

“There are 10 equal divisions (M = 10) so that DELTAx = 0.002 m.

Of these, 0 and 10 are boundary nodes and 1 to 9 are internal nodes:”

DELTAX = 0.002[m]

q_g = 0.25e06[W/mA2]

T_surr = 30[C]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

k* A* (T[m-1] - T[m]) / DELTAx + k * A * (T[m+1] - T[m]) / DELTAx + q_g * A * DELTAx =0
This is the eqn used for for temperatures T[1] to T[9].

Enter the eqn in EES as follows, to get the eqns for temperatures T[1] to T[9]:”

Duplicate m = 1,9

k*A* (T[m-1] - T[m]) / DELTAx + k * A * (T[m+1] - T[m]) / DELTAx + q_g* A * DELTAx =0
end

“Now for boundary nodes ‘0’ and ‘10"

46
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“For node ‘0’

k* A* (T[1] - T[0]) / DELTAx + sigma * A * epsilon * ((T_surr + 273)74 - (T[0] + 273)"4) + q_g* A
* DELTAx/2 = 0 “ T[0] in deg.C”

“For node 10, we get:”

k* A*(T[9] - T[10]) / DELTAx + sigma * A * epsilon * ((T_surr + 273)24 - (T[10] + 273)74) + q_g
* A * DELTAx/2 = 0 “ T[10] in deg.C”

“To draw the plot of x vs Temp.:”

duplicate i = 0,10

X[i] =i * DELTAx “..creates an array of X’s~

end

www.studyat.tudelft.nl

Delit
e University of
Technology

Challenge the future
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Results:

Unit Settings: 51 C kPa kJ mass deqg

A =1 [md Ax=0.002 [m]

g=1 k=25 [wfrn-C]

L =0.02 [rn] fg= 250000 [Wifm?]
o =EB70E-08 [Wimsk4 Teur = 30 [C]

Temp. at various locations:

|z b

Sort Ti b

[C] [m]
[0] 2057 ¢ 0
[1] 2059 0.002
[2] 206 0.004
[3] 2061 0.006
[4] 206.2 0.0083
[5] 2062 0.01
[6] 206.2 0.012
[7] 2061 0.014
[8] 206 0.016
[9] 2059 0.018
[10] 2057 0.02

Therefore, centre temp = 206.2 C at x = 0.01 m, and

Surface temp = 205.7 C at x = 0.02 m.....(Ans)
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Plot the temp profile:

206.5
506 4 Slab with heat gen. - losing heat by radiation on both faces
206.3
206.2
2061

2086
205.9

Temp [C]

205.8
205.7
205.6
205.5 =

0 0.002 0.004 0.006 0.008 EJO]'I 0.012 0.014 0.016 0.018 0.02
X|m

“Prob. 11.A.4. In a slab ( k = 15 W/m.K), 14 cm thick, and insulated at the left face (i.e. at x = 0), heat
generation rate varies with position as: q_g =q_0 * exp(-50 * x), W/mA3, where q_0 = 1076 and x is in
metres. Right surface is subjected to convection with h = 4000 W/m~2.C with a fluid at 80 C. Determine

the temperatures on both the faces and also the heat transfer from the surface. Take DELTAx = 1 cm.”

q,=9, - Exp(-50.x) W/m"3

T,=80C

Insulated h=4000 W/ m”2.C

Fig.Prob.11.A4
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EES Solution:

“Data:”

“First define a function for heat generation:”
function q_g(x)

q_g = 1e06 * exp(~ 50 * x) “[W/m~3]....defines q-g”
end

k =15 [W/m-C]

L =0.14 [m]

A =1 [mA2]“..assumed”

"I studied
English for 16 -
L]

years but... -
.1 finally "y
learned to e
speak it in jus
Ssix lessons”

Jane, Chinese architect
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before and after my
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h = 4000 [W/mA2-C]

T_a=80[C]

“There are 14 equal divisions (M = 14) so that DELTAx = 0.01 m. Nodes: 0 to 14

Of these, 0 and 14 are boundary nodes and 1 to 13 are internal nodes:”

DELTAX = 0.01[m]

“Q.g=q.0*exp (-50 * x) ... [W/mA3] .... variable internal heat gen. rate”

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

k*A* (T[m-1] - T[m]) / DELTAx + k * A * (T[m+1] - T[m]) / DELTAx + q_g(m*DELTAx) * A *
DELTAx =0

This is the eqn for temperatures T[1] to T[13]”

Duplicate m = 1,13

k* A * (T[m-1] - T[m]) / DELTAx + k * A * (T[m+1] - T[m]) / DELTAx + q_g(m*DELTAx) * A *
DELTAx = 0

end

“Now for boundary nodes ‘0’ and ‘14’:”

“For node ‘0’

k* A* (T[1] - T[0]) / DELTAx + q_g(0) * A * DELTAx/2 = 0 “for T[0]”

“For nodes 14, we get:”

k* A * (T[13] - T[14]) / DELTAx + q_g (L)* A * DELTAX/2 + h * A * (T_a - T[14]) = 0 “for T[14]”

“To draw the plot of x vs Temp.:”
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duplicate i = 0,14

X[i] =i * DELTAx

end

“Heat transfer from the surface:”

Q=h*A*(T[14] - T_a) “[W].....per mA2 of surface”

Results:

Unit Settings: 51 C kPa kJ mass deqg

A =1 [md Ax= 001 [m] h=4000 [fmei] k=15 [Am-C]
L=0.14 [m] 0 = 20396 W] Ta=80 [C]
- . [
Sort T X
[C] [m]
[0] 249 5 0
[1] 2462 0.01
[2] 238 8 0.02
[3] 229 0.03
[4] 2177 0.04
[5] 205 5 0.05
[6] 192.7 0.06
[7] 1796 0.07
8] 166.3 0.08
[9] 1529 0.0%
[10] 139 4 0.1
[11] 1258 0.11
[12] 112.3 012
[13] 98 69 013
[14] 851 0.14

i.e. Temp at left (insulated) surface = 249.5 C .... Ans.

Temp. at right surface = 85.1 C .. Ans.
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Obviously, temp at the insulated surface is maximum.
Heat transferred from right surface = heat transferred by convection = 20396 W.

Q should also be equal to total heat generated in the slab. i.e.

Total heat generated in the slab:

0.14

& -

Q=107 expl- 30-x) dx
0

4

(0= 1998-10 Wim2

This is 19980 W, whereas the heat transfer by convection is 20396 W. This small difference

(2.08%) is due to errors of finite difference numerical method.
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Plot T vs x for the slab:

250

Slab with heat gen. - LHS insulated, RHS with convn.
230

210
190
170
150

Temp [C]

130

110
20

70 £
0 002 004 006 008 01 012 014 0.16
x [m]

“Prob. 11.A.5. A nuclear fuel element is in the form of hollow cylinder insulated at the inner surface.
Its inner and outer radii are 50 mm and 100 mm respectively. Outer surface gives heat to a fluid at 50 C
where the unit surface conductance is 100 W/mA2.C. The thermal cond. of material is 50 W/m.C. Find

the rate of heat generation so that max. temp. in the system will not exceed 200 C. [P.U.]”

A
Volume element of node ‘m’
/ Cylinder
h =100 W/m”2.C
Ta=50C
Inner
surface
insulated
- - - - - »
» T
—=005m — > }e «)‘ s
) 12 0 1 2 3 m-1¢ m ﬁ mtl €PN ) 1/2
ml12  mtl2 )r M=10
— 1,=01m >
Fig.Prob.11.A.5
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EES Solution:

“Data:”

k =50 [W/m-C]

r_i =0.05 [m]
r_0=0.1 [m]

L =1 [m]“...assumed”
h = 100 [W/mA2-C]
T_a=50[C]

“q_g = heat gen. W/m~3, ... to be found out:”

“Calculations:”

“Let there be 10 equal divisions (M = 10) of the radial distance (r_0 - r_i), so that DELTAr = 0.005 m.
Nodes: 0 to 10.

Of these, 0 and 10 are boundary nodes and 1 to 9 are internal nodes:”

DELTAr = 0.005[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

(T[m-1] - T[m]) / (DELTAr / (k * 2 * pi * (r[m] - DELTA1/2) * L)) + (T[m+1] - T[m]) / (DELTAr /
(k*2*pi* (r[m] + DELTAr/2) *L)) + q_g* (L * 2 * pi * r[m] * DELTAr) =0

In the above eqn.: first term is heat flowing in from LHS, 2nd term is heat flowing in from RHS, and

the 3rd tem is heat gen.
Also, note that effect of curvature of cylinder is neglected and thermal resistance is calculated treating

the cyl. shell as a slab of thickness DELTAr.
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This is the eqn for temperatures T[1] to T[9]”

Duplicate m = 1,9

(T[m-1] - T[m]) / (DELTAr / (k * 2 * pi * (rf[m] - DELTAr/2) * L)) + (T[m+1] - T[m]) / (DELTAr /
(k*2*pi* (r[m] + DELTAr/2) * L)) + q_g * (L * 2 * pi * r[m] * DELTAr) = 0

end

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0:

Max. temp of 200 C occurs on this surface since it is insulated:”

T[0] = 200 [C] “for T[0] ... by data”

“For node 10, we get:”

(k*2* pi* (r_0 - DELTAr/2) * L) * (T[9] - T[10]) / DELTAr + q_g* (L*2 * pi *r_0 * DELTAr/ 2) +
h*(2*pi*r 0*L)*(T_a-T[10])=0
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“Also, heat generated = heat convected from outer surface:”

pi*(r 0A2-r_ir2)*L*qg=h*2*pi*r_0*L)* (T[10] - T_a)

“To draw the plot of r vs Temp.:”

duplicate m = 0,10

rf[m] =r_i+ m * DELTAr

end

Results:

Unit Settings: 51 C kPa kJ mass deq

Ar=0.005 [m] h=100 [W,"mlc] k=60 [m-C]
Og= 379616 [‘uf"-.-","ma] g = 0.1 [m] rj=0.05 [m]
Thus:

q_g = 379616 W/m~3 .... Heat gen. rate .... Ans.

And radial temp. distribution is given by:

1 |z bt

Sort T Ti

[m] [C]
[0] 0.05 200
1] 0.055 199 9
2] 0.06 1996
3] 0.065 199 2
4] 0.07 198.6
[5] 0.075 197.9
[6] 0.08 197 1
7] 0.085 196.1
[8] 0.09 195
[9] 0.095 193.7
[10] 0.1 192 4

i.e. temp. at the outer surface (i.e. at r = 0.1 m): T[10] = 192.4C ..
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Plot the temp distribution:

200 Hollow cyl. with heat generation

Inner surface insulated, outer surface with convn.

0.05 0.06

“Verify the results with Analytical relations:

We have the analytical relation for Tmax:”

{Tmax =T w+ (q_g*r_ir2/(4*k)*((r0/r_i)A2-2*In(r_0/r_i) -1)}

200-T w=(qg*rir2/(4*k))*((x_0/r_i)A2-2*In (r_0/r_i)-1) “.finds T_w, the outer wall

temp.”

“We note that T_w is 192.3 Cas per this formula, whereas the result by numerical method was 192.4 C.

So, the variation is:”

Variation = (192.4 — 192.3 ) * 100 / 192.4 “[%] .... variation in the value of T_w”

“i.e. Variation is only about 0.052%”

Solution to the above problem from Finite Element Heat Transfer (FEHT) software:

Choose ‘cylindrical’ (instead of Cartesian) from Setup, since we are dealing with cylindrical system.

So, horizontally, it is variation of R and vertically, Z.

After drawing the geometry, show top and bottom surfaces as ‘insulated’ for 1D effect.
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By data, RHS has convection and LHS is insulated.
Heat gen. rate is to be found out so that LHS (max temp) is 200 C.

To start with assume qg = 1E5 W/mA3 and calculate to find the temp on LHS; By trial and error, go on
changing qg so that we get T = 200 C on the node corresponding to LHS.

Node positions:

Fie Subject JERde) Draw Display ~~=fv Run View Examples Help
[ R3997- scieandsize

Cartesian | e e
v Ot | .~ Node positions.
v Steady-state

Transient

PR Insulated

Temperatures in K

v Auto Save

Insulated

. [
| _ ol Convection

{'\\\\-QLVVW\' T P e T P R AR S SN NS VSN S SN

Insulated

v

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...

59 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/Gaiteye

Node Nos.

Node Nos.

Note that node no. on LHS is 17.

We try to change qg such that temp on this node becomes 200 C:

First trial with qg = 1E5 W/mA3:

S T e R R e R P e e e e e R S e e s R R R R R S T B S e e T R R
)
N
=
=)
=)
=)
)
]
4
>
Y
)
)
] ane 0
ey
§
3 |1le5
3
R
o
b
3 DK ? Help ‘ X Cancel
\
3 The walue may be a entered as a function of Time, T, B, 2, FLUX, DTN, and/or DTADY
=)
=
>
Y
)
)
]
ey
N

R BB M B NAAK
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For this trial, Node temps are:

\EI

<

G
G

C 805 32

SN
AN

N
AN

195 BT '@ o, A B BB T S e e Y SO N

i.e. at Node 17, T = 89.6 C.
So, try qg = 3.8E5 W/mA3:

Now, we get Node temps as:

Node Temps (C)

AN
]
N

1
G_J 200 200 200 199 108 187 15

i.e. At Node 17, temp is 200 C.
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We can get the result in Tabular form and copy it into Excel to edit and draw a graph:

Node T (deg.
No. R (m) Z (m) Q) Node Bal. (W)
17 0.05001 -0.06006 200.3 -6.98E-16
6 0.06033  -0.06033 199.9 -1.40E-15
9 0.07011 -0.06059 198.9 0
12 0.0799 -0.06033 197.4 -3.49E-16
15 0.08996  -0.06033 195.2 1.05E-15
18 0.09988 -0.0598 192.6 -45.01
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Radial temp distribution

201 -~
200 +
195 -+
1898 -~
187 ~

156 A

Temp (deg.C)

185 -+

184 ~

183 +

152

0.05 0.06 0.07 0.08 Q.08 a1 0.11

R (m)

Note that at Node 17, in the Table, temp is shown accurately as: 200.3 C.

With more patience, one can continue to change the value of qg and continue the trial and error

calculation to make it exactly 200 C.

Also note that temp on the outer surface subjected to convection is: 192.6 C. Compare this with the
value of 192.4 C obtained with EES.

“Prob. 11.A.6. A solid sphere of radius 10 mm and k = 14 W/m.C has a uniform heat generation rate
of 2 x 10A6 W/m~3. Heat is conducted from its outer surface to a fluid at 25 C by convection with h =
2200 W/mA2.C. Dividing the radius to 10 equal divisions and using numerical method, determine:

(i) the steady state temp at the centre and at the outer surface (ii) draw the temp profile along the radius”

63

Download free eBooks at bookboon.com



TM
Ty, T
M - - Volume element of node ‘m’
S qg =2e06 W/m"3
-
Sphere,
Tm+l k = 14
L W/m.C
T, BRI
~
- N
~ ~
Tm-l ~ ~ ) r
~
h=2200 W/m*
T, Ta=25C
T2 Qlc
Tl
T r a
> o<
0 D 1 2 3 m-1 | m | mtl M-1M ) 1/2
mel2  mtl2 ) r
Fig.Prob.11.A.6

EES Solution:

“Data:”

k =14 [W/m-C]

r_0=0.01 [m]

h = 2200 [W/m*2-C]

T a=25[C]

q_g = 2e06 [W/mA3] “..heat gen. W/mA3”

“Calculations:”

“Let there be 10 equal divisions (MM = 10) of the radial distance r_0, so that DELTAr = 0.001 m.

Nodes: 0 to 10.
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Of these, 0 and 10 are boundary nodes and 1 to 9 are internal nodes:”

MM = 10 “no. of equal divisions”

DELTAr = 0.001[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

e
=
—
3
=
|
|k
[ER—

F.

B
—

3

=

+
|E
[
[

=

In the above eqn.: first term is heat flowing in from LHS, 2nd term is heat flowing in from RHS, and

the 3rd tem is heat gen.

Also, note that effect of curvature of sphere is neglected and thermal resistance is calculated treating the
spherical shell as a slab of thickness DELTAr.
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The above eqn is entered in EES as follows:

This is the eqn for temperatures T[1] to T[9]”

Duplicate m = 1,9

(T[m-1] - T[m]) / (DELTAr/ (4 * pi* (m * DELTAr - DELTAr/2)A2*k)) + (T[m+1] - T[m]) / (DELTAr
/ (4* pi* (m* DELTAr + DELTAr/2)A2 * k)) + q_g * (4 * pi * (m * DELTAr)A2 * DELTAr) =0

end

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0’:

This is the centre node. Considering the half volume around node ‘0’ ans writing the heat balance:”

This eqn. is entered in EES as:

(T[1] - T[0]) / (DELTAr / (k * 4 * pi * (DELTAr/2)A2)) + (4 / 3) * pi * (DELTAr / 2)A3 * q_g = 0 “for
T[O] »

“Similarly, for node 10, we get:”

And this eqn is entered in EES as:

(T[9] - T[10]) / (DELTAr / (4 * pi * (r_0 - DELTAr /2)A2*Kk)) + q_g*4 * pi * (r_0)A2 * DELTAr /2
+h*(4*pi*(r_0)A2)* (T_a-T[10]) =0
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“To draw the plot of r vs Temp.:”
duplicate m = 0,10
r[m] = m * DELTAr

end

»

“Compare the results with Analytical relations: We have the analytical relation for T __ :

The analytical eqn. for temp distribution is:

Y I:l.;
3-h 6 - k

L2

: [r.:z— (i - ar

duplicate i = 0, 10

T_analyt[i] =T_a+q g*r 0/(3*h) + (q_g/ (6 *k)) * (r_0~2 - (i * DELTAr)A2)

end
Results:
Ar=0.007 [m] h=2200 [ém<C] k=14 [frm-C]
fdbd = 10 Og=2.000E+06 [ ] rp =001 [m]
Ta=28 [C]
1 - ] l
Sort g T; Tanatyt,i
[C] [C]
[0] 0 30.4 30.41
1] 0.001 30.38 30.39
[2] 0.002 3031 3032
[3] 0.003 302 30.2
4] 0.004 30.04 30.03
(5] 0.005 2982 2982
[6] 0.006 29 56 2955
7] g.oay 2926 2924
(8] 0.008 289 28.89
9] 0.009 28.5 28 44
[10] 0.01 28.05 28.03
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So, by numerical method:

temp at the centre (i.e. at r = 0): 30.4 C, and
temp at the surface (i.e. at r = 0.01 m): 28.05 C .... Ans.

Above Table also gives the temperatures at different radii calculated analytically. It may be noted that

results by numerical methods match well with those calculated from analytical formulas.

Plot of temp vs radial distances:

31

Temp. vs r for a sphere with heat gen.
305

Thumerical

30

Tanalytlcal

295

Temp [C]

29

28.5

4
01 0.012

28
0 0.002 0.004 0.006  0.008 0.
Radial distance [m]
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“Prob. 11.A.7. A hollow sphere (k = 30 W/m.C) of inner radius 6 cm and outside radius 8 cm has a
heat gen. rate of 4 x 106 W/m~3. The inside surface is insulated and heat is removed from the outside
surface by a fluid at 100 C with h = 300 W/mA2.C. Calculate the temperatures on the inside and outside

surfaces. Divide the radial distance into 20 equal divisions.”

Volume element of node ‘m’
qg =4e06 W/m"3

Hollow Sphere,
k=30 W/m.C

h=300 Wm"2.C
Ta=100C

Inner
surface
insulated

4
— =006m —
) 1/2

ml2  mH2 )r WM —20
— 1,=0.08m >

Fig.Prob.11.A.7

EES Solution:

“Data:”

k =30 [W/m-C]

r_i=0.06 [m]

r_0=0.08 [m]

h =300 [W/mA2-C]

T_a =100 [C]

q_g = 4e06 [W/mA3] “..heat gen. W/m~A3”
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“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the radial distance (r_0 - r_i), so that DELTAr = 0.001 m.
Nodes: 0 to 10.

Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

DELTAr = 0.001[m]

“To find temp at internal nodes:

Tt = Tm Test = T
A Ar

4- 7 |n+sm-ar - —| -k 4 7 n+om-ar o+ -

%]
%]

“In the above eqn.: first term is heat flowing in from LHS, 2nd term is heat flowing in from RHS, and

the 3rd tem is heat gen.

INgs
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Also, note that effect of curvature of sphere is neglected and thermal resistance is calculated treating the
sphericalshell as a slab of thickness DELTAr”

This is the eqn for temperatures T[1] to T[19]

It is entered in EES as:”

Duplicate m = 1,19

(T[m-1] - T[m]) / (DELTAr / (4 * pi * ((r_i + m * DELTAr) - DELTAr/2)A2 * k)) + (T[m+1] - T[m]) /
(DELTAr / (4 * pi * ((r_i + m * DELTAr) + DELTAr/2)A2 * K)) + q_g * (4 * pi * (r_i + m * DELTAr)A2
*DELTAr) =0

end

“Now for boundary nodes ‘0’ and 20’:”

“For node ‘0’

The inside surface is insulated. So, no heat transfer from LHS: Considering the half volume around node

‘0’ and writing the heat balance:”

It is entered in EES as:

(T[1] - T[0]) / (DELTAr / (k * 4 * pi * (r_i + DELTAr/2)A2)) + (4 / 3) * pi * ((r_i + DELTAr / 2)A3 -
r_ir3) * q_g = 0 “for T[0]”

“For node 20:

We get T[20] by a heat balance at the outer surface. i.e. all the heat generated within the spherical shell

must be dissipated by convection from the outer surface: i.e”

g 4/ 3- % (g - )= ho4- %’ (Typ - Ta)
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In EES, it is entered as:

q_g*(4/3)*pi* (r_0A3 -r_ir3) =h* (4*pi*r_0/2)* (T[20] - T_a) “.gives temp at node 20, i.e. at

the outer surface”

“To draw the plot of r vs Temp.:”
duplicate m = 0,20

rfm] =r_i + m * DELTAr

end

T_w = T[20] “outside surface temp.

“Compare the results with Analytical relations: Analytical relation for Temp distribution is:”

g 2 ) L2, g 3 1 1 ;
S = (+ 0 -Ar )Y — N R e for i = 0to 20
6 - k (o [ o 3- k ro+ 0 ar o

Tarayti = Tw +

In EES, this eqn. is:

duplicate i = 0, 20

T_analyt[i] =T_w + (q_g/ (6 *k)) * (r_0A2 - (r_i + i * DELTAr)"2) - (q_g/ (3*k)) *r_ir3* (1 / (r_i
+1i* DELTAr) - 1/ r_0)

End

Results:

Unit Settings: 51 C kPa kJ mass deqg

Ar = 0,001 [m] h=300 [AmZC) k=30 [A/m-C]
b = 200 fg = 4.000E+06 [wjm-] tg = 0,08 [m]
i = 0,06 [m] T.=100 [C] Ty = 3056 [C]
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Temp. distribution by numerical method and analytical method:

i ol ] - ™
Sort T Ti Tanaiyt
[m] [C] [C]
[0] 006 : 327 8 3278
[1] 0061 3277 3277
[2] 0.062 32745 3275
[3] 0.063 3272 327.2
[4] 0.064 3268 326.8
[5] 0.065 3262 326.2
[6] 0.06R 32545 3255
[7] 0.067 3247 3247
[B] 0.063 3238 323.8
[9] 0.069 3228 3228
[10] 0.07 LA 321.7
[11] 0.071 3205 320.5
[12] 0.072 319.2 319.2
[13] 0.073 3178 7.8
[14] 0.074 3164 3164
[15] 0.075 3148 314.3
[16] 0.078 3131 3131
[17] 0.077 311.3 311.3
[18] 0.073 309.5 309.5
[19] 0.079 3078 307.68
[20] 0.03 3058 305.6

Note that the results by numerical methods and analytical methods match extremely well.

Plot of Temp vs radial distance:

330 Temp distribution in hollow sphere:
Inside surface insulated, convection on outside surface

325

310

0.06 0.065
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Software Solutions to Problems on Heat Transfer
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“Prob. 1I.A.8. A turbine blade (k = 29 W/m.C) is 60 mm long, 500 mmA2 cross-sectional area and
120 mm perimeter. Temp of root of blade is 480 C and it is exposed to products of combustion passing
through the turbine at 820 C. If the film coeff between the blade and the combustion gases is 320 W/
mA2.C, determine: (i) the temp at the middle of the blade, (ii) rate of heat flow from the blade. Use 20

equal divisions, i.e. DELTAx = 3 mm while adopting numerical method”

k=29 W/m.C

h =320 W/(m"*2.C)
T,=480C T,=820 C

A, = 500e-06 m"2

X
ﬂ ) x }« 20
x=0 / x=L
) x=0.003 m
Fig.Prob.11.A.8
360°
thinking
Deloitte
Discover the truth at WWW.dClOitte,CalcareerS © Deloitte & Touche LLP and affiliated entities.
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Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

EES Solution:

“Data:”

“The turbine blade is treated as a fin losing heat from its tip.”

k =29 [W/m-C]

L =0.06 [m] “.. length of fin”

A_c =500e-06 [mA2] “.. area of cross-section of fin”

P =0.12 [m] .. perimeter of fin”

h =320 [W/mA2-C]

T_a =820 [C]

“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the fin length so that DELTAx = 0.003 m. Nodes: 0 to 20.

Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

DELTAx = 0.003[m]

“To find temp at internal nodes:

T”"_T”+T"”'_T”+h-p-_~,x-|:'|’__'rrr}:|;| for m= 1to 19

This is the eqn for temperatures T[1] to T[19]”

“Above eqn. is entered in EES:”

Duplicate m = 1,19

75
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Software Solutions to Problems on Heat Transfer
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(T[m-1] - T[m]) / (DELTAx / (k * A_c)) + (T[m+1] - T[m]) / (DELTAx / (k * A_c¢)) + h * P * DELTAx
*(T_a-T[m])=0

end

“In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is heat
flowing in by conduction in to the node from RHS, and the 3rd term is heat flow into the node by
convection from the gases”

“Now for boundary nodes ‘0’ and 20’:”

“For node 0’:

Temp at the root of fin i.e. at node ‘0’ is given as 480 C:”

T[0] = 480 [C] “by data ... for T[0] “

“For node 20, write the heat balance, including the convection from the tip, remembering to show all

heat flows as flowing into the node: i.e”

REALLY

Grant Thornton—a'great place to work.

We’re proud to have been recognized as one of Canada’s
Best Workplaces by the Great Place to Work Institute™ for
the last four years. In 2011 Grant Thornton LLP was ranked
as the fifth Best Workplace in Canada, for companies with
more than 1,000 employees. We are also very proud to be
recognized as one of Canada’s top 25 Best Workplaces for

Priyanka Sawant

Women and as one of Canada’s Top Campus Employers. Manager

GREAT

PLA%E BEST Canada’s Top
\W(®J{§ workplaces ﬁca m pU [=]
INSTITUTE Employers [ ]

CANADA: DECODE | Bradnstorm

. . ° Grant Thornton
Audit « Tax « Advisory

www.GrantThornton.ca/Careers An instinct for growth’

© Grant Thornton LLP. A Canadian Member of Grant Thornton International Ltd
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“Above eqn. is entered in EES as:”

(T[19] - T[20]) / (DELTAx/(k* A_c)) + h* (P *DELTAx /2 + A_c) * (T_a - T[20]) = 0 “.for node 20”

“For heat transfer from the fin: Write a heat balance at node ‘0’:”

—
|
by
&

k

“In EES this eqn. is entered as:”

Q_fin + (T[1] - T[0]) / ( DELTAx / (k* A_c)) + h * (P * DELTAx/2) * (T_a - T[0]) =0

“To draw the plot of x vs Temp.:”

duplicate i = 0,20

x[i] =i * DELTAx

end

“Compare the results with Analytical relations: We have the analytical relation for Temp distribution:”

“Fin parameter m_p:”

“In EES, above eqn. becomes:”

m_p = sqrt((h * P) / (k* A_c)) “[1/m] ... fin parameter”
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Conduction - Part lll Numerical Methods in Heat conduction

“Temp distribution is given by:

(T_analyt - T_a) / (T[0] - T_a) = (A + B) / (C + D) where:
A = cosh(m_p * (L - i * DELTAX))
B=(h/(k*m_p))*sinh (m_p* (L -i*DELTAXx))

C =cosh (m_p *L)

D = (h/ (k* m_p)) *sinh (m_p *L)”

cosh (myg - (L—j-_\x}}+ﬁ- sinh {my - (L - ax))
P

Taraytj = Ta + (To — Tz) - - 0D for j= 0to 20

“Enter these eqns in EES as follows:”
C=cosh (m_p*L)

D = (h/(k*m_p)) *sinh (m_p * L)
duplicate j = 0, 20

T_analyt[j] = T_a + (T[0] - T_a) * ((cosh(m_p * (L - j * DELTAx)) + (h / (k * m_p)) * sinh (m_p *
(L - j * DELTAX))) / (C + D))

end

“Analytical relation for heat flow from fin:”

tanh (my - L) +

I:-1"ir..='.r.=1h_.rt = k- Az Mg - (Tg = T2} -

- tanh (mgy - L}

78

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

“Enter it in EES:”

Q_fin_analyt=k*A_c*m_p* (T[0] - T_a) * ((tanh (m_p *L) + (h/ (k*m_p))) / (1 + (h/ (k* m_p))
*tanh (m_p * L)))

Results:

Unit Settings: 51 C kPa kJ mass deq

A= 0.0005 [m2] C =10499 O =2346
Ax=0.003 [m] h=320 [mC] k=29 Dim-C]
L=0.06 [m] hdbd = 20 mp = 5146 [1/m]
F =012 [m] Ufin=-253.8 W] Ulfin,analpt =-253 [iv]
Ta=820 [C]

Thus:

Q_fin = -253.8 W ... heat transfer from fin ... by numerical method ... Ans.

Q_fin_analyt = -253 W .... heat transfer from fin ... by analytical method ... Ans.

Note: -ve sign indicates that heat is transferred into the fin from the combustion gases.

The Wake

the only emission we want to leave behind

Low-speed Engines Medium-speed Engines Turbochargers Propellers Propulsion Packages PrimeServ

The design of eco-friendly marine power and propulsion solutions is crucial for MAN Diesel & Turbo.
Power competencies are offered with the world’s largest engine programme — having outputs spanning
from 450 to 87,220 kW per engine. Get up front!

Find out more at www.mandieselturbo.com

Engineering the Future — since 1758.

MAN Diesel & Turbo
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Temperatures along the fin:

Temperatures at various x values as per numerical method and analytical method are given below:

1 [ - ] ™
Sort Ti % Tanatyt,i
[C] [m] [C]
0] 450 | 0 480
1] 528.5 0.003 5285
[2] 570 0.006 570
[3] 605.5 0.009 6056
4] 635.9 0.012 636
[5] G62 0.015 G621
[6] G843 0.018 Ga4 4
[7] 703.3 0.021 7034
[8] 719.6 0.024 719.7
9] 7334 0.027 73358
(0] 7452 0.03 7453
[11] 7552 0.033 7554
[12] 763.7 0.036 763.8
[13] 770.9 0.039 771
[14] T776.8 0.042 776.9
[15] 781.8 0.045 7819
[16] 785.8 0.048 7859
[17] 789 0.051 7891
[18] 7915 0.054 7916
[19] 793.3 0.057 7933
[20] 794 4 0.06 794 5

Plot of temp vs x:

800 | T T T T T T T T T T T T T T T T T T T T T T T T
Fin with convection from tip

750
700: e Temp - numerical
i —~—Temp - analytical
650

Temp [C]

550

500

450L
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In the above Table and plot, temperatures calculated by both the methods are compared.

It is observed that the values match very closely.

Prob. 11.A.9. A conical cylinder of length L and radii R1 and R2, (R1 < R2) is fully insulated on the
outer surface. The two ends are maintained at T1 and T2, (T'1 > T2). Considering one-dimensional steady

state heat flow, derive expressions for heat flow and temperature distribution.

As a numerical example, taking: R1 = 1.25cm, R2=2.5cm, L =20 cm, T1 =227 C, T2 =27 C,k =40
W/(m.C), find:

1) steady state heat transfer rate, Q
2) temperature at mid-plane
3) temperature at a plane 14 cm from the small end

4) draw the temperature profile in the solid

Use numerical method, with 10 equal divisions, i.e. Ax = 0.02 m

Mathcad Solution:

Data:

Bl :=0.0123 m.....Radius at small end of truncated cone

R2 :=0.023 m.....Radius at larger end of truncated cone
T1:=227 C....temp. at small end of truncated cone
T2 :=27 C.....temp. at larger end of truncated cone
L:=02 m....length of section

k=40 VWim.C).... thermal cond. of the solid

MM =10 ...no. of equal divisions

Ax =002 m....

Tl\\jﬁmﬂw@ T2

e
Ik S . 2N

oA TS

L AN
» X Insulated

Fig.Prob.11.A.9
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Note that here, area of cross-section varies with the length x.

Write a function for variation of area with x:

(R2-R1) _

R{x) =Fl+ m.._..radius at any x

Alx) = n-R[x}J m"2____area at any x

Difference equations:
For Internal nodes:

Consider an internal node ‘m’:

Write the heat balance, remembering to have all heat flows into the node:

Tn’—l_rn' T1T+1_T’T
] . : ——=0  _form=1to 3. __eqgn(A)
m-Ax m-Ax

F

L:-.*‘L(m-_‘-.x— E) L:-A(m-l-.x+ f)
)

> RBS Group

CAREERKICKSTART

An app to keep you in the know

Whether you're a graduate, school leaver or student, it’s a difficult time to start your career.

So here at RBS, we’re providing a helping hand with our new Facebook app. Bringing together
the most relevant and useful careers information, we’ve created a one-stop shop designed

to help you get on the career ladder — whatever your level of education, degree subject or
work experience.

And it's not just finance-focused either. That's because it's not about us. It's about you.
So download the app and you’ll get everything you need to know to kickstart your career.

So what are you waiting for?

Click here to get started.
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In eqn. (A) above, first term is the heat flowing from LHS and the second term is the heat flowing from
RHS.

For Boundary nodes ‘0’ and ‘10’:

Temperatures are given:

T0=227 C.... at node 'l T10=27 C.... at node "0

Now, use Solve Block of Mathcad to solve the 11 eqns simultaneously.

Start with guess values for unknown temperatures:

T0 =227 T10:=27 T1:=100 T2 =100 T3 =100 T4 =100 ... guess values
T3 =100 T6 =100 T7 =100 T8 =100 0 =100 ... guess values
Given

T0=227 (1} ... for node 0", by data

n-n -1 o _.(2)...for node 1
1-Ax 1-Ax
k-.—‘L(l-_'-x— ”i‘) Lc-_-‘L(l-_'-x+ "—_’“)
n-n7__, B-12 o _.(3).._for node 2
2 2ix
L—-_{(:-- i E) L—-_AL(:-_HH E)
-1, -0 o __(4).._ for node 3

3-Mx 3-Ax

L—-.{(s-_m_ E) k-.&(s x4 E)
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T3- T4 -T4
44 4-Ax
L—-_-x(4-_~x_ _') 1.:-_—‘1(4 -ix+ﬂ)
T4_ TS T6-T5 o
3-Ax 4%
k-.—k(f o — _) L—-A(:ﬁ-_ui")
T5_ T6 T-T6 o
6-Ax 6-Ax
k-.—k(ﬁ-_'-x— _) L—-A(ﬁ -iHL)
T6- T7 T8 - T7
+ =0
T-Ax T-Ax
k-.%(‘ Ay — _) k-.—k('--_'-x+ i‘)
T7_ T8 o-T8
8.Ax 8.Ax
k-_—‘L(S-_'-:-;— E) Lc-.—‘L(S-_'-x+ E)
T8 TO T10 - TO )
9.4x 9.4x

k-.—‘L(Q Axo E) k-_—‘L(Q Ax g E)

T10=27

...{8)... for node 4

...{6)... for node &

—.{7)...for node 6

_..{8)...for node 7

—9)...for node 8

..(10}.._for node 9

(11} ... for node 10__by data

Temp =Find({T0 T1 T2, T3, T4 T3, T4, T7, T8 T2, T1D)

Temp above is the vector that contains the temperatures TO ... T10.

ie.
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227
190.666
160376
134739
112.739
93,707
77033
62319

Temp =

Therefore, temp at the mid-plane (i.e. x = 0.1 m) is: T[5] = 93.707 C .... Ans.
And, temp at x = 0.14 m is: T[7] = 62.319 C .... Ans.

To draw the temp profile:

1:=0.1.10 ....define a range variable i

ORACLE

Be BRAVE
enough to reach for the sky

Oracle's business is information - how to manage it, use it, share
it, protect it. Oracle is the name behind most of today’s most
innovative and successful organisations.

Oracle continuously offers international opportunities to top-level
graduates, mainly in our Sales, Consulting and Support teams.

If you want to join a company that will invest in your future,
Oracle is the company for you to drive your career!

https://campus.oracle.com

ORACLE
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i Conduction in a Solid - variable area

120

180 \

140

Temp. (deg. )

100

20

AN

&0

40

1] 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 Q.18 0.2

Driztance fom LHS, x {m)

Heat transfer Q by numerical method:

Temp, - Temp,

Q_nmumetical =~ - W ___ heat transfer from node 0 to node 1.
e This is the same Q flowing through the rod in
/ teady state.
L.J-L(f) steady state
2
ie. () _mumerical = 38327 W .... Ans.

Now, compare these results with those obtained by Analytical method:

From Ref. [1], we have:

Heat transfer rate, Q:

k-x-(T0— T10)-R1-R2
L

Q= ...define Q

Substituting values:

(=3827 W____heat transfer rate through the section....Ans.

86
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Note: By numerical method, we obtained Q = 39.327 W ...and, results match very well.

Temperature at mid-plane i.e. at x = 0.1 m:

x:=01 m..._at midplane of the section

We have, at x=0.1m, Rx=R1+ (R2 - R1).(L)

Therefore:  Ba(x) :=R1+ (F2- le-[%) ...define B as a function of x
e Fx(01)=001% m...radiusatx=01m

Mow, temp. distribution is given by equation: [Ref. 1]

Rl
1-
. o [ h(x}) -
From Ref. [1]:  T(z) =T0- (T0-T10) 1 ——_-* ___define T as a function of x
M
B2

Therefore, T(0.1)=1936567 C. _temp. at midplane....Ans.

Note: By numerical method, we obtained temp at mid-plane, T[5] = 93.707 C ...and, results match
very well.

Temperature at x = 14 cm from LHS:

Simply substitute x = 0.14 in Tix):
T(0.14) = 62204 C....temp. at a plane 14 cm from LH5....Ans.

Note: Compare this value with the value of T[7] = 62.319 C, obtained by Numerical method.
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Finally, temperatures obtained for various values of x, by both the Numerical and Analytical methods,
are tabulated below:

x:=0,002.02 m ... alongthe length

¥ (m) T analytical (C) T _numerical (C)
X T(x) Temp,
0 227 227
0.02 190.636 190.666
0.04 160,333 160.374
0.06 134.692 134,738
0.08 112.714 112.759
0.1 03.667 83.707
0.12 i 77033
0.14 62.204 62319
0.16 49222 40230
0.18 37.524 37333
02 27 27

Solve the above problem by Finite Element Heat Transfer (FEHT) Software:

First choose cylindrical coordinates:

File Subject Eﬂ Draw Display Run View Examples Help

R=25847:  Scale and Size i

Cartesian

w Cylindrical 1
! 4 & - Truncated cone|-|cvl coords

L 5ok o v Steady-state

_|I Transient

v Temperatures in C

p Y

M

Temperatures in K

v Auto Save
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Next draw the outline:

5
]
]

=
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Then, draw the elements, show node nos.:

N

.
S

SORES

HE)
)

el

G

.
DL
<
e

.oa ‘auau
SR

N
D059,
NoAsZs

o

o

Y
N

m‘%

b2 e
T
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Run and show results:

Temps. at corresponding Nodes:

Note that at mid-plane, i.e. at 10 cms from top, the temp is: 94.1 C.

Compare this with the value of 93.667 C obtained with Mathcad.
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Temp. contours:

File Draw Display View Examples Help
R=29.02=16.7 cm Steady-State 27.00 I 47.00 [ 67.00 [ 87.00 E107.0 [127.0 C1147.0 C1167.0 [C1187.0 CJ207.0 Bl 227.0 ‘C

Find out more and apply

redefining / standards
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Heat transferred:

Draw Display
47 87=-19.4 cm Steady-State

View Examples Help
0[3.26]=28.78'W Sum[Q]=38.69 W

)

&\\‘\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ju;'Tn

We note that heat transferred is 38.69 W.

Compare this with Q = 39.27 W obtained with Mathcad.

Tabular results: (Edited in Excel)

Mode NO. Dist{cm) T (Deg.C)
23 0 227
25 1 208.7
30 2 192.3
31 3 176.3
33 4 161.4
30 5 148.6
38 6 136.1
39 7 124.7
a1 8 113.6
a4 9 103.4
46 10 04.1
a7 11 B85.62
49 12 77.6
52 13 69.82
54 14 62.47
55 15 55.73
57 16 49.26
60 17 43.09
62 18 37.47
27 19 32
26 20 27
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Note that at 16 cm from small end, T = 49.26 C, whereas by Mathcad, this value was 49.22 C. So, the
results match very well.

Plot Temp vs distance from top:

Temp. vs distance for a truncated cone
250 -
200 A
—~ 150 -+
<
[-T4]
3
S
£
()}
F 100 -
50 -
O T T T T 1
0 5 10 15 20 25
Distance from small end (cm)

“Prob. 11.A.10. A structural support has the shape of a truncated cone (see fig. 11A.10) of length 0.2 m
and its area varies with x as A = (p/4).x3. Circumference is perfectly insulated. Thermal conductivity of

the material varies with temperature and is given by:

k(T) = 14.695 (1 + 0010208 T), where T is in deg. C and k is in W/(m.C). What is the steady state heat
transfer rate through this strut if the two ends are maintained at 400 C and 150 C, as shown? Also find
the temperature at the mid-plane. Draw the temperature profile in the solid. [Ref:1, p. 70]”

94

Download free eBooks at bookboon.com



Insulaied  k(T)= 14.695(1 + 0.0010208 T)

150C

e
—»Q

L=02m

Fig.Prob.11.A.10. Conduction with variable Area an d variable thermal conductivity

EES Solution:

“First define functions for Area and thermal conductivity:”

function A(x)
“Input: x in metres; Output: A in mA2”

A =(pi/4)*xA3“..mN2”

function k(T)

“Input: T in C, Output: k in W/m.C”

k =14.695* (1 + 0.0010208 * T) “[W/m-C]...”

“Data:”
L =0.2 [m] “.. length of fin”
k_0 =14.695

beta = 0.0010208
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“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the length so that DELTAx = 0.01 m. Nodes: 0 to 20.
Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

DELTAx = 0.01[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

Twt = Tm + Tmit = Tm = 0 for m= 1to 19
AX ax

Tot + T AX T + Tomet ax
k[%]-n[m-ax—2—+n.us] k[”z—”*]-n[m-u+T+n.us

\ The next step for
" top-performing

oraduates

Masters in Management Designed for high-achieving graduates across all disciplines, London Business School’'s Masters
in Management provides specific and tangible foundations for a successful career in business.

This 12-month, full-time programme is a business qualification with impact. In 2010, our MiM
employment rate was 95% within 3 months of graduation*; the majority of graduates choosing to
work in consulting or financial services.

As well as a renowned qualification from a world-class business school, you also gain access
to the School’s network of more than 34,000 global alumni —a community that offers support and
opportunities throughout your career.

For more information visit www.london.edu/mm, email mim@london.edu or
give us a call on +44 (0)20 7000 7573.

*Figures taken from London Business School’s Masters in Management 2010 employment report
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In EES, it is entered as:

Duplicate m = 1,19

(T[m-1] - T[m]) / (DELTAx / (k ((T[m-1] + T[m]) / 2) * A(m * DELTAx - DELTAx / 2 + 0.08))) +
(T[m+1] - T[m]) / (DELTAx / (k ((T[m] + T[m + 1]) / 2) * A(m * DELTAx + DELTAx / 2 + 0.08))) = 0

end

“Note: In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is

heat flowing in by conduction in to the node from RHS”
“Now for boundary nodes ‘0’ and ‘10’:”
“For node ‘0’:

Temp at the node 0’ is given as 400 C:”
T[0] = 400 [C] “for node 0, by data “
“For node 10: temp is given, i.e”

T[20] = 150[C] “.for node 20, by data”

“For heat transfer:

Write expression for heat transfer between node ‘0’ and node ‘1’ In steady state, this must be the rate of

heat transfer in the rod.:”

Tg — T
Qo =
AX
Fit
k(Tm ) - A[2—+ I:I.EIB]
To + T4
Tm _—
2

In EES this is entered:

Q = (T[0] - T[1]) / ( DELTAx / (k(Tm) * A(DELTAx/2+ 0.08)))
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Tm = (T[0] + T[1]) /2

“To draw the plot of x vs Temp.:”

duplicate i = 0,20

x[i] =i * DELTAx + 0.08

“Compare with the results from Analytical relations for Q and Tx:”

" B
ko - — |Tao — To + —
0 0 0 *

1 1

028 ° 0.08 %

(T® - Tof)

This is entered in EES:

Q_analyt =( (k_0 * pi /2) * ((T[20] - T[0]) + beta / 2 * (T[20]A2 - T[0]~2))) / (1 / 0.28/2 - 1/ 0.08/2)

“And, for temp at various x’s:”

Ts'syt.£
2

B - for i = 0to 20

T Q anahy Canaty
+ Tanahti — [T: + B ]— ot Wt — = 0
K

And, in EES it is entered as:

duplicate i = 0, 20

beta * T_analyt[i]A2 / 2 + T_analyt[i] - (T[0] + beta * T[0]A2/2 ) - Q_analyt / (k_0 * (pi /4) *2 * x[i]A2)
+ Q_analyt / (k_0* (pi/4)*2*0.08/2) =0

end

Results:
Unit Settings: 51 C kPa kJ mass deqg
B=0.001021 Ax=0.071 [m] kp=147 L=02 [m]
bd= 20 [] 0 =51.72 W] Clanalyt =51.5 [ Trn =373.6 [C]
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Thus:

By Numerical method: Q = 51.72 W ... Ans.

By Analytical method, Q_analyt = 51.5 W ... Ans.

Temp at mid-plane (i.e. at node 10, or x = 0.18 m) = 184.6 C .... Ans.

UNIVERSITY OF
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Compare the temp at various x’s by both the methods:

1 2 - = ™~
Sort Ty % Tanalyt,
[C] [m]
[0] 400 0.08 400
[1] 3472 0.09 347
2] 308 0.1 307.8
[3] 278.2 011 278
[4] 255 012 264 8
[5] 236.7 013 2365
[6] 2219 014 2218
[7] 209.9 014 209.7
[8] 199.9 016 199.8
[9] 191.6 017 1915
[10] 184 .6 013 184 .5
[11] 178.6 019 178.6
[12] 1735 02 1735
[13] 1691 0.21 169
[14] 1652 022 165.2
[15] 1619 0.23 1618
[16] 158.9 0.24 158.9
[17] 166.3 0.25 1563
[18] 154 0.26 153.9
[19] 151.9 0.27 151.9
[20] 150 0.23 150

Note that the temperatures calculated by numerical and analytical methods match very well.

Plot of temp profile:

400

Conduction with variable area and variable k

350

Temp [C]

100 £
0.08 0.12 0.16 0.2 0.24 0.28
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“Prob. 11.A.11.Two ends of a copper rod (k = 380 W/m.K), 15 mm dia and 300 mm long are connected
to two walls. The two ends are maintained at 300 C and 260 C. Air is blown across the rod with a heat
transfer coeft. of 20 W/(mA2.K). Air temp. is 40 C. Determine:

1) location and value of min. temp. in the rod

2) mid point temp. of the rod

3) draw the temp. profile

4) net heat transfer to air

5) heat transferred from the first 0.12 m length of the rod from LHS.
6) heat transferred from the left end (i.e. at x = 0)

b) If in this example, if there is an uniform heat generation q_ = 1.5 X 10A5 W/m3 in the rod,
determine:

1) location and value of min. temp. in the rod

2) mid-point temp. of the rod

3) draw the temp. profile [Ref:[1], p. 243]”

d=0.015m, k = 380 W/(m.K)

\ / T,=40 C

x=0 )x=0.015m

Fig.Prob.11.A.11

101

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

EES Solution:

“Data:”

L = 0.3 [m]“..length of rod”
k =380 [W/m-C]

d =0.015[m]
T1 = 300[C]
T2 = 260 [C]
T a=40[C]

h = 20 [W/mA2-C]

“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the length so that DELTAx = 0.015 m. Nodes: 0 to 20.
Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

STEP INTO A WORLD
OF OPPORTUNITY

www.ecco.com/trainees

tfrainees@ecco.com
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DELTAX = 0.015[m]

A_c=pi*dAr2 /4 “[mA2] ... area of cross-section”

P=pi*d“[m] ... perimeter”

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

T'T"_T”+T”*'_T”+h-p-_~,x-(Ta_Tw}z|;| for m= 1to 19

In EES, above eqn is entered as:

Duplicate m = 1,19

(T[m-1] - T[m]) / (DELTAx / (k* A_¢)) + (T[m+1] - T[m]) / (DELTAx / (k* A_c)) + h* P * DELTAx
*(T_a-T[m])=0

end

“In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is heat

flowing in by conduction in to the node from RHS, and the 3rd term is the heat flow by convection

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0’:

Temp at the node ‘0’ is given as 300 C:”

T[0] = 300 [C] “by data ... for T[0] ©

“For node 20: temp is given, i.e”

T[20] = 260[C] “.for node 20”

“For heat transfer: Write energy balance at node ‘0’ and node ‘1’, to get Q_left and Q_right. Add them

up to get total heat transfer from the rod to the ambient:”
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Node 0:

( Tz — Tal

1]
=]

In EES:

Q_left + (T[1] - T[0]) / (DELTAx / (k* A_c)) + h * P * (DELTAX/2) * (T_a - T[0]) = 0 “...for node 0
... gives Q_left”

Node 0 :

And, in EES it is entered:

Q_right + (T[19] - T[20]) / (DELTAx / (k* A_c)) + h * P * (DELTAx/2) * (T_a - T[0]) = 0 ...for node
20 ... gives Q_right”

Q_total = Abs(Q_left) + Abs(Q_right) “[W] ...total heat transfer from rod”

“Also, verify by calculating the heat lost by the rod along its length by convection:”

duplicate i = 1,19

Q_conv[i] =h * P * DELTAx * (T[i] - T_a)

end

Q_conv[0] =h * P * DELTAx/2 * (T[0] - T_a)

Q_conv[20] =h * P * DELTAx/2 * (T[20] - T_a)

“To draw the plot of x vs Temp.:”

duplicate i = 0,20
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x[i] =i * DELTAx

end

“Min. temp in the rod:”

Tmin = min(T[0..20]) ..finds the min. temp of the 20 nodal temperatures”

Results:

Unit Settings: 51 C kPa kJ mass deq

A= 00001767 [m? d=0.015 [m] Ax=0.015 [m]
h=20 PWmZC) k=380 [W/m-C] L=0.3 [m]
Mb = 20 [] P =0.04712 [m] Qe = 40.65 W]
Qiight =21.17 [W] Ohotal = 61.82 [W] T1 =300 [C]
T2 =260 [C] Tmin = 243.3 [C] Ta= 40 [C]

efficiency reliability delivery

As a leading technology company in the field of geophysical science, PGS can offer exciting
opportunities in offshore seismic exploration.
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Table of x vs Temp:

- ] |- [
Sort o T; Qeony,i
[m] [C] [C]
[0] 0 300 1.838
[1] 0.015 20113 3653
[2] 0.03 2835 3442
[3] 0.045 2763 3.341
[4] 0.08 270 3.251
[5] 0.075 264 4 3172
[6] 0.09 2694 3.102
[7] 0.104 255 2 3.042
[8] 012 2516 2.992
[9] 0.135 2488 2.951
[10] 015 2464 292
[11] 0165 245 2.898
[12] 018 244 2.884
[13] 0.195 2438 288
[14] 0.21 244 1 2886
[15] 0.225 245 1 214
[16] 0.24 246.8 2923
[17] 0.255 2491 2.956
[18] 0.27 252 2.998
[19] 0.285 2557 3.049
[20] 0.3 260 1.6585

Thus:

Min. temp in the rod: Tmin = 243.8 C, occurringatx . =0.195m ... Ans.

Mid-point temp of rod: at x = 0.15 m (i.e. node 10): 246.5 C ... Ans.

Net heat transfer to air: Q_total = 61.82 W ... Ans.

Verify: Total convection heat transfer from surface of rod:

i.e. Sum of Q_conv at all the nodes (i.e. 3rd column in the Table above): 59.695 W ... Ans.

Compare this value of Q_conv with Qtotal = 61.82 W.

Heat transferred from left end: Q_left = 40.65 W ... Ans.
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Heat transferred from first 0.12 m from LHS:
Sum the corresponding values (from Node 0 to Node 8) in column 3 of above Table.
We get: Q_conv from first 0.12 m of rod = 25.895 W ... Ans.

Temp. profile in the rod:

300 —
I Fin with specified temperatures at its ends
290

280|

270]

Temp [C]

260|

250 :

40 o . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3
x[m]

d) If there is uniform heat generation in the rod:
Add the following code to the earlier EES code:
“(b) When there is heat generation in the rod:”
q_g = 1.5e05 [W/mA3]“...uniform heat generation”
“Now, the nodal equations for heat balance get modified since heat gen. is also to be included:”
“Let us write the temperatures in another vector called ‘Temp’:”
“For Node 0:”

Temp[0] = 300[C] “.by data”
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“For Node 20:”
Temp[20] = 260[C] “...by data”
“For Internal nodes 1 to 19:”

“Write the heat balance, including the heat generation in the present case, remembering to write all heat

flows as flowing into the node:”

TemMpmp—s — Tem TemMpmes — Tem
Drrjx P pm_.,x p”+h-P-_~.x-(Ta—Tempn}+q.;-.\x-A==U for m = 1to 18

k- A k- A

Duplicate m = 1,19

(Temp[m-1] - Temp[m]) / (DELTAx / (k * A_c)) + (Temp[m+1] - Temp[m]) / (DELTAx / (k * A_c))
+h*P*DELTAx * (T_a - Temp[m]) + q_g * DELTAx* A _c¢=0

End

“In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is heat
flowing in by conduction in to the node from RHS, 3rd term is the heat flow by convection, and the 4™

term is the heat generation term.”

Results:
™| ™
Sort % Temp;
[m] [c]
[0] 0 300
[ 0.015 292.1
2] 0.03 284.9
3] 0.045 278.4
[4] 0.06 2725
18] 0.075 2673
6] 0.09 262.7
7 0.105 258.8
[8] 0.12 256.4
9] 0.135 252 6
[10] 0.15 250.5
[11] 0.165 248.8
2] 0.18 247 8
[13] 0.195 2473
[14] 0.21 247 4
[15] 0.225 2481
[16] 0.24 2493
7] 0.255 2511
[18] 0.27 2535
[19] 0.285 256.4
[20] 0.3 260
108
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Thus:

From the Table above,
Min. temp in the rod = 247.3 C, at x = 0.195 m .. Ans.

Mid-point temp of rod (i.e. at x = 0.15 m) = 250.5 C ... Ans.

O
The stuff that makes life worth living

NORWAY.
YOUR IDEAL STUDY DESTINATION.

WWW.STUDYINNORWAY.NO
FACEBOOK.COM/STUDYINNORWAY

109 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/studyinnorway

Temp. profile:

300 T T T T T T T T T T T T T T T T
: Fin with specified temperatures at its ends
290|
I With no heat generation
280|
o |
o 270
- With heat generation
5 | /
— I
260|
250
0 0.05 0.1 0.15 0.2 0.25 0.3
x[m]

Prob. 11.A.12. Consider an Aluminium alloy fin (k = 180 W/m.C) of triangular cross-section with L = 5
cm, base thickness b = 1 cm and width w in the direction perpendicular to paper is very large. Base of
the fin is at TO = 180 C. Fin is losing heat by convection to ambient air at T_inf = 25 C with h = 25 W/
mA2.C, and by radiation to the surroundings at an average temp T_surr = 290 K. Using finite difference
method with six equally spaced nodes along the fin in the x-direction, determine: (a) temperatures at
the nodes (b) rate of heat transfer from the fin for w = 1 m. Take emissivity of fin surface as 0.9 and

assume steady, one — dimensional heat transfer

(c) Also, investigate the effect of fin base temp on the fin tip temp and the rate of heat transfer from the
fin. Let the fin base temp vary from 100 C to 200 C. Plot the results. [Ref. 2]

Use numerical method, with 5 equal divisions, i.e. Ax = 0.01 m

i.e. there are six equally spaced nodes. Nodes 0 and 5 are boundary nodes and nodes 1 to 4 are internal

nodes.
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Mathcad Solution:

Triangular fin

kT
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|
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Conduction - Part lll Numerical Methods in Heat conduction
Data:
L =003 m.....Length of fin
b =001 m.....hase thickness
w=1 m....width of fin
TO =180 C....temp. at base of fin

T =25 C ... fluid temp
T ey =290 K surrounding temp for radiation heat transfer

k=180 W/m.C)...._thermal cond. of Al alloy

h=23 Wim*2.C . heat transfer coeff

MM =3 ...no. of equal divisions
Ax =001 m.
5 =56710°%  Wimr2KM . Stefan-Boltzmann constant

z:=09 -.-emissivity

Mote that here, area of cross-section varies with the length x.
Write a function for variation of area with x:

tan(g) = (b/2) / L

180

& = atan e, &=01 radians= _—_—&=3711 degrees.

[l e =

At any x from LHS, the thickness is:

b(x) =2{L-x)tan(?) exatx=0 ®b0)=001 m. verfied
And, area of cross-section at any x is:

Alx) =b{x)w m*2 . area of cross-section at any x

112
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Difference equations:

For Internal nodes:
Consider an internal node ‘m’™

Write the heat balance, remembering to have all heat flows into the node:

T -T T -T S S
m—1 m m41 m h-2-Axw G -2-2-Ax-w [ 4 - _1]
+ + JT. - T Vv + —_ |{T —{T 4273y [=0
Ax Ax cos() { r} cos() { su.tr} { = }

b b
kA (1]1-_'-:-1 - i} kA (1]1-_'-:-1 + i}

g}

form=1to 4 ____eqn.(A)

In eqn. (A) above, first term is the heat flowing from LHS and the second term is the heat flowing from
RHS. The third term is the heat flowing from the surface by convection; and, the 4™ term is heat transfer

by radiation.

For Boundary nodes '0" and '5":

TO0=130 C_.._ at node 0

At node 5, by heat balance:

A g
ha o Pt
T4-T5 2 - 2 4 s qaad
— (T ine- T3} + — | {T guny} — (T54273)" |=0
Ax cos(2) cos(g)

Now, use Solve Block of Mathcad to solve the 6 eqns simultaneously.

Start with guess values for unknown temperatures:

T pase =180 TL:=100 T2:=100 T3:=10 T4 =10 5 =100 .. guess values
Given
T0=T e 1) ... for node 0" by data
For node 1:

T0-T1 T2-T1 h2-dx-w 7-g-2-Anw -
: Il [ P DN
Ax Ax cos{8) cos{8)

L:-_—‘L(l-_'-x— E) ],:-_—‘1(1-_'-:-;+ E)

.12 for node 1

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer

Conduction - Part lll Numerical Methods in Heat conduction
For node 2-
-T2 -T2 2Anw gz 2 Ay
T1-T2 + T3-T2 +hd_‘-.xw_{rmf_ 1_.2}_'_ z _‘-.xw_[{rsm}:t_ I:T2+I-'3}4 =0
A Ax cos{8) cos{8)

A (2-_‘-.:{ _ E) kA (2-_‘-.:{ + f)
)

F F

For node 3:
_ 4_ b w T2 A
T2- T3 + T4 - T3 +hd_‘-.xw_{rmf_ 1_.3}+ E,_‘-.x'.w_[{rsm}4_[r3+3?3}4 =0
Ax Ax cos{8) cos{8)
L:-_*‘L(E-_‘-.x- E) 1.:-_'—1(3-_‘-.:{+ E)
- - _..{4).._for node 3
For node 4:
T 5 _ T 2 - ooz-2 b
T3-T4 T5-T4 hd_‘-.xw_{rmf_ T4-}+ z j.xxw_[{rsm}4_(r4+2:,3}4 =0
Ax Ax cos(2) cos(2)
Lc-_'—"s.(B-_‘-.x— E) k-_%(3-1-.x+ E)
2 2

...{5)...for node 4

Delft
e t University of
Technology
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For node 5

Ay Ay
h? = w 022 W
T4-T5 2 - 2 4 o e d
+ T. -— T3l + -[1’ - (T5+273) |=0
Ax cos(%) { inf } cos(%) { 51.11’1’} ' ’
L:-_-"..('f- Ax - l'i) -..{B).._for node &

Temp(T 5o} = Find(T0,T1, T2, T3, T4, T5)

Now, note that the vector “Temp’ contains all the node temperatures.

Also note that Temp is written as a function of |, . By doing so, the same Solve Block is used again and

again to calculate the node temperatures for different values of T, .

Thus, we get, for T, =180 C:

[ 180
177.04
174.117
171.233
168.391

| 163.576 |

Temp {I base} =

Temp(Tpee) = 163576 C ... tip temp....Ans.

And, T1:=177.04 T2:=174117 T3 :=171.233 Ti:=168301 T3:=163576 C....Ans.

As an example, at another value of T, , say T, =200 C we get various node temps as:

[ 200
196.579
193.203
189.874
186.597

183333

Temp(200) =

To draw the graph of Tip temp (i.e. T5) against base temp TO0:

Ty gee = 100,105.200  _define a range variable T

Ccase
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Triangular fin - Tip temp vs Base temp

200

190

180

160

150

140

Tip temp ()

130

120

110

100

%0

SDIDD 110 1200 130 140 150 160 170 180 180 200

Basz temp (C)

Rate of heat transfer from the fin:

Add up the convection and radiation heat transfers from all the Nodes:

= - =75 =12
Tbase =180 C Tmf 23 C T — 200 C
2 _ w 2 — W
Qﬁn(r )-:h- 2 -(r -T; }+1~1- 2 -Iemp(r ) -T;
— base cos(8) base inf) cos(8) [ base 5 mf}
2-hww
. h.m(e} [ {remp{r bﬂ“}l + Temp (r base)z + Temp (rbm)s + Temp (r bm)q} - -I--T]-_ﬂf]
2 i W 2 f W
2 4 4 2 4 4
+lza- [ T +273 T ] +ea : [Temp T +z?3} -T
cos(8) { base ) suy cos(8) ( base)5 suy
2-dxw 4 4 4 4 4
+ea | (Temp(T +2?3] + {Temp T +2?3] + {Temp T +2?3} + {Temp T +2?3} -4T ]
cos(8) [[ ( base)l ( }Jase)J ( base)s { base)4 sur

In the above eqn, the different terms are:

1% term: convection from node ‘0’ Note that the area for convection (and also for radiation) is = 2.
[(Ax/2)/cos(0)]. w. See the fig. above.

2™ term: Convection from node ‘5’ Same comments as for the previous case.

3" term: Convection from the interior nodes, 1 to 4. Now the area for convection (and also for radiation)
is = 2. [(Ax)/cos(0)]. w. See the fig. above.

4™ term: Radiation from node ‘0. Note that the temperatures must be in Kelvin.
5% term: Radiation from node ‘5’ Note that the temperatures must be in Kelvin.

6™ term: Radiation from interior nodes, i.e. nodes 1 to 4.
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We get:

0 fin{ 180) = 337369  W....heat transfer from fin when T0 =180 C .... Ans.

To draw the graph of Q_fin against base temp TO0:

T0 :=100.105.. 200 ..define a range variable T___
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T0 Q_fin(T0)
100 230814
105 256.84
1110] 274.054
115 20146
120 309.063
125 326.867
130 344877
1133 363.099
140 381.536
145 400.193
1150] 419.073
[155] 138.189
1160] 457533
165 477122
170] 196.953
1175 517.034
180 537.360
185 537.964
190 578.823
195] 599.951
1200] 621333

Q_fin vs Base temp for Tnangular fin
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Prob. 11.A.13. A turbine blade is 5 cm long with cross-sectional area A = 4.5 cm/2 and perimeter
P = 12 cm. It is made of high alloy steel (k = 25 W/m.K). The temp of the blade attachment point is
500 C and the blade is exposed to combustion gases at 900 C. The heat transfer coeff between the blade

surface and the gases is 500 W/m/2.K. Using 5 equally spaced nodes determine: (a) temp distribution

in the blade, rate of heat transfer to the blade, and the fin efficiency, and (b) compare the fin efficiency

calculated numerically with that calculated by the exact method. [Ref. 5]

Use numerical method, with 5 equal divisions, i.e. Ax = 0.01 m

i.e. there are six equally spaced nodes. Nodes 0 and 5 are boundary nodes and nodes 1 to 4 are internal

nodes.

T,=500C

k =25 W/m.C
m A, = 4.5¢-04 m2
h = 500 WAm*2.C) P=0.12m

T,=900 C

1
\

Fig.Prob.11.A.13

Mathcad Solution:

Data:
L =003 m.....Length of fin
A:=4510%  mr2._area of cross-section of fin
P:=0.12 m....Perimeter of fin
TO := 500 C....temp. at base of fin
T, =900 C ... temp of combustion gases
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k=23 W/(m.C).....thermal cond. of fin material
h=300 W/ m*2.C . heat transfer coeff

MM =3 ...no. of equal divisions

Ax =001 m.

Difference equations:
For Internal nodes:

Consider an internal node ‘m’:

Numerical Methods in Heat conduction

Write the heat balance, remembering to have all heat flows into the node:

B

form=1to 4 eqn ()

In eqn. (A) above, first term is the heat flowing from LHS and the second term is the heat flowing from

RHS, and the third term is the heat transfer from the fin surface by convection.

Study at one of Europe’s
leading universities

Al aE

L |

DTU, Technical University of Denmark, is ranked as one
of the best technical universities in Europe, and offers
internationally recognised Master of Science degrees in
39 English-taught programmes.

DTU offers a unigue environment where students have
hands-on access to cutting edge facilities and work

Visit us at www.dtu.dk

120

-
T T

e
closely under the expert supervision of top international
researchers.

DTU's central campus is located just north of Copenhagen
and life at the University is engaging and vibrant. At DTU,
we ensure that your goals and ambitions are met. Tuition
is free for EU/EEA citizens.

Click on the ad to read more

Download free eBooks at bookboon.com


http://www.dtu.dk

Software Solutions to Problems on Heat Transfer

Conduction - Part lll Numerical Methods in Heat conduction

For Boundary nodes 0" and '5"

T0=300 C_... at node "0

At node 5, by heat balance:

T4-T3
+
Ay

EA

h-P-E-
2

Now, use Solve Block of Mathcad to solve the 6 eqns simultaneously.
Start with guess values for unknown temperatures:
Tbase =500 T1:=100 T2 :=100 T3 =100 T4 =100 T3 =100
Given

T0=T .. (1) ... fornode 07 by data

For node 1:

T0-T1 + T2-Ti
Ax Ax
k-A E-A

For node 2-

+h-P-_\.x-{1'a— T1}=I} _...(2) for node 1

T1-T12 N I3-12
Ay Ax
kA kA

For node 3:

+h-P-_'-.x-{1'a- 1'2}=D __.(3) for node 2

T2-T3 N T4- T3
Ax Ax
kA kA

For node 4:

+h-P-_'-.:»:-{1'a— 1'3}=[I' __{4) for node 3

T5-T4 T3-T4

BNs

+h-P-_'-.x-{1'a- 1’4}=D —_.(8) for node 4

121
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For node &

T4-T3

Ax

A

+h-(P-¥+:‘L)-{Ia— 1’:'-}=El ....(6) for node 5

Temp(k) :=Find(T0,T1,T2,T3, T4, T3)

Note that Temp is written as a function of k, so that graph can be drawn for different k values.

Therefore, for k = 25 W/m.K, temp distribution is:

[ 500
704.029
803.54
851.606
873.863

| 882.179 |

Temp{23) =

e T1:=704.020 T2 :=80334 T3 =831.606 T4:=873883 T3:=882.17% C....Ans.

And,  Temp{23), = 882.179 C ... tip temp....Ans.

Again, when k = 65 W/m.K, temp distribution is easily found out by writing Temp(65) =, as

shown below:.

[ 500
641.77
730.569
784,613
$14.988

| 827.925 |

Temp(83) =

e T1:=641.77 T2:=730369 T3 :=7844613 T4:=914088 T5:=827925 C....Ans.
And,  Temp({§3), = 827923 C ... tip temp....Ans.

To draw the graph of Temp distribution along the fin for k = 25 and 65 W/m.K:

i:=0.1.3 ..define a range variable i
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Fin with convection from tip

B30

Jo-E
/ A
200 ==

750 =

70D

Temp (i)

630

L] 005 001 0015 002  O002F 003 0035 004 0045 005

¥ k=25 WmK Distznce (m)
BEE k=65 WnK

Rate of heat transfer from the fin:

Write the energy balance at the base of the fin, i.e. at node 0} taking care to see that all heat flows are
written as flowing into the node:

When k = 25 W/m.K, we have the temp distribution:

T1:=704020 T2 :=803354 T3 :=851.606 T4:=873863 T3:=882179 C.as

calculated
earlier.
T1-T0O Ax
Qg + % + h-P-E-{T 2= T0}=0

A

123
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Jm-1 s
A

kA

e, Qg = {T - TO)

e Qg,="348333 W ... ve sign indicates that heat is flowing from the gases to
the fin

Fin efficiency:

Q
1 f=;iﬂ where Qmax is the heat transferred from the fin if the entire fin surface were

Q max at a temp of TO.

Mow: =h(PL+ A}-{Ta- Ti]}

Qmax

Note that area of fin tip is also included for calculation of convective heat transfer.

ie. Q nax = U,FMO3 W ... Max heat transfer from the fin
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Q
Therefore: 7 ¢ ::| fin |
Q max
ie. ng=0271  ...fin efficiency .... Ans.
Comparison with Analytical calculations:
For a fin with convection from tip, we have:
m = h? e, m=7303  Vm.__fin parameter
kA

Then,

tanh{m L) + —

m-k

Q analyt 3=k-.—‘1-m-{1’[|:_ T a} :

m-k

1+£-tanh[m-1_}

Numerical Methods in Heat conduction

e Qgnane= 328381 W...-ve sign indicating that heat is flowing into the fin from

the combustion gases.

Compare this value of Q = 328.381 W with that obtained by numerical method, i.e. Qfin = 349.533 W.

The difference is about 6.1%. Accuracy will certainly be better if we choose to have more no. of nodes.
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Conduction - Part lll Numerical Methods in Heat conduction
Now, solve the above problem with EXCEL:

EXCEL Solution:

Following are the steps involved:

1. Start EXCEL and enter the data. Write the notation of the quantity on the left, its corresponding

value on the adjacent cell on the right, and the units to its right, as shown below:

e L Prob.1IA.13 - Microsaft Excel Picture
Ch !...m
| Home l Insert Page Layout Formulas Data Review View Developer Add-Ins CodeCogs Farm
e * | —_ - Hmis: e ]
: | - P || General o | = e ::.:.‘—' s
P.% o | . I| g/l C d't# I F_‘ﬁt _c‘nd |
aste B o z § -0 9|0 40 onditional Forma e :
= \y — || izl Formatting = as Table ~ Styles ~ E
Clipboard = Font (F] Alignment (F] Mumber LF] Styles
Picture 3 +(a L
a | B | c | o | e | £ | @ T p—" 1|k

el il = &
s[r[8le|=[x]o|o|a]w|n ||

2. Immediately, name the cells, which will be useful in entering equations. Select the two columns

containing the quantity notation and the values, and Click on Formulas - Create from selection

and we get:
Cia) i) - Prob.1I4.13 - Microsoft Excel
< Home Insert Page Layout |_ Formulas l Data Review View Developer Add-Ins e
f x AutoSum ~ ﬁ Logical ~ ilr Lookup & Reference = || Eﬂ; =) Define Name ~ | E:" Trace Pri
[‘ff Recently Used ~ ‘LA Text ~ ﬁ] Math & Trig - — £2 Use in Formula ~ "CE Trace De
Insert < = Mame
Function @ Finandial ~ E‘j‘ Date & Time ~ /IBL] Maore Functions = Manager B Create from Selection ,@ Remave
Function Library Defined Mames
F8 - £ |
Pl ~ | 8 | ¢ | b | E el 6 | v | 1 |
i
i
i
Em
s
=
S
=N
| =
£ w/m.C
A W/m*2.C
a2 m
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Select Left column and press OK. This means that the selected values in column D are named with
corresponding names in column C, e.g. 0.05 as L, 0.12 as P, 0.01 as deltax etc. Now, we can use L, P, etc
while entering equations, instead of referring to cells containing them. You can use some colour code

also to identify data, calculations etc.

3. Calculate two quantities, viz. deltax/(k*A) and h * P *deltax and name them as C_1 and C_2.

Take care to see that you don't name them as C1 and C2, since they refer to cells C1 and C2.

4l

|'.In:j.\‘l H =
! ﬁ i
—/‘ Home Insert Page Layout Formulas Data Re

ﬁ ¥ AutoSum < ﬁ} Logical = Ll Lookup & Reference =
[ Recently Used ~ [A Text+ [i® Math & Trig -
Insert : 2 :

Function [ Financial = iff Date & Time ~ ﬁ_] More Functions =

Function Library

| N17 - 5|

A B | g D E
1
2
3
4 Data:
5 L 0.05 m
6 A 4.50E-04 m~2
T P 0,12 m
8 TO 500 C
9 Ta 900 C
10 k 25 W/m.C
11 h 500 W/m"2.C
12 deltax 0.01 m
13 deltax/(k*a)= C 1 0.888889
14 h*P*deltax= c2 0.6
15
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4. Next step is to do the calculations for different nodes, i.e. for internal nodes and the boundary
nodes on the left and right. Take advantage of the cell structure of EXCEL and plan to arrange
the Nodes, corresponding distances (to draw graphs later) and the corresponding temperatures.

One arrangement is shown below:

(D) e B ) = Prob.11A.13 - Microsoft Excel
)
\;) Home Insert Page Layout Formulas Data Review View Developer Add-Ins
= ¥ e .
j Calibri -l - (AR A'l = = General i ii‘
B = E

Paste _gp ||z e Fif | B || 5 [$ - % » |/ %] Conditional

Formatting ~

Clipboard = Font i Number F} <
| N24 - (3 £

& | B | g L. o | E | F | & H | 1
4| Data:

5 B

| A

7| P

3 0

10| K 35 w/m.c

11 h 1500 W/m"2.C

i deltax 0.01m

13 | deltax/(k*A)= C_1 0.333339

14 h*P*deltax=  C_2 0.6

15.

16 |

17

18|

19 |

20

2|

2| Node 0 1 2 3 4 5
23 x(m) 0 0.01 0.02 0.03 0.04 0.05
24 Temp {deg.C)

ac

EXPERIENCE THE POV

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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5. Now, by data, TO = 500 C; enter it. Nodes 1 to 4 are Internal Nodes. Node 5 is boundary node
on RHS. The heat balance equations and the equations for temperatures in each of the nodes are
already presented in the Mathcad solution above. For clarity, show them in EXCEL worksheet.
Great advantage of EXCEL is that, to enter eqns for temperatures of Internal nodes, you have
to enter the equation for just one node, viz. Node 1 and then copy the formula in the rest of

the Internal nodes, i.e. upto Node 4.

O\ 9 - ¥ Prob.11A.13 - Microsoft Excel - a
) =
- Hoame Insert Page | ayaut Farmulas Nata Review View Develaper Add-Ins CodeCogs @ -
- = . . b [mp} || E=Inset~ | E -

Calibri i~ AN |32~ =¢ || Number ” = = H L4 W |
B . = HE S e ol
Paste Bl I U~z A &1+ ||[s - % o |[<0 9]/ conditional Format cem | .. _ |sort&!Find&
- 7 =l e . = = 00 >8] | ormatting - as Table - Styles~ || Fd Format~ || 2~ [Fifter+ 'select -
Clipboard = Font & £ Humber E Styles Cells Editing
[ £ - %
A b c D c r | s m 3 K L M N

1

2 For Internal nodes, i.e. Nodes 1 to 4:

3

" S . P, .

X Lata mol EEH B nPan (T, T )0 frm=1t4  agn(A)

5 L 0.05 m Ax Ax K

6 A 4.50E-04 m"2 kA kA

7 P 012 m

g To 500/C

2 Ta 200/ C ror Node 5:

10 k 25 w/m.C T4—T5 fiees . X 5

1 h 500 W/m"2.C R e A

12 deltax 0.01 m A

13 deltax/(k*A)= C_1 0.888889

14 h*P*deltax= C 2 0.6

15

16

17

IT4+C 2 +2Ta y

18 T P+ T2+C2TaC Y 5= 2T - D Ea i . 11 G Lh-A)

19 9] 2+C2C1) F (2+C2C 1+2h-ACY)

20 / ;

-
Al & 4
2 Node | o [ 1 2 3 a 5

23 ¥ {m) 0 | om 0.02 0.03 0.04 0.05
24 Temp (deg.C)|
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6. Next step is important: Observe the eqn for T1. It contains references to TO and T2, i.e. to cells
to the left and right of cell E24. Rest of the quantities in the eqn are ‘named’ constants. When you
copy the eqn for T1, i.e. the eqn entered in cell E24 to cells upto H24, the references to adjacent
cells automatically adjust themselves. However, the cells refer to each other and we have to solve

the equations simultaneously by ‘iteration For this purpose, we have to enable Iteration in EXCEL.

Numerical Methods in Heat conduction

To do this: click on EXCEL Office button (on the left, top corner)

@qu._ '

L]

Recent Documents

New

1 ProbllAd3

Qpen

Save

Save As  F

Print 3

_f/z Prepare

=

/ Publish »

J“‘ Close

15

=

| £ Excel Options || X Exit Excel

And, then click on Excel Options; we get:

Excel Options

Prob.11A.13 - M

N View ]

i General
I' |$ v O

= Numb+

==

[ poputar
Formulas
Proofing
Save
Advanced
Custamize
Add-Ins
Trust Center

Resources

N
_g Change the most popular options in Excel.

Top options for working with Excel

Show Mini Toolbar on selection
Enable Live Preview (i

Show Developer tab in the Ribban (&
Always use ClearType

Colarscheme: | Blue v |

ScreenTip style: | Show feature descriptions in ScreenTips v |
Create lists for use in sorts and fill sequences: | Edit Custgm Lists..

‘When creating new workbooks

Use this font: |Body Fant ¥
Font size: [~

Default view for new sheets:

Include this many sheets:

Personalize your copy of Microsoft Office

User name: | Personal

Choose the languages you want to use with Microseft Office: | Language Settings...
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Click on Formulas (on the left, second item from top), and then check mark on Enable Iterations, and

enter Max. Iterations as 1000 and Max. change as 0.000001:

Excel Options

Papular ] - .
F = Jl Change options related to formula calculation, performance, and error handling.
| Formulas L
Froofing Calculation options
Save Warkbaok Caleulation i Enable jterative calculation
advanced © automatic Maximum Eterations: |1000
() Automatic except for data tablas
Maximum Change:  |0.000001 |
Customize © Manual —
Add-Ins

Trust Center Working with formulas

[ RLCL reference style
Formula AutoComplete

Resources

Use table names in formulas
Use GetPivotData functions for PivotTable references

Error Checking

Enahble background error chacking

Reset Ignored Errors

Indicate errors using this colar:

Error checking rules

Cells containing formulas that result in an error Formulas which omit cells in a region @

Incongistent calculated column formula in tables @ Unlocked cells containing formulas
Cells containing years represented as 2 digits [ Formulas referring to empty cells

Humbers formatted as text or preceded by an apostrophe Data entered in a table is inyalid -

Formulas inconsistent with other formulas in the region

Then, click OK.
7. Now, we are ready to enter eqns for Nodes 1 to 5:

Enter the eqn for Temp T1 in Node 1. See the Formula bar where it appears as you enter the eqn.

’6-, =g > = Prob.114.13 - Microsoft Excel - =
~ Home | Insert Page layout  Formulas Data Review  View Developer  Adddns  CodeCogs @ -
__j ‘* Calibri e el =% = numer = E ﬂ ‘r;bﬁ %‘"I’“m' _): X %?' ?a

=3 : % Delete - E'
g | e o A o | (S | 2o 32 | | - e S

Clipboard ™= Font £ Alignment ] Humber E) Styles Cells Editing

[ E24 - (2 f.l 4+C_2*Ta*C_1)/(24C_2*C_: I

A B c D E 3 G H 1 ) K L M N
1
2 4
3
el [acs form=1tod  eqn(A)
5 L 0.05 m
6 A 4.50E-04 m"2
7| e 012 m
8 To 500 C
9 Ta 900 C For Node 5:

10 k 25 W/m.C 15 (Pax )

1 h 500 w,{mﬂz.c e { PTM el (Mo TS0
12 deltax 0.01|m ;

13 deltax/(k*A)= € 1 0.888889
14| h*P*deltax= € 2 0.6
15
16|
17
18| 1o (T0+T2+C2TaC ) T= e 1'4[:}; fzcgiti?ﬁf}h A)

19 @+Cc2C1 / et e
20 /

21
2 Node | o 3 4 5
3| x[m) 0 0.03 0.04 0.05
24| Temp {deg.C)
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Now, copy the eqn in cell E24 upto Node 4, i.e. upto cell H24, by dragging the bottom right,

black corner of cell E24 upto H24. Check that cell references to the left and right of each cell

is automatically adjusted (by seeing the Formula bar). See below:

-3\ = - ad Prob.11A.13 - Microsoft Excel
§ _g/. .
Home Insert Page Layout Formulas Data Review View Developer Add-Ins CodeCogs
= a Calibri == =|®| & | Gceneral . E;I = [ SRS A? I
Pa;j = |lm r ©U = g;g- | % ~ 2% »||%8 599 Condiinal fﬁt C‘:::r ?: gt i' frt& I:
- 7 = e . 20 =0 rmatting - as Table - Styles~ | S Format~ | (2~ Fifter~ 5
Clipboard ™ Font E} Alignment Fi Mumber i} Styles Cells Editing
| m27 - 5 |
A B C D E E G H I 1 K i M
7 H 0.12 m
8 TO 500 C
9 Ta 900 C For Node 5;
10 k 25 W/m.C 2y I8 r A
o 5 souwimnz.c %+h;‘k1’7‘“+,ﬂ: (Ta - T5)=0
12 deltax 0.01 m A
13 deltax/(k*A)= C 1 0.8388389
14 h*p*deltax= C 2 0.6
15
16
17
18 1o (T0+ T2+ C2TeC ) 52 BT :' Cj-:'a-cil J:l'“'cfl\'h"\}
= ® @2+C2C) . (2+C 2C 1+ 2h-AC 1)
20 /
21
22 Node 0 4 5
23 x [m}) 0 0.04 0.05
24 Temp (deg.C)| 500.00 443.37

Don’t worry about temperatures appearing for T1 to T4, since we have not yet entered the eqn for T5.

When we enter eqn for T5, by Iteration, all values will adjust themselves.

9. Now, enter eqn for T5 in cell 124: See the eqn in Formula bar. Note that immediately the

temperatures in all Nodes adjust themselves. The screen print is shown below:

g

124 - Fll =(2*H24+C_2*Ta*C_1+2°Ta*C_1*h*A}/(2+C_2°C_1+2*h*A*C_1) ||
A B & D E F G H I 1 K L M N
7 P 0.12/m
8 T0 500 C
9 Ta 900 C For Node 5:
10 k 25 W/m.C -Ts Pax
T h mwimnz.c %+h-i\%+:\j-[l‘a—]’i}=ﬂ
12 deltax 0.01 m TR )
13 deltax/(k*A)= C_1 0.888889
14 h*P*deltax= C_2 0.6
15
16
17
19 s (2+C2C 1 BRSOt o
20 //
21 I
2 Node 0 1 2 3
23 x [m) 0 0.01 0.02 0.03
24 Temp (deg.C)| 50000 | 704.03 | 80354 | 85161
e
132

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

10. So, the final temperatures in all the Nodes are:

Node 0 1 2 3 a 5
x (m) 0 0.01 0.02 0.03 0.04 0.05
Temp (deg.C)| 500.00 | 704.03 | 803.54 | 851.61 | 873.86 |882.1792

Thus: TO =500 C, T1 = 704.03 C, T2 = 803.54 C, T3 = 851.61 C, T4 = 873.86 C and T5 = 882.179 C.
Compare these values with those obtained with Mathcad, i.e.

T0 =500 C, T1 = 704.029 C, T2 = 803.54 C, T3 = 851.606 C, T4 = 873.863 C and T5 = 882.179 C.
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Note that in EXCEL, colour coding of the temp values is done by going to Conditional Formatting —

color Scales and clicking on upper, second item, as shown below:

Ca)! Hiulus) = Prob.11A.13 - Microsoft Excel
& | Home | Insert Page Layout Formulas Data Review View Developer Add-Ins CodeCogs
* |Cal|br\ = ‘.'.General - @ @ . S Insert ~ I - ﬂ ﬂz
Pasn ||| B I U~ - ‘:| 5 - ﬂg| | DI‘;ﬂIlIDnBI Format Cell = e | E' Sort & Fi
. == | i gt | Formatting = as Table ~ Styles ~ B Format = || <2~ Fitter~ se
Clipboard r-,' Font | i || Mumber o | | cells Editing
e - C‘ _t;'| [% Highlight Cells Rules »
s s [ ¢ [olelrlelswlm, o Lw ]
5 g T p/Bottom Rules
2 For Intern
T3 Ig Data Bars v
I In-17Ta +|
] (o] | e 51 3 51 5
6 kA
| % | Icon Sets Y ﬂ ﬁ E ﬂ
8
Iy [ | mew Rule.. More Rtfles...
10 T@ Clear Rules rl
] 21 Manage Rules... =0
i g
13 deltax/(k*A)= C_1 0.888889
14 h*P*deltax= C 2 0.6
1
16
i
o L emecaTecy R O it P
19 2+C2C 1) e e
) / /
&
e Node | o | 1 2 3 | a | 5 |
23 x (m) 0 0.01 0.02 0.03 0.04 0.05
24 Temp {deg.C) 704.03 | 803.54 | 851.61 |

11. Now, draw the graph T vs x: This is very easy in EXCEL. Just select x and T values, (i.e.
from cell D23 to 123 and D24 to 124), click on Insert — Scatter — 2" item in top row, i.e.

Scatter with smooth lines and Markers.

-HEI"J—'F' = Prob.114.13 - Microsoft Excel
Home | Insert | Page Layout Formulas Data Review Wi Developer Add-Ins
o= o e
ERElEE T iizb:xuﬁnh 0
PivotTable Table | Ficture Clip Shapes Smarb&:t Column  Line Pi catter| Other Hyperllnl
- | Art - | - - - - - Chaits*|
Tables Il Tlustrations I Charts | scatter |
D24 - f | 500 T | [
A_| B C E | F 6 ||l \-’)ﬁ ‘ I
10 Wim.C 5 —
11 W/ma2.C Vnid
- = O | |1 L4
13 deltax,-"{k*A}: =Y 0.888889
14 h*P*deltax= € 2 0.6 ,ﬁ\f\;
15
16 il 20 chart Types...
17 T T T
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We get:

Mode 0 1 2 3 4 5
x (m) 0 0.01 0.02 0.03 0.04 0.05

Temp (deg.C)| 500.00 | 704.03 | 803.54 | ss161 | 873.86 |882.1792 |

1000

Q00

200
700

00

500
——7Geriesl

400

300
200

100

0 T T T T T 1
a 0.01 Q.02 0.03 0.04 0.05 0.06

12. Now, Format this plot. Select the plot, then click on Chart Tools - Layout:

We see the following screen:

o el iz = Prob.11A.13 - Microsoft Excel Chart Tools - =

il

Home  Insert  Pageloyout  Formulas  Data  Review  View  Developer  Addns  CodeCogs Design | layout = Format @ - 7

[®] Chart Floor [] Up/Down Bars

< Picture Shapes Text Chart Axis legend Data Dats Axes Gridlines | Plat Trendline Properties
&F Reset ta Match Style ~  Box || Thev Tlesv ~ Labels~ Table~ - - Area~ () 3-D Rotation » [ Ervor Bars - -
Current Selection Insert Labels Axes Background Analysis
\ Chart 10 - £
| A B c D E F G H 1 il K L M N C
= 1= ——(2 Tcacy (ZHU_2U_ T+ 2nAat )
0| / /
21 | 4 2
2| Node | o [ 1 2 T T |
23 x(m) 0 0.01 0.02 0.03 0.04 0.05
24 | Temp (deg.C) 704.03 | 803.54 | 851.61
25
26 G
27| 1000

28 | 900
= ‘/__.———0'—"
800
30 /
1 700 /.
31
€00

32|

33 1 500 L
g —#—Seriesl |
34 ‘400 :
35_ 300
36_ 200
2| 100
38
a T T T T T 1
29
'40' Q 001 0.02 0.03 0.04 0.05 0.06

an
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Now, you can format grid lines, legend, Axis labels, Chart label etc.

13. Finally, after formatting, we have the plot:

Node 0 1 2 3 4 5
x (m) 0 0.01 0.02 0.03 0.04 0.05

Temp [deg.[}_ 704.03 | 203.54 | 851.61

Temp vs Distance
——— By Numerical Method =~ ——— By Analytical method
950
900
850
800 -
o
8 750
z
g 700
U
i
650
600
550
500 T T T T |
0 0.01 0.02 0.03 0.04 0.05
Distance x (m)

» \Day one

and you're ready

ay one. It's the moment you've been waiting for. When you prove your
worth, meet new challenges, and go looking for the next one. It's when
your dreams take shape. And your expectations can be exceeded. From
the day you join us, we're committed to helping you achieve your potential.
$o, whether your career lies in assurance, tax, transaction, advisory or
core business services, shouldn't your day one be at Ernst & Young?

What's next for your future?
ey.com/careers

\ 2l ERNST & YOUNG

Quality In Everything We Do

D 2010 EYGM Limited. All Rights Reserved
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14. Now, if we have to change any of the Inputs, it is very easy and the resulting temp distribution
presents itself immediately. For example, if we change the thermal conductivity value k = 65
W/m.C, we get:

For Internal nodes, i.e. Nodes 1 to 4:

Data: T”“’l_T"+M+h-1=-;x-(ra_rﬂ)=o form=1to 4 __eqn(A)
L 0.05 m i ]
: 4,50E-04 m*2 (ﬁ) Py
P 0.12 m
T0 500 C
Ta 9(2 C For Node 5:
k 65 W/m.C 15 f 3
m %+hi‘PT‘\x+Aj;{Tﬂ,rj)=D
deltax 0.01 m T \
deltax/(k*A)= €_1 0.34188
h*P*deltax= C 2 0.6

5o @T4+C2TaC 1+2TaC lha)
(2+C_2C_1+2h-AC_1)

T1e (T0+ T2+ C2TaC Y

(@+C2C 1) / /
3 @ | &5 | C
0.03 0.04 0.05
784.61 | 814.99

Compare these values with those obtained with Mathcad, i.e.

T0 =500 C, T1 = 641.77 C, T2 = 730.569 C, T3 = 784.613 C, T4 = 814.988 C and T5 = 827.925 C.

And, the plot also changes immediately to:

Node 0 1 2 3 4 5
x (m) 0.01 0.02 0.03 0.04 0.05
Temp {deg.C) 641.77 | 730.57 | 784.61 | 814.99 |827.9246 |
Temp vs Distance
850 -
BOO A
750
o
& 700
2
£ 630 -
=
600
550 1
SDI:I T T T T T 1
a 0.01 0.02 0.03 0.04 0.05 0.06
Distance, x (m)
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To find Q, and n, when k = 25 W/m.C:

EXCEL calculation is reproduced below:

Numerical Methods in Heat conduction

Node 0 1 2 3 4 5
x (m) 0 0.01 0.02 0.03 0.04 0.05
Temp {deg.c}- 704.03 | 803.54 | 851.61 | B873.86 -
Qfin= -349.533 W Qppn = -t h'P"“‘-(ra - TO) Quaz = B(B-L + A)(Ta — T0)
amax= 1290 W A 2
n_fin= 0.270956 L
Qfin
Min= —
Qmax

Finally, Temp distribution for k = 25 and k = 65 W/m.C are drawn in the same plot:

x (m) 0 0.01 0.02 0.03 0.04 0.05 | k (w/m.C)
T{deg.C) 500 704.03 | 803.54 | 851.61
T(deg.C) 500 | 641.7696 | 730.5688 | 784.613 | 814.9879 | 827.9246 65
Temp vs Distance
—4—Fork=25W/mC ——Fork=65W/m.C
950 -
900
850
. BoO
&
& 750
=
g 700
L
" 650
600
550
500 ; : ; ; : .

0 0.01 0.02

Distance, ® (m)

0.03 0.04 0.05 0.06
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15. It is of interest to compare the values of temps obtained by numerical method with those
obtained by exact, analytical solution. For this case, analytical solution exists and temp at

any x is given by:

cosh{m-{(L - x)) + i sinh({m (L - x}}
m-k

8(x) _
g h .
o cosh{mL)+ — -sinh{mL)}
mk
where
g(x)=T(x)-T a
e D=T o~ T a
So, in EXCEL, we set it up as:
Fin parameter m 73.02967
h_fl:m.k]= c2 0.273861
theta 0= theta 0 -400
E78 - fx | =(theta_0%(COSH(m*(L-E76))+C_2*SINH(m*(L-E76)))/(COSH(m*L)+C_2*SINH(m*L)))+Ta
A B C D E = G H 1 J K I
73
74
75
76 x {m) 0 0.01 0.02 0.03 0.04 0.05
77| Temp (deg.C)| 500 704.03 | 803.54 | 851.61 | 873.86 | 882.18 |By Numerical method
78 Temp {deg.C}| 500 707.19 806.89 854.68 | 877.21 887.03 |By Exact analytical formulas

Eqn for node 1 i.e. x = 0.01 m, i.e. cell 78 is shown in Formula bar.
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Now, draw the plot to compare the temp values:

Temp vs Distance

=By Numerical Method =By Analytical method
950 ~

900 -

850 +

800

750 ~

700 -

Temp (deg.C)

650

600 ~

550 A

500 T T T T i
0 0.01 0.02 0.03 0.04 0.05

Distance x (m)
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Prob.1IA.14. Consider a slab of thickness, L = 1 cm. Thermal conductivity of the slab material varies
linearly with temperature as: k(T) = 26.679.(1 + 8.621 x 10* T), W/(m.C), where T is in deg. C. Surface
at x = 0 is insulated and the other surface at x = L is subjected to a convection heat transfer with a fluid
at 100 C with a heat transfer coeff. of 4000 W/(m?.C).There is uniform internal heat generation in the
slab at a rate of 8 x 107 W/m®. Dividing the slab into 5 equally spaced sub-regions, find the temperatures

at the different nodes. Assume one-dimensional, steady state conduction.

Fig.Prob.11A.14

EXCEL Solution:

First, derive the difference equations for the Internal nodes and boundary nodes:
For Internal nodes:
Consider any internal node ‘m” and apply the energy balance for the differential volume around node

‘m’. Remember to consider that all energy flows are into the control volume. Using the thermal resistance

concept, we get:

TmfliTm erliTm
+ + 9 (AAX)=0
Ax Ax
+T T +T
1 +1
ko | 1+B-|— TIA kg 1B LA
2 2
i.e.

T T Yk 1 et Tl T Vk| 14 gl mt1 m A x)°=0
T~ Ty 11 (T T o] 15 a0’
=3
o] 5 5 -I_".:L.:_
(T —2T +T |_E. (T | 21T V+IT |< _q'm' =1
| m— m m+ll o | T mel) 1 m/ | Tmt1) kn
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where qm= gz  and.

=C_1=11.50

Eqn. (A) gives the difference eqn. for the interior nodes 1,2,3,and 4. It is seen that this eqn. is non-linear
and solving the set of non-linear equations by conventional methods is difficult. But, as we shall presently

see, in EXCEL, it is very easy to get solution using the ‘Solver’.

In eqn.(A), let us put m =1, 2, 3 and 4 to get the difference eqns. for the respective nodes:

Node 1: (Ty- 2T, +T,) + % <T0>2— 2-<T1>2+ <T2>27 +11.99420 )

O e B e e

Node 3: r T (d)
<T2— 2T, + T4> +%- <T2>2— 2-<T3>2+ <T4> + 11.994=0

P ) A2 ] neemo

In EXCEL, we have to enter the eqn for only Node 1. Then, we can drag-copy it to Nodes 2, 3 and 4.

Difference eqns. for boundary nodes:

For node ‘0”: Apply the energy balance to the half-volume around the node ‘0’; all heat lines flowing into

the volume.

There is no heat flowing from the left side of the control volume into node ‘0’ since the surface is insulated.

Writing other terms, we get:

T1-Typ

AX
T0+T1

1+p-

{ko.
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ie. To+T, qg-(Ax)2
T,-To) ko 1+B- =
( 1 o> 0 5 5

i.e q, (8%’

el 2~ 2\, g =

<T1—TO>+—-<T1 —T0>+ =0
2k
: 2 0 C1
e (T1 - Tp) E I -Tp j+—==10 (a)

Eqn.(a) is the difference eqn. for node ‘0> This eqn. is also a non-linear eqn.

For node 5: Apply the energy balance to the half-volume around the node 5; all heat lines flowing into

the volume. There is convection condition on the right surface. Writing the energy balance, we get:

+hA(T, - Ts)+ gg| A= [ =0

AX &

BEESR

Eqn.(f) is the difference eqn. for node 5. This eqn. is also non-linear.

Now, we have got 6 equations viz. eqn. (a), (b)...(f) and there are 6 unknown node temperatures. So,

solving these 6 coupled equations simultaneously, we get the temperatures T0, T1 ... T6.
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The steps involved to solve such non-linear equations in EXCEL are explained below:

1. Enter the data, and name the cells:

[« B — D E F
1
&
2
4 Data:
= m
6 m*~2.. Assumed
| - C
8 w/m.cC
El /e
10 Th. conductivity:
e w/m"2.C
az W/m#3
A3 m
14 ge*deltax*2/k 0= C 1 11.99445
15 h*deltax/k_0= C:2 0.299861
15

Hellmann’s is one of Unilever’s oldest brands having been popular for over 100 years.
If you too share a passion for discovery and innovation we will give you the tools and

opportunities to provide you with a challenging career. Are you a great scientist who %’{555 2y
wquld like to be at _the f(_)refront of scientific innovations and develogme_nts? Then you \{VI” Cou Id It be ‘g@g :E;;Q‘
enjoy a career within Unilever Research & Development. For challenging job opportunities, "@f}a@’:@
please visit www.unilever.com/rdjobs. Unilover-

S mw Z
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Note that we have also calculated [qg * deltaxA2 / k_0] and [h * deltax / k_0] separately and named them

as C_1 and C_2 respectively. They are required for use in the difference eqns.

2. Set up the scheme for calculations as shown below. Note that the difference eqns to be

entered are also shown in the worksheet:

A B C D E F G H I ] K L M N
4 Data:
5 L 0.01L m
6 A 1.00E+00 m*2.. Assumed
7 Ta 100 C
3 k 0 26.679 W/m.C
) beta 8.62E-04 1/C
10 Th. conductivity: [k=k0* (1 +beta*T)
11 h 4000 W/m"2.C
12 qg 8.00E+07 W/m"3
13 deltax 0.002 m
14 gg*deltax2/k_0= C_1 11.99445
15 h*deltax/k_ 0=  C_2 0.295861 B 3 3 3
" |r37211+r:}+;[|r0‘t -2(Ty) +|rﬂ}+c71=o
17 -
12 (T1-Tg} + % (m"- To‘) & C,‘l =0 B2 Bl -]
19 43 % [Ta-Ts) + E.I“TJ -T5 )+ C 2(Ta-Ts) + T_ =0
20 / ]
21
22 K y:
23 Mode 0 1 2 3 4 5
24 x{m) 0 0.002 0.004 0.006 0.008 0.01
25 Temp (deg.C)

3. Now, since we don’'t have explicit eqns for T0, T1.....T4, and T5, we use the SOLVER in
EXCEL.

First, enable solver, as explained earlier in Introduction on EXCEL.

4. Now, create a parallel row below Temp row for ‘Difference eqns’ and SUM(DiffA2) as shown:

A B c D E F G H | J K L M N
13 deltax 0.002 m
14 gg*deltax"2/k 0= C 1 11.99445
15 h*deltax/k_ 0= € 2 0.299861 B 2 3 7
= (Ty-2Ty+Ty) + 5 [|_ID; - Ty +(Ty) ] +C_1=0
17 2 >
18 |I;—r[,>+%§‘_r]3—rgjj+%=o o BE B k e
= 2 2 |r471'3_a+E \Tq"-T157) + 2 \_Iafrj_,+T=n
20
21 / ’
2 v &
23 Node 0 1 2 3 4 5
24 x{m) 0 0.002 0.004 0.006 0.008 0.01
25 Temp (deg.C)
26
27 |Diﬁ. eqn: | |
28
2 [sumpifinay] ]
145

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

5. In the Temp row (i.e. row 25), fill in trial values for all temps, say 100 C; This is necessary
while using Solver. In the Diff. eqn row (i.e. row 27), enter the Difference eqn for Node 1

under the Node 1 i.e. in cell E27. Then, drag copy it upto Node 4, i.e. upto cell H27.

g — [— — T PR

E27 ~ (2 fl] =(D25-2°E25+F25) +{beta/2)*(D25%2-27E25"2+F25°2)+C_1 ||

A B C D E F G H I J K L M N
13 | deltax 0.002 m
14 gg*deltax"2/k_0= C_1 11.99445
15 | h*deltax/k_0=  C_2 0.299861 B 5 5 5
T (Tp=2Ty+ Ty} + E-[|_r0_g = 2{T)"+ (Ty) ] +C_1=10
17 _ Fr | o5
18 (T - To) + % L‘T]'— TD‘) + % =0 /,./" ) w, (B 3 c1
19 2 2 5 e [Ty-Ts) + E-w\'l} -T5}+C 2{Ta- T5) + o =0
i: f'jf = - /‘/

1 / | L

22 ¥ & &
23| bodle. | @ || a4 [ =2 || & |[& | & |
24 x (m) 0 0.002 | 0.004 | 0.006 | 0.008 0.01
25 Temp (deg.C)
2%
27| [Diff.eqn: | [ 11.99445] 11.99445] 11.99445] 11.99445] |
28
2 [sumpitiaz)] |

Note that Difference eqn for Node 1 is entered in cell E27, and it is shown in the Formula bar.

6. Likewise, enter the Difference eqn for Node 0 in cell D27:

| D27 - £l =(E25-D25)+{beta/2)*[E25%2-D25"2)+C_1/2 1

2 prob.114.14 =
A B C D E F G H I ] K L M B
13 deltax 0.002| m
14 gg*deltax~2/k_0= C_1 11.99445
15 h*deltax/k 0= €2 0.299861
16
L % O ) G T e | o
18 (Tr=Tolms Al =g b s o s By sy . spoe Gl
19 [ s |_r4—r3_}+3-\_r4 -T5)+C2 \__ra—T)}+T=u
20 / B
a1
22|
23|
2|
25 4
26|
27| [Diff. eqn: || 5.997226] 11.99445] 11.99445] 11.69445] 11.99445
28

2|
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7. And, Difference eqn for Node 5 in cell 127:

| 127 ~ (@2 fell =(H25-125)+(beta/2) *(H25%2-125°2)+C_2*(Ta-125)+C_1/2 ||
& prob.114.14 - =
| = fi : = : G | H | 1 1 | K | L | M | M
10| Th. conductivity
1|
12|
12| 0.002
| 14| gg*deltax"2/k_0= C_1 11.93445
15 | h*deltax/k 0= €2 0.299861 s B e, 3
16 (Ty=2Ty+ Ty)+ 5-[”0} -2+ {TZ) } +C1=0
17 |
3 i 2 L
18| [Tl—To}+g-w\T1 —Tp )+ == e i
19 |

2 (Ta-Ts5) + %—(T;;EijszrC_E{Taij}Jr ?=o
20|
2| / /
Ex ;
0

23| Node 1 2 3 a 5
24 x(m) 0 0.002 | 0004 | 0006 | 0.008 | 0.1
25_! Temp [deg.C)

26

B [Diff. eqn: [ 5.997226] 11.99445] 11.99445] 11.99445] 11.99445] 5.997226]
28 |

= O

360°
thinking.

Deloitte.

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiiated entities.
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8. Next, important step: As we know, difference eqns should be individually equal to zero for

a final solution. We have used trial (guess) values for t0, T1.....T5. Now, the technique to

get the correct values of T0, T1,...T5 is to minimize the Sum of squares of cells D27 to 127,

by changing the temp values in cells D25 to 125. So, in cell D29, enter the Excel Function
SUMSQ (D27:127) to get the sum of the square:

| D29 - ffl =5UMSQ(D27:127) |
& prob.a1a.14 =i
A B G D E | F G H | 1 K L M N
10 Th. conductivity: k=k0 * {1 +beta*T)
1| h 4000 W/m*2.C
12| ag B.00E+07 W/ m"3
13 deltax 0.002 m
14 qg*deltax*2/k_0= C_ 1 11.99445
15 | h*deltax/k 0= € 2 0.299861 Bl 2 3 5 y
— (Tp-2Ty + Ty) + 3'[[10} -1+ (Ty) } +C1=0
17 .
18 | (T1-Tg)+ %.:.‘rl‘- Tg‘) + % =0 B2 L3 ) .o
19 = Gt ’_’__/' (T4-T5) + 5 |\ T4 —T5 }+C 2{Ta - T5)+ e =10
20| L
2| / 5 A
2| / 2 r
23| Mode | o 1 3 3 4 5
24| .
25
26 |
27| [Diff. eqn: [ 5.997226] 11.99445] 11.99445] 11.99445] 11.90445[ 5.997226
28 |
0]

9. Now, use the Solver. To do this, go to Data tab, and click Solver. We get following screen.

Fill in D29 for Set Target cell and choose Min in the space for Equal to: and in the place for By changing

cells: fill in D25:125. This means that we wish to minimize the value in Target cell (i.e. D29) by changing

the values of temps in the range D25:125. Note that we do not put the Target value to zero since getting

an exact value of zero by the numerical method may not be possible. However, minimizing that target

value will give acceptable results.

Solver Parameters

s [5]
(* Min

Set Target Cell:

O Max

By Chanaing Cells:

Equal To:

| eps2sis1eas]

Subject to the Constraints:

(" value of:

Saolve
0
I Close

=)

Options

148
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Now, press Solve. We get:

2] prob.11a.14
A

10

11

12

13

Th. conductivity:

B G

h

48
deltax

k=k0 = (1+beta

Solver Results x =

Solver has converged to the current solution. All
constraints are satisfied.

Reports

| Answer
(®ieep Solver Solution! aﬁ:il'ss\hwty

() Restare Orignal Values

14 gg*deltax~2/k 0= C 1
15 h*deltax/k 0= €2 d | ] [
16 T 0 T Pl
17
18
19
20
21
22
23
24
25
26
27
28
29

OK

R

FRANY

gep |

Cancel ] [ Save Scenario...

3 ) ek 1
{T1-To) + E I -Tp J+—==0 B

3 {2 N . ct
= (T4—Ts5)+ -\Ty - T5 ),+C_2-IIa—T5_}+T—=G

Node 0 1 2 3 4 5
x {m) 0 0.002 0.004 0.006 0.008 0.01
414.11 | 409.70 396.37 373.90 341.87 200.65

Temp (deg.C)||

|Dif‘f.eqn: |0.01618?| 0.017127| 0.016768| 0.016322| 0.018617| 0.019969

SUM(Diff*2): | 0.001848]

Note that Temp values T0 to T5 have appeared. Also, note that Target cell D29 is minimized to 0.001848

(not exactly equal to zero).
Press Keep Solver Solution.

Once again use the Solver by repeating Step 9. i.e. now, the Temp values obtained above become trial

values and we see the final result:

Node 0 1 2 3 4 5
% (m) 0 0.002 | 0.004 | 0.006 | 0.008 0.01
Temp (deg.C)| 414.10 | 409.69 | 396.36 | 373.89 | 341.87 | 299.66

|Diﬁ. eqn:

|0.018124| 0.018802( 0.01899( 0.017904| 0.016057| 0.013075

[sumpiffa2):[ 0.001792]

Note that the temps have changed very slightly. And, the Target cell is minimized to 0.001792.

We accept these values. So, the temps are:

TO0 = 414.10 C, T1 = 409.69 C, T2 = 396.36 C, T3 = 373.89 C, T4 = 341.87 C and T5 = 299.66 C.
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10. Now, draw the plot of x vs T:

The plot, suitably formatted, as explained earlier, is shown below:

Distance vs Temp
= Linearly varying k
500
450
400 [
o
o
E 350 B
E- .
™
o N
300
250
200
0 0.002 0.004 0.006 0.008 0.01 0012
Distance, x (m)

11. Now, what happens if the k value is constant, instead of linearly varying, say k = 26.679
W/m.C?

i.e. beta = 0. Change the value of beta to zero:

Data:

m

mA~2.. Assumed
C

Wim.C

1/C
Th. conductivity:

Wimn2.C
W/mn3
m
ge*deltax~2/k 0= C_1 11.99445
h*deltax/k 0=  C 2 0.299861
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And run the Solver again. We get:

Node 0 1 2 3 4 5

x (m) 0 0002 | 0o00a | 0006 | 0.008 | 0.1
Temp (deg.C)] #48.97 | #43.01 | 425.08 | 395.18 | 353.32 | 200.48
[Diff. eqn: | 0.030982] 0.030495| 0.020036| 0.02613 0.0218) 0.01601

[sum(DiffA2):| 0.004177|

12. Now, plot the temp values for both the cases:

x (m) 0.002 0.004 0.006 0.008 0.01 k (W/m.C)
T(deg.C) 409.69 396.36 373.89 341.87 200.66 | linearly varying
T(deg.C) 448.97 443.01 425,08 395.18 353.32 293,48 26.679
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And, draw the graph:

Distance vs Temp
—#—k=const. = 26 679 W,/m.C —l— Linearlyvarying k
500
450 ¢
400 -+
(v}
[
o
2 350 -
o
E
=
300
250 A
200 T T T T T
a 0.002 0.004 0.006 0.008 0.01 0.012
Distance, x (m)

13. Now, with the temp linearly varying, if the heat generation rate is halved, what happens

to temp distribution?

i.e. now, qg = 4E07 W/m~3. Change qg in the original Worksheet, and run Solver again. We get:

Data:
L 0.01 m
A 1.00E+00 m~2.. Assumed
Ta 100 C
kO 26.679 W/m.C
beta 8.02E-04 lfC
Th. conductivity: |[k=k0* (1 +beta*T)
h 4000 W/m"2.C
qg 4_00EHD7 W/ m"3
deltax 0.002 m
ggdeltax*2/k 0= C_1 5.997226
h*deltax/k 0=  C 2 0.299861
Node 0 1 2 3 a 5
x (m) 0 0.002 | 0.004a | 0.006 | 0.008 0.01
Temp (deg.c)] 26248 | 260.03 | 252.67 | 240.30 | 222.81 | 199.99
[Diff. eqn: | 0.00102| 0.000886| 0.000759| 0.000705| 0.000626| 0.000465

[sum(Diffr2):| 3.51E-06]
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And, produce the plot for comparison:

0.004 0.006 0.008 0.01 k (W/m.C)
396.36 373.89 341.87 299.66 linearly varying
252.67 240.30 22281 19399 |linear k, qg halved

Distancevs Temp
—4—linear k, qg = 4E07 W/m*"3 ——Linzark, gg=BEOT W/ m"3
SO0
450
400
(=)
=0
]
= 350 -
==
E
-
300
250
EDD T T T T T 1
0 0.002 0.004 0.006 0.008 0.01 0.012
Distance, x (m)

Prob.1IA.15. Consider a brick wall (k = 0.72 W/m.K), 0.2 m thick, exposed to a heat flux of 2000 W/
mA2 on the RHS. On the LHS, there is convection with room air at 20 C, with a heat transfer coeff of:

h = 10 W/mA2.C. Dividing the wall into 4 equally spaced sub-regions, find the temp distribution.

Ta=20C
h=10 Wm"2.C

o flux 2000 Wm*2

=L=02m

Fig.Prob.11A.15
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EXCEL Solution:

First, derive the difference equations for the Internal nodes and boundary nodes:

For Internal nodes:

Consider node ‘1, for example, and apply the energy balance for the differential volume around node 1.
Remember to consider that all energy flows are into the control volume. We get:
0 -T1 (I2-T1) _

kA + kA=
Ax Ax

0

e T0+T2-2Tl=10
We get similar eqns for Nodes 2 and 3.

For Boundary Node 0’:

Again, apply the energy balance for the differential volume around node 0. Remember to consider that

all energy flows are into the control volume. We get:

k-A
(T _1-T 0N +hA(Ta-T_ =0
Ax
. . . E-A
I8 C2{TI-T0H+hA(Ta-T 0)=0 where C 2= —
Ax
ie T 0= (C 2T 1+ h-A-Ta)
(C2+h-A)
For Boundary Node ‘4’:

Again, apply the energy balance for the differential volume around node 0. Remember to consider that

all energy flows are into the control volume. We get:

E-A
AT 3-T 4+ g faxvA=s0
Ax
. (C 2T 3+ g flux-A) .
1.E. 1__-1= - = _J{; S el where C 2= E
2 T M
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The steps involved to solve this problem in EXCEL are explained below:

1. Enter the data, and name the cells:

deltax v S | 0.05
A B C | D - F
4 Data:
5 L 0.2 m
B A 1 00EH00 m~2.. Assumed
7 Environment temp. Ta 20 C
8 Radiation Source temp.  [g_flux 2000 W,/ mn2
] conv. heat tr coeff h 10| W,/ m"2.C
10 Th. conductivity ke 7. 20E-01 W/m.K
11 . T0 B.50E+01 C
12 | deltax I ﬂ.ﬂE!r'n
13 k*a/deltax= . 144

The Wake
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Low-speed Engines Medium-speed Engines Turbochargers Propellers Propulsion Packages PrimeServ
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Find out more at www.mandieselturbo.com
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2. Set up the scheme for calculations as shown below. Note that the eqns to be entered are also

shown in the worksheet:

\ deltax -0 fe | 0.05
A B c D E E G | H ] i |k
13 k*a/deltax= G 144
14 T0+T2-2Ti=0 ..for Node 1
15 | 2
16 (C_2T_1+h-A-Ta) P %
= T0= Al s Ta= (€213 +\q_ﬂm-j}
= — : cz
19 7 " /,/
20| Z Pl e
21 MNode 0 1 2 3
22 x [m) 0 0.05 0.1 0.15 0.2
23 | Temp (deg.C)

3. In the Temp row (i.e. Row 23) fill in the eqn for T_0 in cell D23, and the eqn for T_4 in cell

H23. Eqn in cell H23 can be seen in the formula bar in the screenshot shown below:

H23 - £ | =(C_2*G23+q_flux*A)/C_2

A B c D E | F 6 Low | 1 | I K
13 k*A/deltax= c2 144
14 TO+T2-2Ti=0 ..for Node 1
15
16 (C_2T_1+hATa) -

Tos =t =T 08 - S i

17 ‘ (C2+hA) 8 1= 2T 3+ fued)

= o B c2

19 7, e
20 " Fogd &
21 Node [ o [ 1 2 3 [ 4 |
22 x{m) 0 0.05 0.1 0.15 0.2

23 Temp (deg.C) ‘

24

Some values are seen in Temp row in cells D23 and H23, but do not worry about them, since they will

change automatically when we enter formulas for other cells.

4. Now, enter the eqn for T_1 in cell E23. Since eqns for T_2 and T_3 are also similar o thie

eqn for T_1, drag-copy the eqn in cell 23 to E24 and E25:

E23 e f | =(D23+F23)/2
A B C D [ e | °F T — ] [ &
13 k*a/deltax= c.2 144
14 T0+T2-2Ti=0 ..forNode 1
15 |

16 (C2T 1+h-ATa) A
! Iz - e (C 2T 3+ q flux-A)
17 — f(;_g +h-A) ’_/.-’ 1‘__1= Rl s + g tuen)
y - & C_2
18 i 2 -
Fi - =
19 i - g
| ¥ = 5
20 i i =

21 Node 0 1 [ 2 3 4
22 x(m) 0 0.1 0.15 0.2
23 Temp [deg.C) 2
24 |

Eqn. for T_1 (i.e. cell E23) is seen in the formula bar.
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Observe that immediately all the temperatures have updated themselves.

5. Now, draw the graph of x vs T:

Distancevs Temp
S00 -

8OO
700
00

500

Temp (deg.C)

400 -

300

EDD T T T T T T T T T 1
o 0.02 0.04 0.06 0.08 o1 012 0.14 016 .18 0.2

Distance, x {m)

Prob.11A.16. Consider a plane wall of thickness L = 0.4 m, area, A = 20 m/2, thermal cond. k = 2.3
W/m.C. The LHs is maintained at 80 C and the RHS loses heat by convection to surroundings at 15 C
with heat transfer coeff. h = 24 W/mA2.C. Considering 4 equally spaced nodes, determine the nodal
temperatures for one dimensional steady state conduction. Also, determine the heat transfer through
the wall. [Ref. 2]

Ta=15C
h=24 Wm"2.C

=L=04m

Fig.Prob.11A.16
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EXCEL Solution:

Here T0 = 80 C, by data.
T1, T2 and T3 are Internal nodes.
On node 4, there is convection.

Get the difference eqns for node on RHS and Internal nodes, by writing the energy balance at the node

concerned, taking care to see that all heat lines are considered as flowing into the node:
For Interior nodes:

2
(b’
{Tm—l_ E.Tm+Tm+1}+T-D """" (B.8)

Here, internal energy generation, q_ = 0

> RBS Group

CAREERKICKSTART

An app to keep you in the know

Whether you're a graduate, school leaver or student, it’s a difficult time to start your career.

So here at RBS, we’re providing a helping hand with our new Facebook app. Bringing together
the most relevant and useful careers information, we’ve created a one-stop shop designed

to help you get on the career ladder — whatever your level of education, degree subject or
work experience.
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For Node 0’:

T0 = 80 C, by data

T.=0 ..(5.22)

2
h-ﬁx) (AX) 4 Zhohx
+ + T,

2T, 2Tl
M-1 M( K K ”

Here, M =4, q, = 0
Following are the steps in EXCEL calculation: Here, M =4, qm = qg =0

1. First, ensure that iteration in EXCEL is enabled. Now, enter the data in EXCEL worksheet

and name the cells, and set up the scheme:

il B C D E F G H | ]
17 Data: L= 04 m
18 k= 2.3 W/m.C
19 gg 0 W/m"3
20 a= 15 deg.C
21 h= 24 W/m2.C
22 deltax= 0.1m
23 cC1 1.043478
24 A= 200 mn2
25
26 Mode 0 1 2 3 4
27 X 0 0.1 0.2 0.3 0.4
28 Temp {deg.C) 80.00
29
30 |l1conv: |

1
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2. Enter the eqn for T1, then drag-copy it for nodes 2 and 3:

| F28 - fe | =(E28+G28)/2
'E A B | c D G H I I
17| Data:
18
19|
20|
2|
|
2|
2
e
26| Node 0 1 2 3 4
27| X 0 0.1 0.4
28| Temp {deg.C) -I 60.00]
29| |
30 lQconv= | |
21
Note the eqn for T1 in the Formula bar.
3. Now, enter the eqn fot T4:
128 i fe | =(2*H28+0+2*C_1*Ta)/(2*(1+C_1))
B A | B ] £ D E Eala il —
1T Data: m
18 w/m.cC
s W/m*3
2 deg.C
2| w/m2.c
(22 m
e h*deltax/k =
[ mA2
=
26| Node 0 1 2 3 a
27 X
28] Temp (deg.C)
=
30 |Q{:onv= |

Note the eqn for T4 in the Formula bar.

Note that temperatures at different nodes are automatically calculated by iteration, since iteration is
enabled.
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4. Also calculate heat transfer by convection from RHS:

Q. =h*A*(T4-Ta):

| E30 - | =h*a*(128-Ta)

T C D e F 6 | W o
2 | Node 0| 1 2 3| 4
27 | X 0 0.1 0.2 0.3 0.4
28 | Temp (deg.C) 06.89 53.78 40.67
29
20| laconv= [ s030.25|w

21

We note that Q = 6030.25 W.

conv
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5. Now, draw the plot of T vs x and format it as required:

Temp vs Distance

90 -

Temp(deg.C)

10 A

I:I T T T

a 0.1 0.2 0.3 0.4 0.5

Distance, ® (m)

11B.  Two-dimensional, steady state conduction:

Prob. 11.B.1. Determine the steady state temperatures at the 6 nodal points in the two dimensional bar

shown in the fig. Use numerical method, with the grids as shown, Ax = Ay.

\
/
:

100 °C ] a 3

Fig.Prob.11.B.1
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EES Solution:

“Data:”

T _west = 100 [C]

T _north = 200 [C]

T _east = 200 [C]

T_south = 100 [C]

“Calculations:”

“Note that all the six nodes viz. nodes 1 ... 6 are interior nodes.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal

heat generation rate of q_g (W/mA3), we have:

For any general node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] - 4*T[m,n] + (DELTAx"2/k) * q_g = 0”

“In the present case, q_g = 0:

So, we get the six nodal equations as follows:”

“For Node 1. T west+ T north+T2+T4-4*T1=0

“For Node 2:” T1 + T north + T3+ T5-4*T2=0

“For Node 3:” T2+ T north + T _east+ T6 — 4 * T3=0

“For Node 4. T west+ T1 +T5+ T _south-4*T4=0

“For Node 5:” T4 + T2 + T6 + T _south - 4 * T5=0

“For Node 6:” T5+ T3+ T east+ T south-4*T6=0

“Solve the above six equations simultaneously, to get the six nodal temperatures, T1....T6:”
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Results:

Unit Settings: 51 C kPa kJ mass deq

T1 =146.4 [C] T2 =165.2 [C] T3 =179.7 [C]

Th =134.8 [C] Te =1563E [C] Teaxt= 200 [C]
Tiauth = 100 [C] Tigest =100 [C]

All the six nodal temperatures are given above ... Ans.

Numerical Methods in Heat conduction

T4 =120.3 [C]
Troh =200 [C]

Prob. 11.B.2. Considering the fig. given below, calculate the temperatures at the four discrete points
and the heat flow from the 500 C and 100 C faces. Take k = 1 W/m.K. Use numerical method, with the

grids as shown, Ax = Ay.

‘mtiia iA)gl Graduate

Find out more and apply

redefining / standards
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T=500C
|
I
Ax = Ay

= T=100C
T=100C N\, ! | /

Fig.Prob.11.B.2

EES Solution:

“Data:”

T_west = 100 [C]

T_north = 500 [C]

T _east = 100 [C]

T_south = 100 [C]

k=1 [W/m-C]

“Calculations:”

“Note that all the 4 nodes viz. nodes 1 ... 4 are interior nodes.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal

heat generation rate of q_g W/mA3,

we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] - 4 * T[m,n] + (DELTAx/A2/k) *q_g=0"

“In the present case, q_g = 0:
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So, we get the 4 nodal equations as follows:”

“For Node 1:” T_west + T _north+ T2 + T3 -4*T1=0

“For Node 2:” T1 + T north + T east+ T4 -4*T2=0

“For Node 3:” T west+ T1 + T4 + T_south -4 *T3=0

“For Node 4:” T3+ T2+ T east+ T south-4*T4=0

“Solve the above 4 equations simultaneously, to get the six nodal temperatures, T1....T4:”

“Heat transfer from 500 C and 100 C surfaces:”

“Q_north,= heat transfer from the north surface at 500 C:”

“Put DELTAx = DELTAy = say, 1.”

DELTAx =1

DELTAx = DELTAy

Q_north =k * (DELTAx/2) * (T_west - T_north) / DELTAy + k * (DELTAx) * (T1 - T_north) / DELTAy
+ k * (DELTAx) * (T2 - T_north) / DELTAy + k * (DELTAx/2) * (T_east — T_north) / DELTAy

“Q_west,= heat transfer from the west surface at 100 C:”

Q_west = k * (DELTAy/2) * (T_north - T_west) / DELTAx + k * (DELTAy) * (T1 - T_west) / DELTAx
+ k* (DELTAy) * (T3 - T_west) / DELTAx + k * (DELTAy/2) * (T_south - T_west) / DELTAx

“Q_east,= heat transfer from the east surface at 100 C:”

Q_east = k* (DELTAy/2) * (T_north - T_east) / DELTAx + k * (DELTAy) * (T2 - T_east) / DELTAx +
k * (DELTAy) * (T4 - T_east) / DELTAx + k * (DELTAy/2) * (T_south — T_east) / DELTAx

“Q_south,= heat transfer from the south surface at 100 C:”

Q_south =k * (DELTAx/2) * (T_west — T_south) / DELTAy + k * (DELTAx) * (T3 - T_south) / DELTAy
+ k * (DELTAX) * (T4 - T_north) / DELTAy + k * (DELTAx/2) * (T_east - T_south) / DELTAy
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Results:

Unit Settings: 51 C kPa kJ mass deqg

Ax=1 Ay =1 k=1 [Am-C]
Qeag = 400 [W] Qparth = -900 [\#/] Qsouth = -300 [W/]
Qs =400 4] T1 =250 [2] T2 =250 [C]

T3 =150 [C] T4 =150 [C] Taget=100 [C]
Tharth =500 [C] Tsouth =100 [C] Twest =100 [C]

Thus, we get:

T1=T2=250C,T3=T4=150C..... Ans.

Q_east = Q_west = 400 W , from inside the plate towards the respective faces.

Q_north = - 900 W, -ve sign indicating that flow of heat is from the surface towards the inside, and,

Q_south = - 300 W, -ve sign indicating that flow of heat is from the surface towards the inside.
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“Prob. 11.B.3. A long conducting rod of rectangular cross-section (20 mm x 30 mm) and k = 20 W/m.K
experiences uniform heat generation of q = 5 x 10A7 W/mA3, while its surfaces are maintained at 300
K. (a) Using a finite difference method with a grid spacing of 5 mm, determine the temp distribution
in the rod. (b) With the boundary conditions unchanged, what heat generation rate would cause the
mid-point temp to reach 600 K? [ Ref. 3]”

30 K

: W
il 21 al 4 “JI— k= 20 Wim-K
sooxheb 71 8l 9 10] |30k
1] 12| 13} 14l 15| | Jov=5mm

I

Ax = 5mm

gg = 5 x 107 Wim®,

Fig.Prob.11.B.3

EES Solution:

“Data:”

T_west = 300 [K]

T_north = 300 [K]

T_east = 300 [K]

T_south = 300 [K]

L =0.03 [m]

B =0.02 [m]

k=20 [W/m-C]

DELTAx = 0.005 [m]

DELTAy =0.005 [m]

q_g = 5e07 [W/mA3]
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“Calculations:”

“Note that all the 15 nodes viz. nodes 1 ... 15 are interior nodes.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal

heat generation rate of q_g (W/m#3), we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] - 4 * T[m,n] + (DELTAx"2/k) * q_g =0~

“Now, by symmetry, we can write:”

T1=T5
T2 =T4
T6 =T10
T7 =T9
T11=T15
T12=T14
T3 =T13
T4 =T14
T5=TI15

“So, we need to find out only T1, T2, T3, T6, T7 and T8.

These are all internal nodes.

So, we get the 6 nodal equations as follows:”

“For Node 1:” T_west + T_north + T2 + T6 - 4 * T1 + q_g * (DELTAx A2 /k)=0

“For Node 2:” T1 + T_north + T3 + T7 - 4 * T2 +q_g * (DELTAx A2 /k) = 0
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“For Node 3:” T2 + T_north + T4 + T8 - 4 * T3 + q_g * (DELTAx A2 /k)=0
“For Node 6:” T_west + T1 + T7 + T11 - 4 * T6 +q_g * (DELTAx A2 /k) =0
“For Node 7:” T6 + T2 + T8 + T12 -4 * T7 +q_g * (DELTAx A2 /k) = 0
“For Node 8:” T7+ T3 + T9 + T13 - 4 * T8 +q_g * (DELTAx A2 /k) =0

“Solve the above 6 equations simultaneously, to get the six nodal temperatures, T1, T2, T3, T6, T7 and T8:”

Results:
B =0.02 [m] Ax=0.005 [m] Ay =0.005 [m]
k=20 [W/m-C] L =0.03 [m] g = 5.000E+07 [/ ]
T1 =3485 [K] TI0 =362.4 [K] T11 =3485 [K]

T12 = 3669 [K]
TI5 = 3485 [K]
T4 = 3688 [K]
T7 =390.2 [K]
Teast= 300 [K]

T13 =3746 [K]

T2 = 3688 [K]
TS = 3485 [K]
T8 =398 [K]

Troeth =300 [K]

T14 = 3669 [K]

T3 =3746 [K]
T6 = 362.4 [K]
T9 =390.2 [K]

Tsouth =300 [K]

Tuest =300 [K]
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Note the values of all temperatures obtained above.... Ans.

(b) What is the value of q_g which will cause the centre temp (i.e. T8) to become 600 K?

We get:
Tablz 1 |
s (hual
P A T8
- [W/m3] [K]
Run 1 1530E+08 | 600

i.e. q_g=1.53 x 10"8 W/m3 will cause the centre temp to become T8 =600 K .... An

Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

Node positions:

1T=300K

q g=5E7 W/m"3

T=300K

JANANANANAVANAN AN AN VAN
ANV ANAVANAN AN ANV ANAN AN
VAN NN NN N N VN
JENAN AN ANV N AN A OV (S AN G
JANENAN (VNS AN AV AV AN ASAN

JESAV AN ANV AN (VAN (N ANAN AN
ANAVANANENAN (VAN AN AN\
JANAVANAN NN AN AN VN (VAN

T=300K

'
4.

%)
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Node Temps (K):

H

4
Uf‘/?

]
o
-

5
"
i

1 :[/\ I} b}

H
£/

Note that, here, centre temp = 400 K. Compare this with 398 K obtained earlier with EES.
What should be the value of qg to make centre temp = 600 K?

Let us change the value of internal heat generation by trial and error and check the centre temp for each

value of qg. We get:

Enter Internal Generation [W/m3]

f1.505E8

\/ oK ? Help | x Cancel

The walue may be a entered as a function of Time, T, ¥, 7, FLUE, DTAD, and/or DT SO
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And the temp distribution for qg = 1.505E8 W/mA3 is:

o
=3
=]

@

T
=3
=]
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Note that, now, the centre temp is 600 K.

Compare this value of qg with that obtained earlier with EES, i.e. 1.53E08 W/mA3.

And, 10 isotherms are drawn in FEHT as follows:

[T

e N
(e Eﬁ%\\\\
)

Prob. 11.B.4. Consider steady two dimensional heat transfer in a long solid body of cross-section shown

in fig. The temperatures at the selected nodes and the thermal conditions on the boundaries are shown.

For the body, k = 180 W/m.C and heat gen. rate is qg = 10A7 W/mA3. Using finite difference method

with a mesh of Ax = Ay = 10 cm, determine: (a) temperatures at the nodes 1, 2, 3 and 4, and (b) rate of

heat loss from the top surface through a 1 meter long section of the body (c) Plot the effect of variation

of k and qg on T1 and T3. [Ref. 2]

qg= 10

1 I.".‘:

Wi

-
d

Fig.Prob.11.B.4
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Mathcad Solution:
Data:
k=180 W/m.C)....thermal cond. of material
q,:=10"  Wim3
Ax =01 Im
Ay =01 Im

Difference equations:

For Internal nodes: For any internal node, the temp is given by:

=
Twest* Tnorth*+ Teast+ T south— * T node + 4 g'T
where Tnode is the temp of the node in question.

=0

So, write the eqns for nodes 1, 2, 3 and 4, and use the Solve block of Mathcad to solve these eqns
simultaneously.:

Start with guess values for unknown temperatures:

T1:=100 T2:=100 T3 =100 T4=1000 guess values

Given

qgix
1204+ 100+ T2+ T3 - 4Tl 4+ =

=] _for node 1

q
T1+ 100+ 1204+ T4 - 4 T2 +

g = _for node 2
k

_ Qg
1304+ T1+ T4 4+ 200- 4T3+ =

=0 _for node 3

i Qg
T34+T241304200-4Td4 _=

=0 _for node 4

Temp {k: q g} :=Find(T1,T2, T3, T4)
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Note that Temp is written as a function of k and qg, so that graph can be drawn for different k and

qg values.

Therefore, for k = 180 W/m.C, and qg = 10A7 W/mA3, the temp distribution is:

104028
404028
o) ™ | 13658
436528

ie. T1 =I'emp{k q._}.:. T1 = 404.028
T2 :Temp{k q-—}l T2 = 404.028
T3 = Temp{k:th T3 = 436.528
T4 = Temp{k:qh}: T4 = 436.528 C....Ans.
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Again, for example, when k = 10 W/m.K, qg = 10A7 W/mA3, temp distribution is easily found out
by writing Temp(k,qg) =, as shown below:

k=10 WimC 9 = 100 Wimh3

5.126+10°
5126+10°

Temp {L. q g} = ;
5.159+10

| 5.138+107

To calculate the heat transferred from the top surface:

Write the heat balance on the top surface, of thickness Ay/2:

Lo Ax (120- 100) Iemp'ik:q%}-:_ 100 Ay _
QWP_'-_”L:.T,.—., : + 2k Ax- - +qg T- J-ax)=0
Temp k. - 100
i a {L: 1 } - ._._k__'-x_(l_"-'!]— 1007 e I:'{ .EIg}.; fa. iy 3 A
i tUP g - 2 oy - _'|}' g 2

e Qo {ISEI:q } --2631410° W ... ve sign indicating that heat flow is from the
P g
top surface outwards.

To draw the graph of variation of T1 and T3 with k, keeping qg = 10A7 W/mA3:

Let k wary from 10 to 400 W/m.C

Q=10 Wim'3

k:=10.15.. 400 -.define a range variable k
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110 2D Steady condn. with gz = 107 W/m"3

1118 \”‘

Temip ()

\._x

100

O 20 40 &0 B0 100 120 140 160 180 200 220 240 260 28D 300 320 340 360 38D 400

— Temp.TI (Wi Oy
""" Temp, T3

To draw the graph of variation of Q, with k, keeping qg = 10A7 W/mA3:
Let kwary from 10 to 400 W/m.C

B 7 3
aq =107 W/mA3 ex: -Qmp{m= 10 } = 2.78-10

k:=10,15.. 400 ..define a range variable k
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Qtop vs k for 2D conduction

23 -mf
278107
276107 /
274107 ]
272107

27107 ]

< 268-10] 7
= 266-10°

g 264 10] 7
o4 262-10° 7

26-10° 7
238107
236107 "
254107
252.10°

25.10°

10 100 1-10°
k (WimC)

O
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To draw the graph of variation of T1 and T3 with qg, keeping k = 180 W/m.C:

Let qg vary from 10%5 to 108 W/im"3

k=180 WmC

qg = 10°,210° . 108 _define a range variable gg

4 2D Steady condn. with k= 180 Wim.C
1-10
]
L
r
g },/
21-10 =
= rd
e
NSl
R SR __-F-f"'_'-'ff
100 -
110° 110° 0 110°
qf (Wim™3)
— Temp.T1
""" Temp, T3
180
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To draw the graph of variation of Qtop with qg,
Let gg vary from 105 to 1048 WWim"3

=10° 2-10° . 10°

Numerical Methods in Heat conduction

keeping k = 180 W/m.C:

g _.define a range variable qg
k=180 WimC
1107 Qtop vs gg for 2D conduction
!!
.f"ﬁ
1+10° ——
’_z'
—
g -
3 il
LT
11
=
11107 -
f‘“’f
.,—o—'—'_'_'_'-
14107
] T
141¢” 14107 1410’ 1410?
gz (Wim'3)

“Prob. 11.B.5. A long bar of rectangular cross-se

ction, 0.4 m x 0.6 m on a side and having k = 1.5

W/m.K is subjected to the boundary conditions shown below. (See the Diagram Window). Two of the

sides are maintained at a uniform temp of 200 C. One of the sides is adiabatic. And the remaining side

is subjected to a convection process with Ta = 30 C and h = 50 W/m2.K. Using appropriate numerical

technique and a grid spacing of 0.1 m, determine the temp distribution in the bar and the heat transfer

rate between the bar and the fluid per unit length

1

of the bar. [Ref.3]”
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k=15Wm.C T=200C

_J/H=0.6m T.=30C
h=50 Wm"2.C

Insulated

T,=30C
h=50 W/m"2.C

>

Symmetry adiabatic

Fig.Prob.11.B.5

4
Technical training on
WHAT you need, WHEN you need it

At IDC Technologies we can tailor our technical and engineering
training workshops to suit your needs. We have extensive OIL & GAS
experience in training technical and engineering staff and ENGINEERING
have trained people in organisations such as General

Motors, Shell, Siemens, BHP and Honeywell to name a few. ELECTRONICS

Our onsite training is cost effective, convenient and completely AUTOMATION &

customisable to the technical and engineering areas you want PROCESS CONTROL

covered. Our workshops are all comprehensive hands-on learning

experiences with ample time given to practical sessions and MECHANICAL

demonstrations. We communicate well to ensure that workshop content ENGINEERING
and timing match the knowledge, skills, and abilities of the participants.

INDUSTRIAL

We run onsite training all year round and hold the workshops on DATA COMMS

your premises or a venue of your choice for your convenience.
ELECTRICAL
For a no obligation proposal, contact us today POWER

at or visit our website
for more information:

Phone: +61 8 9321 1702
Email: training@idc-online.com TECHNOLOGIES
Website: www.idc-online.com \/

182 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.idc-online.com/onsite/

Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

EES Solution:

“Note that there is symmetry about the line drawn at mid-height of the section. So, we consider the

upper half section, and it suffices if we find out the temp distribution only in that half.

There are 15 nodes; Nodes 1, 2, 3 are on the left, insulated face. Nodes 13, 14, 15 are on the RHS, with
convection. And, Nodes 1, 4, 7, 10, 13 are on the symmetry adiabatic line. Rest of the nodes, i.e. Nodes

5,6,8,9,11 and 12 are internal nodes.”
“Data:”

T_north = 200 [C]

T_south = 200 [C]

T_a =30 [C]

h =50 [W/mA2-C]

Height = 0.6 [m]

Width = 0.4 [m]

k= 1.5 [W/m-C]

DELTAx = 0.1 [m]

DELTAy =0.1 [m]

“Calculations:”

“Note that of the 15 nodes, following are the interior nodes: i.e. nodes 5, 6, 8, 9, 11 and 12.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal

heat generation rate of q_g W/m~3, we have:
For any general interior node (m,n):
T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] - 4 * T[m,n] + (DELTAxA2/k) * q_g=0

In the present case, internal heat generation does not exist, i.e. _g = 0”
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“So, we write the nodal equations for internal nodes as follows:”

“For Node 5" T2+ T6+ T8+ T4 -4*T5=0

“For Node 6:” T3+ T north + T9O+T5-4*T6=0

“For Node 8 T5+T9+T11+T7-4*T8=0

“For Node 9:” T6 + T north + T12+ T8 -4*T9=0

“For Node 11:” T8 + T12 + T14 + T10-4*T11 =0

“For Node 12:” T9+ T_north + T15 + T11 -4*T12=0

“Nodes on the left, insulated face, i.e. Nodes 1, 2 and 3:

Write energy balances around these nodes, taking care to see that all heat flows are into the respective

nodes:”

“For Node 1:” 0 + k * DELTAx/2 * (T2 - T1)/DELTAy + k * DELTAy/2 * (T4 - T1)/DELTAx +0=0

www.studyat.tudelft.nl
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“For Node 2:” 0 + k * DELTAx/2 * (T3 - T2)/DELTAy + k * DELTAy * (T5 - T2)/DELTAx + k * DELTAx/2
*(T1 - T2)/DELTAy = 0

“For Node 3:” 0 + k * DELTAx/2 * (T_north - T3)/DELTAy + k * DELTAy * (T6 - T3)/DELTAx + k *
DELTAx/2 * (T2 - T3)/DELTAy = 0

“Nodes on the symmetry, adiabatic face, i.e. Nodes 4, 7 and 10:
Considering the symmetry, adiabatic face as mirror, we get:”
“For Node 4" T1 +2*T5+T7-4*T4=0

“For Node 7" T4 +2* T8 + TI0 -4*T7 =0

“For Node 10:” T7 +2*T11+T13-4*T10=0

“Nodes on RHS, with convection i.e. Nodes 13, 14 and 15:

Write energy balances around these nodes, taking care to see that all heat flows are into the respective

nodes:”

“For Node 13:” k * DELTAy/2 * (T10 - T13) / DELTAx + k * DELTAx / 2 * (T14 - T13) / DELTAy + h
*DELTAy/2 * (T_a-T13) +0=0

“For Node 14:” k * DELTAy * (T11 - T14) / DELTAx + k * DELTAx / 2 * (T15 - T14) / DELTAy + h *
DELTAy * (T_a - T14) + k* DELTAx / 2 * (T13 - T14) / DELTAy = 0

“For Node 15:” k * DELTAy * (T12 - T15) / DELTAx + k * DELTAx / 2 * (T_north - T15) / DELTAy +
h * DELTAy * (T_a - T15) + k * DELTAx / 2 * (T14 - T15) / DELTAy = 0

“Solve the above 15 equations simultaneously, to get the six nodal temperatures, T1.... T15”
“Heat transfer from the face exposed to convection (i.e. RHS):”

Q_conv =2 * (h * (DELTAy/2) * (T13 - T_a) + h * (DELTAy) * (T14 - T_a) +h * (DELTAy) * (T15 -
T_a)+ h * (DELTAy/2) * (T_north - T_a))

“Note that in the above eqn. the first factor 2 appears since the heat transfer is twice the value for the

uper half.

For the two nodes at the edges, area for convection is (1. DELTAy/2)”
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Results:

Unit Settings: 51 C kPa kJ mass deq

Ax=01 [m] Ay =01 [m] h=50 [Wim<C] Height = 0.6 [rn]
k=15 [m-C] Doy = 1486 [ T1 =15639 [C] T10 =9R5R [C]
T11 =1035 [C] T2 =1328[C] T13 =46.281 [C] T14 =4873 [C]
T15 =66.97 [C] T2 =153.48 [C] T3 =176.4 [C] T4 =148 [C]
TH =1544 [C] TE =1724 [C] T? =1284 [] T8 =137 [C]

TY =160.7 [v] Tg=30 [C] Trarth =200 [C] Teouth =200 [C]
Wicth = 0.4 [rm]

Thus:

Temperatures at various Nodes, T1 ... T15 are shown above. .... Ans.

Note that temperatures T13, T14, and T15 on the face with convection are less as compared to

temperatures at other nodes, as expected.

Also, Convection heat transfer from the exposed RHS = Q_conv = 1486 W (for both the symmetrical

halves considered) ... Ans.
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Variation of temperatures on the face exposed to convection, viz. T13, T14, T15 and Q_conv with

heat transfer coeff. h:

hdfE LB ] (hdB o
h T13 T14 T15 Qeone
= [Wim2-C] [c] [c] [c] [w]
Run 1 10 93.64 89.48 123.2 555
Run 2 20 67 24 724 9664 8506
Run 3 30 55 86 60.09 8238 1082
Run 4 40 49 66 53.15 733 1290
Run & 50 4581 48.73 66.97 1486
Run & 60 4318 45 69 62 28 1674
Run 7 70 4.3 4347 58 66 1859
Run 8 a0 39.89 41.79 5578 2040
Run 9 90 38.78 40.47 5343 2219
Run 10 100 ars 39.41 51438 2397
Run 11 110 3718 35.54 4983 2673
Run 12 120 36.57 37.82 45 .41 2748
Run 13 130 36.06 ar.2 4719 2923
Run 14 140 3563 3668 4612 3097
Run 15 150 3525 36.22 45 17 3271
Run 16 160 34 .92 35.82 44 .33 3444
Run 17 170 34.63 3547 43.58 3617
Run 18 180 34 37 3516 429 3789
Run 19 190 3414 34 88 42 29 3961
Run 20 200 33.93 34 63 41.74 4133

Plot of T13, T14 and T15 against h:

100

Variation of T13, T14 and T15 with h

90

80
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60
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40
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160 200
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Plot of Q_conv against h:

5000

Variation of convective heat transfer with h

4000

3000

2000

Qeonv [W]

1000

0 40 80 120 160 200

“Prob. 11.B.6. Consider an Aluminium heat sink (k = 240 W/m.K) as shown. The inner and outer widths
of the square channel are w = 20 mm and W = 40 mm. An outer surface temp of Ts = 50 C is maintained
by the array of electronic chips. At the inner surface, the coolant temp T_a = 20 C and h = 5000 W/
mA2.K. (a) Determine the unknown temperatures T1 ... T7 and the rate of heat transfer to the coolant
per unit length of the channel. For this purpose, consider a symmetrical section of the channel and a
two dimensional grid with DELTAx = DELTAy = 5 mm. and the rate of heat transfer

(b) Assess the effect of variation in h on the unknown temperatures and the heat rate. [Ref.3]”

k=240 Wimn. C Symmetryline  ,”
\ /
SRSy ;—.—:-‘-"“ “Ta
Ts 2 / |
] TI *:rs \\
4 K. Ts_
11 Ta. h z'r;irﬁ
\ T3 ol
\ Coolant Symmetry line
Ta h
Fig.Prob.11.B.6
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“EES Solution:”

“Note that the symmetry lines shown in the fig form one-eigth of the section.

So, we consider this section, and it suffices if we find out the temp distribution only in that section.
There are 7 nodes; Nodes 1, 2, 3 are on the left face, exposed to convection. Nodes 4, 5, 6, 7 are internal

nodes and the RHS is maintained at a constant temp of Ts = 50 C”

“Data:”
T s =50 [C]
T a=20][C]

h = 5000 [W/mA2-C]

k=240 [W/m-C]

DELTAx = 0.005 [m]

DELTAy =0.005 [m]

“Calculations:”

“Note that of the 7 nodes, following are the interior nodes: i.e. nodes 4, 5, 6, and 7.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal

heat generation rate of q_g W/m~3, we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] - 4 * T[m,n] + (DELTAxA2/k) *q_g=0

In the present case, internal heat generation does not exist, i.e. _g = 0"

“So, we write the nodal equations for internal nodes as follows:”

“For Node 5" T1+ T4+ T s+T6-4*T5=0

“Por Node 6" T2+ T5+T s+ T7-4*T6=0

189

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

“For Node 7. This node is on the symmetry adiabatic line. So, using mirror concept:”
T3+2*T6+T_s-4*T7=0

“For Node 4.This node is also on the symmetry adiabatic line. So, using mirror concept:”
T5+2*T s+T5-4*T4=0

“For Node 1: Writing the energy balance:”

k* DELTAy * (T5 - T1) / DELTAx + k * DELTAx/2 * (T2 - T1) / DELTAy + h * DELTAy / 2
*(T_a-T1) =

“For Node 2: Writing the energy balance:”

k * DELTAx/2 * (T1 - T2) / DELTAy+ k * DELTAy * (T6 — T2) / DELTAx + k * DELTAx/2 *
(T3 - T2) / DELTAy + h * DELTAy * (T_a - T2) = 0
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“For Node 3: Writing the energy balance:”

k * DELTAx/2 * (T2 - T3) / DELTAy + k * DELTAy/2 * ( T7 - T3) / DELTAx + h *
DELTAy /2 * (T_a - T3) = 0

“Solve the above 7 equations simultaneously, to get the six nodal temperatures, T1.... T7”
“Heat transfer from the face exposed to convection (i.e. RHS):”

Q_conv=8* (h*(DELTAy/2)* (T1-T_a) + h* (DELTAy) * (T2 - T_a) +h * (DELTAy/2) * (T3 - T_a))

“Note that in the above eqn. the first factor 8 appears since the heat transfer is 8 times the value for the

symmetrical section shown.”

Results:

Unit Settings: 51 C kPa kJ mass deq

Ax = 0.005 [rm] Ay =0.005 [r] h=5000 [imZC] k=240 [m-C]
Qogny = 10339 [W] T1 = 4651 [C] T2 = 4567 [C] T3 =45.44 [C]
T4 =49.23 [C] TS = 48.46 [C] TG =45 [C] T7 = 47.86 [C]
T,=20 [C] T.=50 [C]

Temperatures T1 ... T7 are shown above ... Ans.
Convective heat transfer to the inner surface = Q_conv = 10339 W .... Ans.
(b) Variation of T1 ... T7 and Q_conv with h:

Let h vary from 200 to 5000 W/m~2.K :

= = 4 ™= = ™7 ™= ™= [

2 h T T2 T3 T4 5 6 It Qegny

10 [W/mz-C) [c] [c] [c] [c] [c] [c] [c] W]
Run 1 200 49 84 493 49.79 49 .96 49.93 49 91 499 476.9
Run 2 400 49.69 496 49 58 49.93 49 86 4982 493 947.8
Run 3 600 49 54 49 41 4937 499 49.79 4973 4971 1413
Run 4 ao0 49 21 4917 49 86 49.72 49 64 49 61 1872
Run & 49.02 48.97 4983 49 65 49 55 49 52 2325
Run 6 1500 48.88 48 .56 4848 49.74 49.49 4933 49.29 3434
Run 7 2000 48.53 4811 48 49 66 4933 4913 49.06 4510
Run 8 3000 47 .85 47 .25 471 49 51 49.02 48.73 48 64 GRET
Run 9 4000 47.21 46.44 46.24 4937 48.73 48.35 48.24 8507
Run 10 A000 46.61 45 67 45 44 49.23 48 46 48 47 .86 10339
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Plot the variation of typical temperatures T1, T4 and T7 with h:

50

Variation of T1, T4, T7 with h
495

49

48.5

48

47.5

Temperatures [C]

—T1
47 —o T4
e T7
46.5 4
0 1000 2000 3000 4000 5000

h [W/mA2-C]

Plot the variation of Q_conv with h:

11000
10000 Variation of Qgqr, With h
9000
8000
7000
6000
5000
4000
3000
2000

1000
0 A

0 1000 2000 3000 4000 5000
h [W/mA2-C]

Qeony [W]
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Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1. Node positions:

. —

o,
py

O sovenn 1) evenn f) wven H aveeew €

2. Node temperatures:
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3. Temperature contours:

0000000 e
t witlibMSM m-

For almost 60 years Maastricht School of Management has been enhancing the management capacity

of professionals and organizations around the world through state-of-the-art management education.

Our broad range of Open Enrollment Executive Programs offers you a unique interactive, stimulating and
multicultural learning experience.

Be prepared for tomorrow’s management challenges and apply today.

For more information, visit www.msm.nl or contact us at +31 43 38 70 808 or via admissions@msm.nl
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4. Heat flows:

Qconv = 1295 W/m

-

ARSI NN

Remembering that Q_conv calculated here is for one-eighth of the section, total heat transfer to inside

surface by convection is:

Qtotal = 1295 x 8 = 10360 W....Ans.

This matches very well with the value obtained earlier with Finite difference method, viz. Qtotal =
10339 W.

5. Tabular Nodal results:

Mode X ‘ b ‘ T Mode Balance
[m] [m] ['C] [t/ m]

1 0.03975 -0.06008 4646 1748
2 0.03375 -0.07011 4541 1702
3 01093 -0.07011 50 1532
4 010393 -0.06027 50 -5.601
] 01033 -0.06009 50 250.2
B 01045 -0.06549 4399 -4 4403E-16
7 01044 -0.06008 4834 4.4403E-15
g 01021 -0.057231 48.04 1.77E4E-15
] 0.0z -0.06007 4746 -7.1054E-15
10 01033 -0.06557 50 13219
1A 01067 -0.05325 4366 1.1102E-16
12 01093 -0.06282 50 70.26
13 01068 -0.06009 431 1.0214E-14
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14 01043 -0.06529 45.04 1.3322E15
15 01048 -0.07011 47.84 B.3291E15
16 01033 -0.06521 50 2068
17 003375 -0.06537 4562 3028
18 0.03975 -0.06272 45.97 3448
13 0.03375 -0.06744 45.43 3025
20 01025 -0.07011 46.78 -E.EE13E-15
21 0.1av? -0.07011 458.83 -5.3291E-15
22 01093 -0.06299 50 24E.4
23 01093 -0.06728 50 2359
—_—

From the above Table, Nodal temperatures can be noted.

Also, at any given surface, the total heat transfer from that surface can be computed by adding up the
nodal heat balances corresponding to the nodes on that surface. For example, considering the inner
surface subjected to convection, nodes on that surface are (from top to down): 1, 18,17, 19 and 2. And, the
corresponding nodal balances are: -174.8, -344.8, -302.8, -302.5 and -170.2 W/m. (-ve sign indicates heat
leaving the surface). Adding up, the Q__ for this one-eighth section is: 1295.1W/m as obtained directly.

Prob. 11.B.7. A very long bar of square cross-section has its four sides held at constant temperatures
as shown in Fig. Determine the temperatures at the internal nodes. Compare the results with analytical

solution.

A
T=200C
2
1g 21 3
T=150C T=150C
4,5, 64
7. 84 9
» X
0 T-150Cc 2
Fig.Prob.11B.7
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Analytical solution for this problem is a little complicated and is given in terms of an infinite series,

as follows:

Nomenclature for the above eqn. for the present problem is as follows:

0=T- 150 ....T = temp. at the desired point; 150 C is the const. temp. on three sides

0 . =200 150 ..temp. difference between the temp. of fourth side and the const. temp. of three sides.
n...no. of terms considered in the infinite series
X, ¥ ....coordinates of the point where temp. is desired

L -2 m...length along x-axis
W -2 m ...length along y-axis

EXPERIENCE THE POV
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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However, this problem can be solved in EXCEL very easily, as shown below:

EXCEL Solution:

All the nine nodes are Internal nodes.

We have the following eqns for temperatures of Internal nodes in 2D conduction: [Ref. 1]

(Tleft + Ttop + Tright + Tbottom)

Thode =

And,

(Tleft + Tiop + Tright + Tbot‘com) +

2
Qg AX
k

Thode =

..when there is heat gen.

In EXCEL, we will solve this problem very easily by iteration.

Following are the steps:

1. First, enable Iteration in EXCEL, as already explained.

2. Set up the 2D scheme as follows:

..when there is no heat gen.

34
25
36
a7
38
29
40
41

Note how the Boundary temps are shown around the 9 Internal nodes. The 9 Nodes from 1, 2, .... 9 are:

B C E
4 200 200 200
3 150
2 150
1 150
0 150 150 150

D36, E36, F36, D37, E37, F37, D38, E38 and F38 respectively.

3. Now, fill in the formula for Node 1, i.e. in cell D36.

150
150
150

f | =(C36+D35+E36+D37)/2

34
35 |
36
37
38
39
40

B C

4

3 150

2 150

1 150
0

0

198

D E F
200 200 200
87.500
&
150 150 150
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Note the eqn for T1 in the Formula bar.

4. Next, to fill in the eqns for other nodes is very easy: simply drag-copy the eqn from cell D36

to other cells:

F38 - fe | =(E38+F37+G38+739)/4
A B c D E F &

34
35 4 200 200 200
26 3 150 171.429] 176.339] 171.429 150
37 2 150 159.375] 162.500] 159.375 150
38 1 250 153571 154.911] 153.571 150
39 0 150 150 150 =2
40 0 1 2 3 4

In the above fig. the formula for cell F38 can be seen in the Formula bar, after copying from D36.
The temperatures are immediately calculated by EXCEL by iteration.

Temperatures T1, T2, ....T9 can be read off from the above fig.

Prob.11IB.8. Solve Prob.1IB.3 using EXCEL:
Let us repeat the problem statement below:

A long conducting rod of rectangular cross-section (20 mm x 30 mm) and k = 20 W/m.K experiences
uniform heat generation of q, =5 %1017 W/mA3, while its surfaces are maintained at 300 K. (a) Using
a finite difference method with a grid spacing of 5 mm, determine the temp distribution in the rod.
(b) With the boundary conditions unchanged, what heat generation rate would cause the mid-point
temp to reach 600 K? [Ref. 3]

300 K
| //qg =5 107 Wim?,
142 al 4 “j; k= 20 Wim-K
soorchel 71 8l 9 10| |30k
11] 12 13! 14] 15 fav=5mm
? Ax =5 mm
|
300 K
Fig.Prob.11.B.3
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Note that all the 15 Nodes are Internal nodes.

When there is heat generation, the 2D difference equation for an Internal node is given by:

-
Fr

Qg A

[ Tiaft + Ttop + Tyight + T | + i
Tieft + Ttop + Lright + Ibottom . _when there is heat gen.

Thode =

4

So, for Node 1, we get:
T1=(300 + 300 + T2 + T6 + qg *Ax"2 /k) / 4
For other nodes, eqns can be filled up in EXCEL, simply by drag-copy.
Following are the steps in EXCEL Solution:
1. Since solution is by iteration, first, enable iteration in EXCEL, as already explained.

2. Next, set up the scheme of Nodes and Boundary conditions. Lso, enter the data and name

the cells. Calculate C_1 as shown:

B C D E E G H 1 ] K L M N o P
1 Data: k= 20 W/m.K  deltax= 0.005 m gg*deltax 2/k=C 1= 62.5
2 qg= 5.00E+07 W/m*3  deltay = 0.005 m
3 Difference equations:
4 For Internal nodes: For any internal node, the temp is given
2 4 300 300 300 300 300 2
6 2 300 n 2 3 4 5 300 T oo+ Tooh+ Teastt Tsouﬂ]—¢rnude+qg%=0
7 2 300 6 7 8 9 10 300
8 1 300 11 12 13 14 15 300 where Tnode is the temp of the node in question.
9 o 300 300 300 300 300
10 0 o 2 3 4 5 6

3. In the above Fig. Node nos. 1, 2, ...15 are shown in the respective cells. Now, enter the eqn

for Node 1 in cell E6. The eqn entered is shown in the Formula bar:

| E6 v( fi | ={(DG+ES+FE+E7)+ C_1)/4
B c D E F & H I J

a

5 4 300 300 300 300 300

5 | 3 o[ 6763 ] 2 3 4 5 300
7 2 300 6 7 8 9 10 300
g 1 0 11 12 13 14 15 300
9 0 300 300 300 300 300

10 0 1 2 3 a 5 6

200
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4. Now, drag-copy horizontally up to Node 5, i.e. up to cell I6:

| E6 - £ | =((D6+ESHFE+ET)+ C_1)/4
B C D E F G H I J
a4
5 4 300 300 300 300 300
6 | 3 300' 215.54 193.68 189.66 194.48 216.74 | 300
7 2 300 & 7 8 9 10 = 300
8 | 300 11 12 13 14 15 300
9 0 300 300 300 300 300
10 0 1 2 3 4 5 6
5. And, drag-copy the entire line vertically up to Node 15, i.e. upto cell I8:
B C D E F G H I J
a
5 4 300 300 300 300 300
6 | 3 300] 348.46 368.94 374.60 308.94 348.46 300
7 2 300f 362.41 390.21 398.03 390.21 362.41 300
8 | | 300| 348.46  368.94  374.60  368.94 348.46 300
9 0 300 300 300 300 300 M
10 0 1 2 3 4 5 6

DESTINATIONS GATE  ARRIVAL

INDUSTRY IMPACT OW FASTER
GLOBAL ASSIGNMENTS OW FASTER

SENJOR CLIENT CONTACT OW FASTER

PAREEF VI FASTER
CAREER DEVELOPMENT gtj o

OW FASTER

®&» OLIVER WYMAN GET THERE FASTER

Some people know precisely where they want to go. Others seek the adventure of
discovering uncharted territory. Whatever you want your professional journey to be,

E%#E Oliver Wyman is a leading global management consulting firm that combines you'll find what you're looking for at Oliver Wyman.
: \qF  deepindustry knowledge with specialized expertise in strategy, operations, risk
anag , org al trar ation, and leadership development. With Discover the world of Oliver Wyman at oliverwyman.com/careers
[l offcesin50+ciies across 25 countries, Oliver Wyman works ith the CEOs and
executive teams of Global 1000 companies
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Note in the above Fig that the temps in all the 15 Nodes are calculated immediately. Compare these

temps with those obtained using EES earlier.

6. Next, we have to find out the qg required to get the centre temp (i.e. Node 8, or cell G7) as
600K. We shall use the Solver, where Target cell is Cell G7, Equal to: 600, By changing cell:
D2 (named as qg). We get:

Solver Parameters %]

X

Set Target Cell: !E@?}' Solve
Equal To: OMax  OMn (&) value of: (600 |
L o 4 - | cl
By Changing Cells:
i Guess
Subject to the Constraints:
' Add
Press Solve. We get:
Solver Results E|
Solver found a solution, All constraints and optimality
conditions are satisfied. Reparts
[answer
| Sensitivity
@ o | Lirnits |
() Restore Qriginal Values !
[ CK l [ Cancel ] [ Save Scenario. .. ] [ Help ]

Press OK and, observe that the value of qg has changed to 1.53 E08 W/mA3:

G7 -l fe | =((F7+G6+HT+GB)+ C_1)/4

B C D E F G H | J
1 Data: k= 20 W/m.K__ deltax= 0.005 m ge*deltax”2/k=C 1=
2 g = 1.53E+08 W/m~3 Heltay = 0.005 m
3
4
5 4 300 300 300 300 300
5] 3 300 448.31 510.99 528.31 510.99 448.31 300
7| 2 300 490.99 576.06 I 600.00 .I 576.06 490.99 300
8 1 300 448.31 510.99 528.31 510.99 448.31 300
9 0 300 300 300 300 300
10 0 1 2 3 4 5 o
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Also, observe that all the Node temps, with this value of qg, are also automatically calculated.

We can note that in cases such as this, where all the boundary temps are known, calculating the internal

node temps is extremely easy while using EXCEL.

Prob.1IB.9. LHS and RHS of a 1 cm x 2 cm ceramic strip are maintained at constant temp of 300 C and
the bottom side is insulated. Top surface is exposed to convection with a fluid at Ta = 50 C with heat

transfer coeff. h = 200 W/mA2.C. Determine the steady state temps on nodes 1 to 9.

Yy
A Ta=50C
h=200 W/m™2.C )x=)y=0.005m
1. 2. 3
T=300C 4l 5! 6 T=300C
\ /
7, 84 9
X
Insulated
Fig.Prob.11B.9

EXCEL Solution:

Difference eqns for various Nodes are obtained by making an energy balance at each node, remembering

to write all the heat flows as going into the node.

Difference eqns for the 9 Nodes are:

. T; - T1} . 4
Ay 7L | Ay (T2 - T1) (T4 - T1)
Node 1: X1 — | e ) a2 2 pAx(Ta - T =0
2 Ax 2 Ax Axr

2 Ax 2 Ax Ay

-0 _— g i - 0TS — gk iTS — g
MNode 2 k.i.&_l_ k.i.&}.k[k.ﬂ.g}.kh.ﬂ{l'a_I:}:[|

T - (Tg - T3) .

Ay (T2 -T3) Ay 1R | (T6 — T3

Mode 3 k-—}-;+ L.—1'— B P P b +h-An(Ta - T3) =
2 Ax | 2 Ax Ay

IIL—I-H (TS — T4 (T7 = T4 (T1 - T4)
Node 4 kay——— + | kdy—— |+ kdw—— |+ kdw-——— =0
Ax Ax Ay Ay
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A — = _ = _ = y - =
Node 5 sy o= T . [k.j},.M} . [E.M.M} A2 =T
Ax Ax Avr Ay

5 — (Tg - T6) - _
Node 6 kay (5=T9) [MR_} ) [k.ﬂ.M} s B0
Ax Ax Ay Ay

v (Tp = T7) T i T
Node T- k.ﬂ.;+[k.£.M}+[kM.M}D=D
2 A Ay

Mode 8: k-E-—(L — 19 + k_g_—[l"g— ) + k--_*.x-—l:rj ) +0=0
2 Ax 2 Ax Ay

2 Ax Ay

v (T w | Tp — T9) _
Node 9. k.ﬂ_M{kﬂ_LHmM}hD
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1. We will use Solver in EXCEL; so, enable Solver, as already explained.
2. Set up the scheme in EXCEL as shown. Enter the data, and name the cells.

A B C D E F 3 H |
1] Data:
2 I k= .I 3 w/m.C
2 _ deltay 0,005 m h 200 W/ma2.C
4 deltax= 0.005 m Ta &0 C
5 4
il h=200 W/m~2.C,Ta=50C
7 _ 300 1 2 3 300
8 300 4 S i) 300
9 _ 300 7 a8 9 300
10 Insulated Insulated Insulated
11 |
12
13 | Diff. eqns:
14
15 4
16
17 |
18 sumsq= 0

&
2

In the above fig, 1, 2...9 are the Nodes. i.e. through the cells E7:G9. The conditions at the boundaries

are also shown.

Below the Temps in the Nodes, we have a similar Table where Difference eqns are entered for each node

(i.e. in cells E14:G16), and the Sum of the squares of these difference eqns is also shown in cell E18.

3. Now, enter the difference eqns in the respective nodes.

| El4 v I | =k*(deltay/2)*(D7-E7)/deltax+k*(deltay/2)*(F7-E7)/deltax+h*deltax*(Ta-E7) +k*deltax*(E8-E7) /deltay
A B C D E: F G H 1 J K 15 M
13 Diff. eqns:
14 | 508 57 500
15 891 0 879
16 | 432 -9 426
i i)
18 sumsq= 2446016

In the above Fig. difference eqn for Node 1 can be seen in the Formula bar.

205

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

4. Now, our aim is to make Sum of squares of difference eqns (i.e. cell E18) to a minimum, by
changing the cells corresponding to T1to Ts, i.e. cells E7 to G9. So, apply the Solver from the
Data tab:

Solver Parameters

Set Target Cell: JsEs13 Solve

Equal To: CiMax @®mn O value of: I':' |
By Changing Cells:

i SEST:5G59 GLess

Subject to the Constraints:

0.

Close

Options

i Add

Reset all

Help

Press Solve, and we get:

Solver Results

Solver has converged to the current solution. All

constraints are satisfied. Reports
Answer
iteep Solver Solutioni Sensitivity
©Oeen : Limits
) Restore Original Values

[ Ok ] [ Cancel ] [ Save Scenario... ] [ Help

Press Keep the Solver Solution, and we get the Node temps as follows:

h=200 W/mn2.C, Ta=50C
300 229504 | 212448 | 229.504 300
300 262.619 | 249.543 | 262.619 300
300 271.431 | 260.487 | 271.431 300
Insulated Insulated Insulated

Diff. eqgns:

0.003585 | 0.003548 | 0.003463
0.003549 | 0.003533 | 0.003416
0.001542 | 7.37E-05 | 0.001371
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Note that Sum of squares is almost zero (as it should be). Read off the temps T1 to T9.

11C. One-dimensional, transient conduction:

Prob. 11.C.1. A large Uranium plate of thickness L = 8 cm, (k = 28 W/(m.C), o = 12.5 x 10-6 m2/s) is
initially at an uniform temperature of 100 C. Heat gen. rate in the plate is 10> W/m3. At time t = 0, the
left side is insulated, and right side of the plate is subjected to convection with a fluid at temperature
of 20 C and a heat transfer coeff. of 35 W/(m?.C). Using a uniform nodal spacing of 2 cm, develop the
explicit finite difference formulations for all nodes, and determine the temperature distribution in the plate

after 5 min. Also, find out how long it will take for steady conditions to be reached in the plate. [Ref.2]

Plane wall,
k=28 W/m.C,
" =12.5¢-06 m"2/s
) x/2 4
>
Insulated T —20C
\ a:
T, T, T, T, |T, h=35W/m”"2.C
TS TS TS » x
0 1 2 3 4
x=0 x=L=0.08m
Fig.Prob.11.C.1
Mathcad Solution:
Data:

L:=008  m.._thickness of plate

k=28 W/(m.C}. thermal cond. of plate

o =12510° m2s._thermal diffusivity of plate

qg = 10° Wim?2_heat gen_ rate in the plate

T :=100 C__.initial temp. of plate

T,:=20 C....temp. of ambient fluid

h:=33 Wi(m2.C).._heat tr. coeff. between the ambient fluid and the plate surface.

Ax =002  m..._nodal spacing
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T =300 s.. time after which temp. distribution in plate is desired

A =1 m*2.... area of cross-section. assumed.

Mow, we have to fix the upper limit of At from stability criterion. To do that, we have to ensure
that the smaller coeff. of T ;1 in the eqns for temperatures is greater than {or equal to ) zero,
i.e. {1-2 Fo-2.Fo.Bi} must be greater than or equal to zerao. Putting this condition, we get:

I_2Fo—2Fo L5
k

.8 Fo= L
R
k
e ATE (Ax)
I
k
e Ar=13.61 5

This means that a time step less than 15.61 s has to be employed from stability criterion.
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Let us choose:

Ar=15 s
e Fo=22T Bi = Fo=0469  Bi=0023
(ax)’ £
Also, a= k Therefore:  p -.:I_-.:E
pcp o

Difference eqns. for interior nodes:

Nodes 1, 2, 3 are interior nodes. Finite difference equations for these nodes by explicit method are

obtained from:

2 i+1 i
- Qe Ty =Ty .
Tiagp— 2T+ T right . = = dorm=123. eqn.(A)

where 'left” and ‘right’ refer to nodes immediately to the left and right of node "'m’".
And, the Fourier no. given by:

Fo=2=" _ finite difference form of Fourier no.

However, we will not use eqn.(A), but will work from fundamentals and write the energy balance for

an internal node as follows (Remember: all heat flow lines into the Node):

Ax Ax = AT

Further, in explicit method, at a given node, the temperature on the LHS of above eqn., are chosen at

the previous step T.

Eqn.(B) is written for all internal nodes.
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Difference eqns. for boundary nodes:

For node '0':

Mode 07 is on the left surface, insulated. Applying the energy balance to the halfvolume
surrounding node 07

Node 0 ... on insulated surface:

For node 4... on surface with convection:

This is a node with convection boundary condition. So, applying the energy balance to the half-volume

around node 4, with all the heat lines flowing into the element, we get:

. T, -T, . Tt
h-_—‘L-{l’ a- T 4'] L P 4 +q E._J-L.i:p _'.Li g . 4 4 ...eqn.(D)
Ax = 2 2 At

In the explicit method, in all the above eqns. (B)...(D), the unknown temp at the ‘next step (i+1)” at
each node can be explicitly calculated since it is the only unknown in each eqn. However, while using

Mathcad (or EES), it is preferable to write the energy balance and solve, since it is more instructive.

So, let us write all the eqns for all the nodes 0...4 and then use the Solve Block of Mathcad to get the

temperatures:
This calculation is easily done in Mathcad.

We slightly change the notation for convenience in calculation: we write the superscripts as subscripts

to work with matrix notation, as shown below:

T0 o =100 T1,:=100 T2 =100 T3 =100 T4 =100 . Initial values

T04 =100 T1,:=100 T2,:=100 T3;:=100 T4,:=100 guess values for
temperatures at next time
step
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Given
Tlo- TO Wt f 4t TO,-TO
k-A-u + qg-(ﬁ-f)=i-(ﬁ-£) _70 for Mode 0: from.....eqn.(C}
Ax 2 2 At
T0,-T1 T2,-T1 n T1,-T1
k-A-u+k-A- 0 lI:'+ qg{A-ﬂxFi{A-ﬂx}-g _for Mode 1.
Ax Ax o At from eqn_(A)
T1,-T2 Tin-T2 L T2;,-T2
k-A-u+k-A- 0 0+ q {A-ﬂx}:h{A-ﬁx}- ! 0 _for Node 2.
Ax Ax g o Ar
T2 5,-T3 T4,-T3 n T3:-T3
k-A-u+k-A- 0 0+ qg{A-ﬂxFi{A-ﬂx}-g _for Mode 3.
Ax Ax [+ At
Tipn-T4 ; x ae [49-T4
AT - Téghs k-A-[u vqga=fali 1 0 for Node 4.
A a 2 At from.__eqn.(D)

Temp{T0 . T1 5. T2 5. T3 (. T4 o) :=Find{T0  T1 ;. T2 . T3, T4}

P
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Note: “Temp’ vector is defined as a function of initial temperatures TO,....T4,.
This is useful to repeatedly use this function to get temperatures at the next step, using the temperatures

obtained in the previous step.

So, after the first time step, we get the new temperatures as:

[ 106.696 |
106.696
Iemp{IElﬂ_.Ilﬂ__I_‘-ﬂ_.ISﬂ_.l'-l n}= 106.695
106.696
104.821

i.e. New Temps at Nodes 0 to 4 are: 106.696, 106.696, 106.696, 106.696 and 104.821 C.

Now, set these temperatures as starting temperatures in the Temp function and get the new temperatures

at the second time step...and so on.

In the small Mathcad program given below, LHS defines a function Temp(n) where n is the no. of
time steps, which we can specify. Output is a vector containing step no., total time elapsed, and node

temperatures T0, T1,...T4.

On the RHS, first 5 lines define the initial temperatures at the nodes, all equal to 100 C.

Then, a ‘while loop’ uses the Temp function defined above with these initial temperatures and determines
the new temperatures at each node. Then, again this is repeated by setting the new temperatures as initial

temperatures and calling the Temp function. Here, the no. of time steps, ‘0’ can be changed since it is

included in function definition on the LHS.
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Expleit Temp{n) = | T0— 100

Tl—100

T2—1M

T3—100

T4—100

i—1

while i<n

TTemp— Temp{T0, T1 T2 T3, T4)
T0— TTemp,

T1—TTemp,
T2—TTemp,
T5—TTemp,

Ti— Tl'emp4

i—it+ 1
(1 154 TO T1 T2 T3 T4)

Check:

Expleit_Temp(0)=[0 0 100 100 100 100 100] . Temps at Step 0.__i.e. initial
canditions

i = step no.; At= one time step = 15 s5; © = time duration from beginning =1i. Ax, s

i S [ T2 T3 T4
(s © (€ ©© o (©)

Expleit Temp(1)=[ 1 15 106696 106696 106696 106696 104821 ]

Explcit Temp(2) =[2 30 113393 113393 113303 112514 111288 ]

Temps after & min. i.e. after 20 Time steps:

Explcit_Temp(20) =[ 20 300 228928 228306 22683 224038 219.894

i.e. After 5 min (=300 s), the temperatures are:

TO = 228.928, T1 = 228.396, T2 = 226.83, T3 = 224.038, T4 = 219.894 deg.C....Ans.
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At what time Steady State is reached?

When steady state is reached, temperatures at successive time steps should not change much.

Explcit_Temp[lDDD}=[EDDD 30000 2412083 2404944 2383607 2345012 2298.1??']

Explcit_Temp[lDlD}=[EDED 30300 241232 24054 2384030 2348437 2299.59‘3]

We see from the above that at 2000th time step, i.e. after 30000 s (= 500 min.), the temperatures have
stabilized. There is not much difference in temperatures when we compare the values for 2000th and

2020th time steps.

360°
thinking.

Deloitte.

Discover thC truth at WWW.dClOitte,CalcareerS © Deloitte & Touche LLP and affiliated entities.
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Program to get the temps at all Nodes with Time:

Explicit NodeTemps(n) := | TO— 100

T1<100

T2<100

T3 100

T4— 100

i« 0

while i<n

TTemp< Temp(TO0,T1,T2,T3,T4)
TO— TTemp0

Tl TTempl
T2 TTemp2
T3« TTemp3
T4 TTemp,
StepiH i
Timeie 1At
A0, 100
Al 100
A2,—100
A3,—100
A4 —100
A0, —TO
AL<TI
A2.—T2
A3 T3
A4 —T4

Cle augment(A3,A4)

C2— augment(A2,Cl1)

C3— augment(Al,C2)

C4«— augment( A0, C3)

TProfile— augment( Time, C4)
TProfile— augment( Step , TProfile)

ieiJr 1

return TProfile
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Program shown above returns a Matrix as follows:

0th column: gives Time step

Ist column: gives Time (s)

2nd to 6th column: Temps. T0, T1, T2, T3 and T4 at different times

Note: In Mathcad Matrix, Rows and Columns are numbered from 0 onwards (though it can be set to

start from 1).

As an example, after 20 steps, we get for Nodal temperatures:

0 100 100 100 100 100

15 1113.393 1 113.303:113.393 112,514 1 111.288
120.089120.089:119.677 119.048 116.994
45 1126.796:126.5931126.2721125.077:123.342
60 1133.301:133.2290132.558:131.52 $120.243
75 113903 130.6451130.0831137.6361 135,514
146359 146211 145.364 | 144.016 141.492
7105 :152.917:152.58 1151.826: 150,161 147.707
8 1120 :150.208{150.081{158.006 156487 153.711
Explicit NodeTemps(20) =880 {135 165701 169.4171164.5 | 162,636 130.877
10 1150 (172.1371171.859:170.753 | 168.0131 165.882F ..
11 1165 i178.5731178.167:177.105 175.051 172.001
12 180 (184.880184.556{183.336181.28 i177.004
13 195 191.273i190.837:180.641:1874 184.068
14 1210 1197.56 1197.177:105.848: 193,585 190.043
15 225 (203.897i203.43 i202.107;199.682}196.075
16 :240 (210.156209.725:208.287 203.824 1 202.026
17 1255 216.4401215.0401214.503 1 211.8041208.017
18 270 {222.677i222.202i220.655:217.996213.942
19 $285 i228.028i228.306:226.83 (224.038i219.804

g | | b [ [
[P
=

ik
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To plot temps T0 and T4 with Time:

Let us consider time steps upto 2700.

Define: TTTemp :=Euaplicit NodeTemps{2701)

*2410.10° 1 2.412.10°

3.933.1072.419.107 1 2.412.107 1 2.39.107 i 2.354.107 1 2,304,107

3.954.10% 12.419.10°12.412.10° 1 2.30.10

2.637.10° 13.956.10% 1 2.410.10° 1 2.412.10% 1 2.30.10° 1 2.354.10° | 2.304.10°

TTTemp = 2.638.10° 13.957.10% 1 2.410.10° 1 2.412.10% 1 2.30.10

2.630.10° 13.950.10% 1 2.410.10° 1 2.412.10% 1 2.30.10° 1 2.354.10° | 2.304.10°

264100 1396.10% 12419.10° 2.412.10° 123010

2.641.10° 13.962.10% 1 2.419.10° 1 2.412.10% 1 2.30.10° 1 2.354.10° | 2.304.10°

2.642.10° 13.063.10% 2.410.10° 1 2.412.10° 1 2.30.10

2.643.10° 13.965.10% 1 2.410.10° 1 2.412.10% 1 2.30.10° 1 2.354.10° 1 2.305.10°
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+
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Time vs. Temperature for slab
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Prob. 11.C.2. Solve the above problem by Implicit method. Use the same data.

Mathcad Solution:

In Implicit method, the heat balance equations are the same as earlier; however, the temperatures are

considered at the ‘future time’ i.e. at time step (I + 1). So, at each step all the nodal equations have to be

solved simultaneously. While using Mathcad (or EES), this is not a problem.

So, instead of using readily available formula for interior and boundary nodes for various situations, let

us work from fundamentals, by writing energy balance eqns at each node and solving them in Mathcad

(Solve Block) or EES.

Also, there is no restriction on the choice of time step At as in the case of Explicit Method. So, we can

choose a higher time step.
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In the present case, however, let us choose At = 15 s, for comparison with Explicit Method.

At =13 A=l
Fo:= AT pj .= P-Ax Fo=0468  Bi=0023
Y .

Difference eqns. for interior nodes:
Nodes 1, 2, 3 are interior nodes. Applying energy balance, with all heat flow lines going into the node:

k__n,L_{Ir:—l}Hl_ {Irr.}i+1 +k__{_{ r:'.+1}i+1_ {Ir:'.}i+1 n qE'E:'L'_"-Ji]=p{.—";-_".:-Lj-n:p--[mi-'-l_ Imi

- Ax Ax - At

.eqn.(B)... for nodes 1,23

Here, note that all temperatures are considered at ‘future time, (i + 1). Since they are all unknown yet,

all the nodal the eqns have to be solved simultaneously.

Difference eqns. for boundary nodes:

For node 0:

Node ‘0’ is on the left surface, insulated. Applying the energy balance for the half-volume around node ‘0’:

For node 4:

This is a node with convection boundary condition. So, applying the energy balance to the half-volume

around node 4, with all the heat lines flowing into the element, we get:

T _\i+1_ T i+1

i 4 Ax Ax
h-.—";.-[l_ a— T 4'+1} S 1 P S 1 sA—=pA—C p———— ...eqn.(D)
Ax = 2 2 At

So, let us write all the eqns for all the nodes 0 ... 4 and then use the Solve Block of Mathcad to get the

temperatures.

This calculation is easily done in Mathcad. We slightly change the notation for convenience in calculation:

we write the superscripts as subscripts to work with matrix notation, as shown below.
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T0,:=100  Tly:=100  T2(:=100 T3:=100  T4:=100
TO ;=50 T1,:=50 T2, :=50 T3,:=50 T4, 1:50<___guess values
Given
Tl ;- T0O A A T0 - TO
LA 1 L +q E-(A-f):i-(_{-i) 10 for Mode 0: from.....eqn.(C)
Ax = 2]« 2 At
T0,- Tl T2-Tl, " TL- Tl
kA——  +kA— +q {Ad)=—{Ad)— for Node 1.
Ax Ay = o At
T1,-T2, T3,- T2, . T2,-T2,
EA— kA 4+ (Adm)=—(Adx) for Node 2.
Ax Ax = o At
T2,- T3, T4,- T3, . T3 - T3,
kA — +kA— 4+ g (Ad)=—-(AAx)- _for Mode 3.
Ax Ay = o At
T3,-T4 . T4, T4
AT - T4 ) +eA ;] rgqoalik A 71770 for Node 4.
Ax = e 2 At from__eqn. (D)

Temp(T0 . T1.T2. T3, T4 5} :=Find{T0,, T1 |, T2 . T3 . T4}

Note that the Vector Temp is written as a function of starting temperatures.

Then, the new temperatures, viz. TO, ... T4, are given as:

[ 106.686 |
106.675
. - _...after one time step
Temp{T0.T1,T2. T3 5. T4 o} =| 106.617 T
106.301
| 103.514 |

i.e. New Temps at Nodes 0 to 4 are: 106.686, 106.675, 106.617, 106.391 and 105.514 C.
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Now, set these temperatures as starting temperatures in the Temp function and get the new temperatures

at the second time step...and so on.

In the small Mathcad program given below, LHS defines a function Temp(n) where n is the no. of
time steps, which we can specify. Output is a vector containing step no., total time elapsed, and node

temperatures T0, T1,...T4.
On the RHS, first 5 lines define the initial temperatures at the nodes, all equal to 100 C.

Then, a ‘while loop’ uses the Temp function defined above with these initial temperatures and determines
the new temperatures at each node. Then, again this is repeated by setting the new temperatures as initial
temperatures and calling the Temp function. Here, the no. of time steps, ‘0’ can be changed since it is

included in function definition on the LHS.

The Wake
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Impleit Temp{n) = | T0— 100

T1.—100

T2.— 100

T3—100

T4— 100

1—10

while i<n

TTemps— Temp{ TO, T1, T2, T3, T4)
T0—TTemp,

Tl— TTempl
T2—TTemp,
T3 TTemp,

T4—TTemp A

(i 154 TO T1 T2 T3 T4)

Check: At time = zero, i.e. at the start, the initial temps are:

Impleit_Temp(0)=[ 0 0 100 100 100 100 100 ]

Example: After 5 time steps, i.e. after 75 s, the temps are:

Impleit_Temp(5) =[ 5 75 133151 133012 132517 13143 120377 ]

i = step no.; At = one time step = 15 s; T = time duration from beginning = i. At, s

it T0 T1 T2 T3 T4

Implcit_ Temp(1) =[ 1 15 106686 106675 106617 106391 105514 ]
Implcit_Temp(8) =[ 8 120 152658 15242 151638 150.123 147598 ]

Implcit_Temp(20) =[ 20 300 22856 228049 226473 223700 219555 ]

Implu:it_]'emp[i-l-ﬂ'}:[ll-[ll 3600 12444636 1241090 1230313 12122469 1136.856]

Implu:it_]'emp[i?[ll[ll}=[2'.-‘[ll[|' 40300 2418892 2411732 2380334 2334636 ESI]-I-.Ei-iE"]
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i.e. After 5 min (=300 s), the temperatures are:

TO = 228.56, T1 = 228.049, T2 = 226.473, T3 = 223.709, T4 = 219.555 deg.C....Ans.

At what time Steady State is reached?

When steady state is reached, temperatures at successive time steps should not change much.

Implu:it_Iemp[lﬂﬂﬂj=[_’-'EIEIEI 30000 2411954 2404836 238348 2347337 _‘-_‘-QS.EIE-}'-]

Implcit_Iemp[]El_‘-!]]=[_’-'EI_‘-EI 30300 2412397 2403273 2383918 2348313 _‘-298.477]

We see from the above that at 2000th time step, i.e. after 30000 s (= 500 min.), the temperatures have
stabilized. There is not much difference in temperatures when we compare the values for 2000th and

2020th time steps.

Program to get the temps at all Nodes with Time:

Impleit_NodeTemps{n) = | T0— 100

T1—100

T2 100

T3~ 100

T4 100

i—1

while i<n

TTempe— Temp{ T0O_ T1,T2,T3,T4)
Th+— IIemp_:

Tl— IIempl
T2 TTemp,
53— TTemp,
T4 TTemp,
Stepi_i
Al,— 100
Al —100
A2 —100
A3 — 100
Al — 100

AD—T0

Time = 1-AT
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Al-—T1
A2-T2
1
A3 T3
Al-—T4
Cl— augment{ A3, Ad)
Cle— augment{ A2 C1)
C3+— augment{ A1,C2)
Cd— auzment{ AD, C3)
TProfile.— augment| Time,C4)
TProfile— augzment| Step, TProfile)

return TProfile

Program shown above returns a Matrix as follows:

0th column: gives Time step

Ist column: gives Time (s)

2nd to 6th column: Temps. TO0, T1, T2, T3 and T4 at different times

Note: In Mathcad Matrix, Rows and Columns are numbered from 0 onwards (though it can be set to

start from 1).

As an example, after 20 steps, we get for Nodal temperatures:

0 0 1100 100 100 100 100

1§13 :11335 :113315:115.161:112.681;111.333
2 130 (119984:119917:119.65 (118.930:117.2983
3 {43 (126.584;126.482;126.099; 125187123319
4 60 (133.151;133.012:132.517:151.43 129377
30475 (139.6841139.51 (138.912; 1537660 135.448
6 190 (1461861 145078i145284 1430 (141324

7103 (152658113242 1151.638 130,123 147,508
8 1120:159.104}159.8361157.9721 156,335 153.663
Impleit_NodeTemps(20) =880 1135 169524116523 (164288 162.535:150.723
10 1150i171.921:11716 [170.586 168.722;165.77
11 116511782041177.95 [176.866 1748041171803
12 {180 184.646{184.2701183.120/181.052{177.826
13 1195 :190.9781190.589:180.373  187.194:183.834
14 121011972891196.8781195.6 [193.321:180.826
15 12251203.5811203.142:201.81 [ 199.432:195.804
16 240 i200.8541200.402208.002 | 205.526201.763
17 1255 1216.1071215.6351214.176 1 211604 1207711
18 1270 1222.3431221.851/220.333 | 217.665 213,641
19 128522836 i228.040:226.473 223709219553
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To plot temps T0 and T4 with Time:

Consider Time steps upto 2700.

Define:

TTTemp =Implcit NodeTemps{2701)

2637.10°

3.936.10°

2.419.10°

2.412.10°

2.30.10°

Numerical Methods in Heat conduction

2354.10°

2.304.10°

2.638.10°

395710

2419.10°

2412.10°

238.10°

2354.10°

2304.10°

2.630.10°

3.850.10°

2.418.10°

2.412.10°

230.10°

2354.10°

2304.10°

2.64.10°

3.96.10°

2.419.10°

2412.10°

238.10°

2354.10°

2304.10°

2.641.10°

3.062.10°

2.410.10°

2412.10°

2.30.10°

2354.10°

2.304.10°

3.963.10°

2.419.10°

2412.10°

2.30,10°

2354.10°

2.304.10°

3.065.10°

2.410.10°

2412.10°

2.30.10°

2354.10°

2.304.10°

3.066.10°

2.419.10°

2.412.10°

2.30.10°

2354.10°

2.304.10°

3.968.10°

2419.10°

2412.10°

238.10°

2354.10°

2304.10°

3.060.10°

2.418.10°

2.412.10°

230.10°

2354.10°

2304.10°
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Note: At Time = 660 min (= 11 hrs), i.e. Step no. 2640: T0 = 2419 C, T4 = 2304 C.

These values are the same as obtained for Explicit method.

Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1. Node positions:

Node numbers

o, E {10} =&
.‘0‘

E&\\\\\\\\\\\\\\\\\\\{-ia\\\\\\\\\\\\\\\\\\k!i{\\\\\\\\\\\\\\\\\13,{\\\\\\\\\\\\\\\\\\@

5

> Tinf, h

2

> RBS Group
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2. Node temperatures:

Temperatures at Time = 39600 s

Note: At Time = 660 min (= 39600 s): T0 = 2416 C, T4 = 2302 C.

These values are almost the same as those obtained for Explicit and Implicit methods.

3. Temperature contours:

File Subject  Setup Draw  Display  Specify Fun View  Examples  Help
| H=E0.3%=954 cm [ 39600 sec |2301 2313 I 2524 2336 2347 [ 2359 12370 (12382 (12393 2405 MM 2416°C

Temp. contours
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4. Plot of Temp vs Time for Nodes ‘0’ and ‘4’

2500

« 5
Temp vs Time a1
2000
o
& 1500
2
=
o
1
o
f-3
E 1000
-]
=
500
0
0 4000 8000 12000 16000 20000 24000 28000 32000 36000 40000

Time [sec]

Prob. 11.C.3. In areas where ambient temperature drops to subzero temperatures and remains so for
prolonged periods, freezing of water in underground pipelines is a major concern. It is of interest to

know at what depth the water pipes should be buried so that the water does not freeze.

At a particular location, the soil is initially at an uniform temperature of 15 C and the soil is subjected

to a subzero temperature of -20 C continuously for 50 days.

1. What is the minimum burial depth required to ensure that the water in the pipes does not
freeze? i.e. pipe surface temperature should not fall below 0 C.

2. Plot the temp. distributions in the soil for different times i.e. after 1 day, 2 days etc.
Properties of soil may be taken as: o = 0.138 x 10 m?*/s, p = 2050 kg/m’, k = 0.52 W/(m.K),
Cp = 1840 J/kg.K. [Ref. 1]
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Soil, Initial temp
T=15C

=-15C

B

/T

X = U A U L
1 # k=052 W/m.C
= 0.138e-06 m™2's

2 ¢ Q qg=0

T'E'l-l . ¢

T'l"'l .

L=6tm -
T.-. » f

Qe

x=L
X
Fig.Prob.11.C.3
Mathcad Solution:

While adopting numerical procedure, in this case, let us make a reasonable assumption that temp at

a depth of 6 m does not change from the initial condition of 15 C, even after 50 days.
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Data:

L:=6 m.._thickness of soil considered
k=032  W/m.C). thermal cond. of soil
o =0.13810° m2is__thermal diffusivity of soil

qg:=0 Wim2__heat gen. rate

T:=13 C...initial temp. of sail
T,:=-20 C....temp. of ambient

Ax =03 m....nodal spacing

M :=12  no. of equal spacings, i.e. nodes 01,212

T:=350-24-3600 s (= 50 days)...time after which temp. distribution in soil is desired

A=l mé

ORACLE
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Solve this problem by Implicit formulation:
Difference eqns. for interior nodes:

Nodes 1, 2, 3...11 are interior nodes. Finite difference equations for these nodes by implicit method are

obtained from eqn. (A), by setting m = 1, 2, 3, 4.. etc. i.e.

i1, 42
E1+—"E°3'{1—m}|+1—EU' {Im_1}|+1+ {I,:-_+1}I+1+H+ _ {Tﬂ__}l=ﬂ (A

Difference eqns. for boundary nodes:

Nodes 0 and 12 are boundary nodes; both the nodes have constant temperatures:
For node ‘0’

T0=-20 C.._ bydata

For node ‘12’ .... at a depth of 6 m from surface:

T12=15 ©C .. temp at a depth of 6 m ___ remains constant... by assumption

Mow, we can choose any Ar, since there is no problem of stability in implicit formulation.
Let us choose At =1 hr:

At =3600 s
Thersfore,  Fo:=22T & Fo=19872:10"
(4%)°

Now, to start with, i.e. at T = 0, all the node temperatures T0, T1,....T12 are known (= 15 C). Then, at the
next time step, solve all the eqns. simultaneously to get the node temperatures at that time step. Using

these results, solve the eqns. at the next time step, etc. till you reach the given time limit of 50 days.

This calculation is easily done in Mathcad. We slightly change the notation for convenience in calculation:

we write the superscripts as subscripts to work with matrix notation, as shown below.
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Initial values:
T0,:=13 Tly:=13 T24:=13 T3,=13 T4y:=13

T3 =13 T6 =13 T7;:=13 T8 =13 T9 ;=13

Ti0p:=15  Tily=135  Ti2p=15  degC

...guess values:

T0,:=-20 Tly:=50  T2:=50 T3, =50 T4, =50

T5,:=50  T6y:=50  T7;:=50  T8;:=30 T =30

T10,:=50 Tl =50  T12:=15

( n»‘ia A)&Graduate
o {

Find out more and apply

redefining / standards
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Use Mathcad Solve Block to get updated temps:
Given

Mode 0 - TO 1 =-20

_____ (a)

Node 1 (1+2Fo)-T1y-Fo{T0+T2}- T1,=0 b}

Node 2 (1+2Fo)T2y-Fo{T1+T3}- T2,=0 . Ae)

MNode 3: (1+2F0)T3 - Fo-{T2;+T4 }- T3,=0 —d)
Noded: (1+2F0)T4y-Fo{T3+T5}-Td;=0 .(e)

Node 5:  (1+2Fo)T5 - Fo{T4;+T6y} - T5,=0 f)
Mode 6:  (1+2Fa)T6 - Fo-{ri {+T7 1} - T6 =0 ~.{g)
Node7:  (1+2Fo0)T7-Fo-{T6;+T8}- T7(=0 ()
Node 8-  (1+2Fo0)T8 - Fo-{T7;+ T8} T8(=0 A0
Node 9:  (1+2F0)T9 - Fo-{T8 ;+T10 ) - T9,=0 )
Node 10:  (1+2F0)T10 - Fo-{T9 ;4 Ti1 ;) - T10(=0 (k)
Node 110 (14+2Fo)T1l - Fo{T10;+ T12}-Ti1y=0  __{|)
Mode 12: T12 =15 —.Am}

TempNew(T0 0, T1 . T2 3. T3 . T4 . T5 . T6 . T7 . T8 . T8 3. T10 3, T11 . T12 g} :=Find{TO 1__\{1 12T21,T3 (. T4 1,35 1. T6,T7 1, T8 1, T9 . T10 . T11 |, T12 {)

233
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In the above Solve block, TempNew is the function that calculates and returns the new Node temperatures,
viz. TO, T1,, ... T12,, after the next time step. Note that it is written as a function of initial temps To,,

Tlo....etc.

Node Temps after 1 Timestep:

We see that, after 1 time step, the temps are: starting from top T0, = -20 C, T1, = 14.931 C, T2 = 15C
.. T12 =15 C.

Now, write a program / Function to get temps after N time steps:

Function Name: Implicit_ Temp_1(...... )

Inputs: Initial temps and No. of Time steps

Outputs: Time steps, Total time, and temps at all nodes at that time step.

The Mathcad program is shown below:

In this program:

LHS ... gives the name of the program with Initial temps and the No. of Time steps as Inputs.

RHS....calculates the new temps at the nodes using the TempNew function explained above. Then, the
new temperatures are set as initial temperatures and the calculations are repeated by the ‘while loop’ till
the time steps (Nsteps) are completed. New Node temperatures obtained at the last step are stored in a

vector Y and returned.

234
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Note that Y is a Mathcad vector which gives Step no., Total time, and Node temps T0....T12 in columns
0, 1, 2....14 respectively.

Impleit_Temp_1{T0,T1,T2,T3, T4, T35, T6.T7.T8.T9, T10.T11. T12 Nsteps) = |i—0 :
while i<Nsteps :
TTemp— TempNes( T0, T1,T2, T3, T4,T3,T6, T7, T8, T9, T10, T11, T
T0—TTemp, i
T1—TTemp, :
T2 TTemp, E
T3— TTemps :
T4—TTemp, :
T5— TTemp, :
T6—TTemp, E
T7— 1'"['emplT :
T8—TTemp, :
T9— TTemp, :
T10+— TTemp, E
Til— TTempn :

T12—TTemp,,

i—it 1
Y i iAtr TO T1 T2 T3 T4 T35 T6 ll’f-‘ T8 T9 T10 Ti1 T12)

\ The next step for
" top-performing

oraduates
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in Management provides specific and tangible foundations for a successful career in business.
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to the School’s network of more than 34,000 global alumni —a community that offers support and
opportunities throughout your career.
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To get the temp distribution after 50 days:

Initial values:

T0 =13 T1:=13 T2 =13 T3 =13 T4 =13
T5 :=13 T4 :=13 T7 =15 T8 =13 T0 =13
T10 =13 T11 :=13 T12 =13

Natepz :==1200  __i.e. 1200 hrs = 50 days

Store the above Function in another vector called TProfile:

TProfile := Impleit_Temp 1(T0,T1,T2,T3,T4,T5,T6,T7, T8, T9,T10, T11,T12, Nsteps)

Then:

3

12.10°14.32.10%

|20 756 2424803812457 14064114604 14911 14.976114.904114.009 15 |15

i.e. 0" column: Timestep = 1200, 1* column: Total time = 4.32E06 s = 50 days.

Columns 2 to 14 .. give the Node temps TO .... T12 respectively.
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Now;, plot these temps against distance (i.e. depth in the soil):

1:=2.3.14 __define range variahle i

T ws x for Semi-infinite slab

15

10

Temp ()

- 10

=15

0020406081 12141618 2 222421628 3 3234353638 4 424446408 5 52545658 6

—— Temp. after 30 davs Deepth, = (m)
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At what depth the temp will reach 0 C in the soil after 50 days?

In the above graph, we see that temp is zero at a depth of around 0.9 m.

If we need to know it more accurately:

Using the Trace graph facility in Mathcad (Format — Graph - Trace menu), we get:
y=0C atx=0.87078 m;

i.e. at a depth of 0.871 m, the temp will reach 0 C after 50 days duration .... Ans.

To draw Temp profiles in soil after different time periods:

Use the Implicit_Temp_1 Function at different, desired time steps and store them in different vectors

and then plot them together on the same graph:

After 1 day: i.e. 24 hrs, i.e. N5teps = 24.

Store the results in vector TProfile1, as shown below:

TProfilel :=Impleit Temp 1{T0.T1,T2.T3.T4.T5.T6.T7.T8. T9. T10.T11.T12.24)

4

24 1864107120 11341 1496114900115 (15 (15 15 115 (15 i15 15 (15

Temps TO....T12 after 1 day (Timestep = 24) are shown in columns 2 to 14 in the vector TProfilel.

Similarly, results for Node temps after 7 days, 15 days, 30 days and 50 days are stored in vectors TProfile7,
TProfile15, TProfile30, TProfile50 respectively, as shown below:

After 7 days: i.e. 188 hrs, i.e. N5teps = 188

TProfile] :=Impleit Temp 1(TO,T1,T2,T3,T4,T5,T6.T7, T8, T2, T10,T11,T12,188)
After 15 days: i.e. 360 hrs, i.e. N5teps = 360

TProfileld :=Impleit Temp 1{T0,T1,T2,T3,T4,T5,T6,T7,T8,T9,T10,T11,T12,360)
After 30 day: i.e. 720 hrs, i.e. NSteps =720

TProfile30 :=Impleit Temp 1(T0,T1.T2,T3.T4,T5,T6,T7,T8. T2, T10.T11,T12, 720}

After 50 day: i.e. 1200 hrs, i.e. N5teps = 1200

TProfile3) :=Implcit Temp 1{T0,T1,T2,T3.T4,7T5,T6,T7, T8, T2, T10,T11,T12, 1208}
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To plot the temps against x at different times:

1:=2.3.14 __define range variable i

. . T wsxfor Sem.{—ﬁlﬁ.tﬁte slab . .
] _P,x’/ﬁ": LA -;EL_—
10 r,’l f J J/;E)/
. 1
’ AN /
g ° E 7
E:'* ; .
= -3 .:J'If
-10 Ir ;I
-15 :;r{

002040608 1 12141618 2 22242628 3 3234353638 4 42444648 5 515456358 ¢

236 Temp. after | day Dep, %)

+++ Temp. after 7 days

EE0 Temp. after 15 days
—  Temp. after 30 days
“os Temp. after 30 davs

It may be observed from the above plot that: even after 50 days of duration, depths beyond 1 m have

not yet reached the freezing temp of zero deg. C.
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Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1. Node positions:

Insulated Insulated

o . A - A,
Lo Ja o J52)
*@4 i i

Lol il
DHHHEHION
DOCEGEDD
R e i
Sesrsotee
(ol

DDOSDD
o
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2. Node Temperatures after 50 days:

Node temps after 1200 hrs ( 1.e. 50 days)
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3. Temp contours (shaded bands) - at 1200 hrs:

Temp range of colours shown in tool bar at the top of the fig.:

{1 FEHT - [Contours: C:\Documents and Settings\personal\Desktop\Prob. 11.22-Prob.7.14-MT_PipeFreezing.FET]
File o Draw Display
| Xe3E3Y=R32m [ 1200 b

View Examples Help
~ |20.00 16,50 [-13.00 [0 -8.500 [E51-6.000 [ -2.500 [1.0000 [—]4.500 [18.000 C71.50 EI15.00°C

Temp contours

4. Temp vs Time for different Nodes:

20.00

+ 15
= 16
1500 — o
Node 17 [at 2 m depth) 18
ode at 2 m deptl
10.00 = 19
= 20
o 21
O 500
s Node 16 [at 1 m depth]
=
= g .
= 0.00 Zero-temp line T
-
@
H
ﬁ -5.00
-10.00
-15.00
2000 Mode 15 [Top surface] J
0 150 300 450 600 750 900 1050 1200
Time [hr]
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To draw plot of Temp vs depth from surface, at various times:

First, click on View-Tabular output, and you get the following Table (only part of Table is shown):

11 Tabular Nodal Results

Close | Select Al | 3, | B |
Node X ‘ Y ‘ T (#0) ‘ T (#1) ‘ e
[m] [m] ['C] ['C]
10 5.9 5,027 15 15
11 6.95 5.98 15 15
12 8.936 5.98 15 15
13 £.959 7.0 15 15
14 8.995 6.995 15 15
15 7.964 2,037 -20 -20
16 7.99 2,99 15 15
17 7.99 3982 15 15
13 7.964 5,001 15 15
13 8.017 5.9 15 15
20 7.99' 6.998 15 15
21 7.99 7.99 15 15
22 £.385 2,495 15 15 |
< 3 ..

STEP INTO A WORLD. ®
O TNy o

www.ecco.com/trainees
tfrainees@ecco.com
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Now copy this to Excel, and edit the Table:

We get:

Mode No. X [m)
0

0.953 5.996 . 1437 14.97

Now, draw the graph for various times:

Temp vs Depth after various times
20 I
1 |
15 — L oy L
o -~
L
>
10 A
V.4
¥ "
l" rd
5 | B A
|F i
(=}
Iéu 1] ri —#— After 50 days
- —
E ¥/ i —— After 30 days
_5 4
I — : —h— After 15 days
10 49— —— After 7 days
-t After 1 day
_15 .
-20
-25
0 b 2 3 4 5 B 7
Depth (m)
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To find at what depth the temp reaches 0 C after 50 days, draw the Temp vs Depth graph at time =
50 days, again:

Temp vs Depth after 50 days

20

15

10

ra
5
g /
b a
= i
a F i
E -5
- /
Fi
-10
'
-15
F i
s
-20
-25
a 1 2 3 4 5 & 7
Depth(m)

Draw the same graph enlarged, i.e. with x-axis from 0 to 1 m:

Temp vs Depth after 50 days

20

15

10

Temp (deg.C)

Q 01 Q.2 0.3 0.4 05 a6 07 0.8 as 1

Depth (m)
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We see that temp reaches zero at a depth, x = 0.84 m, after 50 days.

Compare this with the value of 0.87 m obtained earlier with Mathcad.

Prob. 11.C.4. Consider a plane wall with k = 1.5 W/m.C, cp = 1000 J/kg.C, p = 200 kg/m~3, o = 7.5E-06
mA2/s. Its thickness L = 50 mm. Initial uniform temp = 25 C. Suddenly, the boundary at x = L is subjected
to heating by a fluid at a temp of 50 C and h = 75 W/mA2.C. And, the boundary at x = 0 is subjected to
a heat flux = 2000 W/mA2. Take Ax = 5 mm and At = 20 s. Plot the temp distribution in the wall for the
initial condition, at t = 160 s, at t = 300 s and at t = 1300 s.

Adopt the Implicit, finite difference method.

efficiency reliability delivery

As a leading technology company in the field of geophysical science, PGS can offer exciting
opportunities in offshore seismic exploration.

We are looking for new BSc, MSc and PhD graduates with Geoscience, engineering and other
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Plane wall, T,=25C
k=1.5W/m.C,

" =7.5e-06 m"2/s
cp=1000 J/kg.C

) x/2 D=200 kg/m"3
==
T,s=50C
Qier = 2000 W/m~"2 h =75 W/m"2.C
e T, T, T, T, T,
° ° ° ° » x
0 1 2 J 9 L 10

x=0 / x=L=005m

) x=0.005m

Fig.Prob.11.C.4

EES Solution:

“Data:”

L=0.05 “[m]”

k=1.5 “[W/m-C]”
alpha=7.5E-6 “[m~2/s]”
“T_i=25" “[C]”
T_infinity=50 “[C]”
h=75 “[W/mA2-C]”
q_left = 2000 [W/mA2]
DELTAx=0.005 “[m]”

{Time=300 [s] “parameter to be varied”}
“Calculations:”
M=L/DELTAx+1 “Number of nodes”

DELTAt=20 “[s]”
Fo=(alpha*DELTAt)/DELTAx"2

“The technique is to: Set up the parametric Table. Store the temperatures in the parametric table at a
given time as old temperatures using the variable ROW. The first row contains the initial values; So,

Solve Table must begin at row 2.

Use the DUPLICATE statement to reproduce the eqns for the internal nodes. Column 1 contains the

time, column 2 the value of T[0], column 3, the value of T[1], etc., and column 12 the Row”
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Row = 1+Time/DELTAt
Duplicate i=0,10

T_old[i]=TableValue(‘Table 1,Row-1,#T[i])
end

“Using the implicit finite difference approach, the equations for the eleven unknown temperatures

»

are:

“Node 0: constant heat flux, q_left”

. k Ty — To | _ k AX To — Towp
et ™ X Ax T @ 2 at

In EES this is entered:

q_left+ k*(T[1]-T[0])/DELTAx = (k/alpha)*(DELTAx/2)*(T[0]-T_old[0])/DELTAt

“Node 1 to 9: Applying the heat balance:”

[T_- - T] [T_- - T] k [T - T:.:_] )
k- | —|+ k- | — = — & - | for i = 110 9
AX AX o at

And in EES this eqn is:

Duplicate i = 1,9

IK*(T[i - 1]-T[i])/DELTAx + k*(T[i + 1]-T[i])/DELTAx = (k/alpha)*(DELTAx)*(T[i]-T_old[i])/DELTAt
end

“Node 10 - convection: Applying the heat balance:”

Ts = T ) k A T = Tagn
ko |———|* h- (To- Tw) = —- : 1

AX o 2

In EES this eqn is entered as:

k*(T[9]-T[10])/DELTAx + h*(T_infinity-T[10])= (k/alpha)*(DELTAx/2)*(T[10]-T_old[10])/DELTAt
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Results:

Time T[0] T(1] T[2] T[3] T([4] T(5]
T[6] T[7] T(8] T[9] T[10] Row

(s] (C] [C] (C] (C] [C] [C]
[C] [C] [C] [C] [C]

0 25 25 25 25 25 25
25 25 25 25 1

20 41.33 36.02 32.55 30.34 29.02 28.37
28.28 28.74 29.83 31.72 34.73 2

40 50.41 445 40.01 36.75 34,57 33.31
32.87 33.19 34.26 36.06 38.59 3

60 57.69 51.63 46.75 43 40.3 38.54
37.67 37.59 38.24 39.56 41.45 4

80 64.11 57.98 52.9 48.85 45.78 43.62
42.31 41.77 41.92 42.69 43.99 5

100 69.95 63.77 58.55 54.28 50.91 48.4
46.68 45.69 45.36 45.6 46.32 6

120 75.32 69.1 63.77 59.31 55.68 52.85
50.77 49.36 4857 4831 48.5 7

140 80.28 74.02 68.59 63.96 60.11 56.99
54.57 52.78 51.56 50.83 50.53 8

160 84.87 78.58 73.06 68.28 64.22 60.84
58.1 55.96 54.34 53.18 52.42 9

180 89.12 82.8 77.2 72.28 68.02 64.41
61.38 58.91 56.92 55.37 54.18 10

200 93.06 86.72 81.03 75.98 71.56 67.72
64.43 61.64 59.32 57.39 55.81 11

220 96.71 90.35 84.59 79.42 74.83 70.78
67.25 64.19 61.55 59.28 57.32 12

240 100.1 93.71 87.88 82.61 77.87 73.63
69.87 66.54 63.61 61.02 58.72 13

260 103.2 96.83 90.94 85.57 80.68 76.27
72.3 68.73 65.53 62.64 60.03 14

280 106.1 99.72 93.78 88.31 83.3 78.72
74.55 70.76 67.3 64.14 61.23 15

300 108.8 102.4 96.41 90.85 85.72 80.99
76.64 72.64 68.95 65.54 62.35 16

320 111.3 104.9 98.85 93.21 87.97 83.1
78.58 74.38 70.48 66.83 63.39 17
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1160 142 135.3 128.7 122.1 115.5 108.9
102.3 95.73 89.18 82.64 76.11 59
180 142.1 135.4 128.8 122.2 115.5 108.9
102.4 95.79 89.24 82.69 76.15 60
1200 142.2 135.5 128.9 122.2 115.6 109
102.4 95.86 89.29 82.73 76.18 61
1220 142.3 135.6 129 122.3 115.7 109.1
102.5 95.92 89.34 82.78 76.22 62
1240 142.3 135.7 129 122.4 115.8 109.2
102.6 95.97 89.39 82.82 76.25 63
1260 142.4 135.7 129.1 122.5 115.8 109.2
102.6 96.02 89.43 82.86 76.28 64
1280 142.5 135.8 129.2 122.5 115.9 109.3
102.7 96.07 89.48 82.89 76.31 65
1300 142.5 135.9 129.2 122.6 116 109.3
102.7 96.11 89.51 82.92 76.34 66
O
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NORWAY.
YOUR IDEAL STUDY DESTINATION.

WWW.STUDYINNORWAY.NO
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Variation of Temp at Nodes 0 and 10 with Time
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Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1. Node positions:

Node Nos.

S 9 R @ \\\\ @ RSN S \f”\ \fl;\ \f”\ )

(: 34 11 @ 14
3 Y . .

4 T o, \\\\\\ DR NS s b AL \\\\\\\@,A\\\\\\\\E/\\\\\\\\\fj,,k\\\\\\\ké)

4
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INDUSTRIAL
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2. Node temps:

Node temps after 1300 s:

/A\@/E‘\

(20

13

255 S

\
ERER LT Sy

P,

3. Temp contours (shaded bands) -
Temp range of colours shown in tool bar at the top of the fig.:

File Subject Setup Draw  Display  Specify Fun View Examples Help
| K=B55Y=7.32cm | 1300 sec 75.56 Il 52.09 [ 55.63 I 3516 EE101.7 01082 C114.8 C1121.3 C1127.8 1344 @A 1409 °C

Temp contours:
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4. Temp vs Time at different Nodes:

160.0

140.0

1200

100.0

80.0

Temperature [°C]

60.0

400

200

Prob. 11.C.5: Consider a fuel element, which is a plane wall of L = 20 mm, cooled on both the faces
with a fluid of temp = T_infinity = 250 C, with h = 1100 W/m~2.C. For the material, k = 30 W/m.C and
a =5 E-06 mA2/s. Initially the wall is at a uniform temp of 250 C, with no heat generation. Suddenly,
the element is inserted into the reactor causing a uniform heat generation of q_g = 1E08 W/mA3. Using

the Explicit method of finite difference s, with Ax = 2 mm, determine the temp distribution 1.5 s after

Time [sec]

the element is inserted into the core.[Ref. 3]

Plane wall, T;= 250 C

qg =1e08 W/m"3

k=30 W/m.C,
" =5e-06 m"2/s
) x/2 cp = 1000 J/kg.C
D=200 kg/m"3
>l ¢
T=250 C ; <T -250C
h=1100 W/m"2.C inf A
T, T, T, T, |T, h=1100 W/m"2.C
TS TS TS . » x
0 1 2 9 10
<
x=0 / x=L=002m
) x=0.002 m

Fig.Prob.11.C.5
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EES Solution:

“Data:”

L=0.02 “[m]”

k=30 “[W/m-C]”

alpha=5E-6 “[m~"2/s]”

T_i=250 “[C] ... Initial temp.”
q_g=1E8 “[W/mA3]”
T_infinity=250 “[C].... fluid temp”
h=1100 “[W/mA2-C]”
DELTAx=0.002 “[m]”

{time=300 [s] “parameter to be varied”}

“Calculations:”

M=L/DELTAx+1 “Number of nodes”

Fo=(alpha*DELTAt)/DELTAxA2 “...mesh Fourier No”

www.studyat.tudelft.nl

Delit
e University of
Technology

Challenge the future
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“Stability criteria:”

Biot = h * DELTAx/k

{Fo * (1 + Biot) = 0.5 “..determines Fo from Stability criterion, and, we get: DELTAt = 0.3727 s from

stability criteria.

Let us use DELTAt = 0.3 57}

DELTAt=0.3 “[s]”

“The temperatures in the parametric table as ‘old temps’; and , then, in each step, they are recovered
using the variable ROW. The first row contains the initial values. So, Solve Table must begin at row 2.
Note the use the DUPLICATE statement to reduce the number of equations to be typed. Column 1

contains the time, column 2 the value of T[1], column 3, the value of T[2], etc., and column 7 the Row”
Row =1 + Time/DELTAt
Duplicate i=0,10

T_old[i]=TableValue(‘Table 1,Row -1,#T][i])

end

“Using the explicit finite difference approach, writing the energy balance eqns.,to get the eleven equations

for the eleven unknown temperatures:”

“Node 0, convection:”

. T:—:.' - T:-:.: AX k AX T: - T:-:.:
h (Te— Tomo) + k- | —————|+ qg, - = - :

In EES, it is entered as:

h * (T_infinity - T_old[0]) + k * (T_old[1] - T_old[0]) / DELTAx + q_g * DELTAx/2 = (k / alpha) *
DELTAx/2 * (T[0] - T_old[0])/DELTAt

“Internal nodes: 1 to 9:”

Duplicate m = 1,9

T:-:.""—- - T:-:."" T:-:.""-- - T:-:."" k T"" - T:-:.""
k'—+k-—+q;-;x=9—-;x-— for m= 1to @

Download free eBooks at bookboon.com



In EES it is typed as:

k* (T_old[m-1] - T_old[m]) / DELTAx + k * (T_old[m+1] - T_old[m]) / DELTAx + q_g * DELTAx =
(k / alpha) * DELTAx * (T[m] - T_old[m])/DELTAt

end

“Node 10: with convection:”

. Tg — T AX koA Tin — Taw1o
_T-;.:+F:-[—]+q;- = —. [ 3 ]

And, it is entered as:

h * (T_infinity - T[10]) + k * (T[9] - T[10]) / DELTAx + q_g * DELTAx/2 = (k / alpha) * DELTAx/2
* (T[10] - T_old[10])/DELTAt

Results:
Time T[0] T[1] T[2] T[3] T[4] T[5]
T[6] T[7] T[8] T[9] T[10] Row
[s] [C] [C] [C] [C] [C] [C]
[C] [C] [C] [C] [C]
0 250 250 250 250 250 250
250 250 250 250 250 1
0.3 255 255 255 255 255 255
255 255 255 255 254.8 2
0.6 259.7 260 260 260 260 260
260 260 260 259.9 259.6 3
0.9 264.4 264.9 265 265 265 265
265 265 265 264.8 264.2 4
1.2 269 269.7 270 270 270 270
270 270 269.9 269.7 268.8 5
1.5 273.5 274.5 274.9 275 275 275
275 275 274.9 274.5 273.4 6
1.8 278 279.3 279.8 280 280 280
280 279.9 279.7 279.2 277.8 7
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14.1 439.2 451.1 459.6 465.4 468.7 469.8
468.7 465.4 459.6 451 439.1 48
14.4 442.7 454.8 463.6 469.5 472.9 474
472.9 469.5 463.5 454.7 442.6 49
14.7 446.2 458.6 467.5 473.5 477 478.2
477 473.5 467.5 458.5 446.1 50
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Plot the variation of TO, T6 and T10 for the first 1.5 s:

o
Temp (C) vs Time (s)

280

275

=)
=
270 —
© L
" 265 /
2 /’ T
[ r 4
260 p — Tl
—T10
255
250 1 1 1 1 1
0 0.3 0.6 0.9 1.2 1.5
Time [s]
Plot the variation of T0, T6 and T10 uptol5 s:
500 T T ‘ T ‘ T ‘ T
Temps after 15 s P
S 450
= L~
© 400
-
—To]
5 L / — e
- / —T10] |
300
250
0 2 4 6 8 10 12 14 16

Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1. Node positions:

Node Nos
JANANASANAVAVANAVANAVAVAS AV AN AVAN ANGN AN QN
JASANENANAVAVAN AVAN VANANAN SN AVANAVAN (VAN
JANANAVANANAN VAN ANANANAV ANV AV AVANAN (NN
JANANANANAVANANANANAVANAN (VAN ANV (NN AN AN

4,

%!

'
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2. Node Temps:

Temps at1.5s
JANAN AV ANAV ANAN AV ANAV ANANANANAN AN AN AN N
JANANAVANAN AN ANAN AN AN (VAN AN AN AV AN AN QN AN
JANAN AN ANANANANANAVAV AN AN ANANAVANAV AN ANAN
JAVINAVAV AN AVAN (VAN ANAVANAV ANV AVAN AN

'

'

'

3. Temp contours (shaded bands) -

Temp range of colours shown in tool bar at the top of the fig.

4. Temps of Nodes 5, 6 and 20 after 1.5 s:

Temp. of Nodes 5, 6 and 20 after 1.5 s .

°c]

260
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After 14.7 s:

Node Temps after 14.7 s:

Cr—s—a—ar—a—)
A AN A
ROSODOS

Temp vs Time for Nodes 5, 6 and 20:

500.0

= 5

& 20
475.0 + 6§

450.0

425.0

400.0

375.0

Temperature [*C]

350.0

325.0

300.0

275.0

0.00 1.50 3.00 450 6.00 7.50 9.00 10.50 12.00 13.50 15.00

Time [sec]

“Prob. 11.C.6.The ceramic wall shown is initially at a uniform temp of 25 C. Its thickness = 3 cm. It is
suddenly exposed to a radiation source at 1200 C on the RHS. The LHS is exposed to room air at 25 C
with a radiation surrounding temp of 25 C, with h = 1.92 x DELTATA(5/4) W/mA2.K. Convection on
the RHS is negligible. For ceramic: k = 3.0 W/m.K, rho = 1600 kg/m~3, cp = 0.8 kJ/kg.K. Determine:
temp distribution in the plate after 15, 30, 45, 60, 90, 120 and 150 s. Also, determine steady state temp
distribution. Calculate the total heat gained by the plate for these times.”
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Ceramic wall

1

nit 1213 {4

g T Radiation, source at 1200 C
Radiation + convection Ax=0.75cm
Tinf=25C
= 7 ) ——

Fig.Prob.11.C.6

“Data:”

L=0.03 “[m]”

k=3 “[W/m-C]”

rho = 1600 “[kg/mA3]”
cp = 800 “[J/kg.K]”

T ini=25 “[C]”
T_infinity=25.0 “[C]”
T_rad = 1200 “[C]”
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{h=1.92 x DELTATA(5/4) “[W/mA2-C]”}
DELTAx=0.0075 “[m]”

sigma = 5.67E-08 “[W/mA2.K"4]”
epsilon = 0.8

“time=150 [s]” “parameter to be varied”
“Calculations:”

M=L/DELTAx+1 “Number of nodes”
A:l“[m/\z] »

“Node 0: Convection + Radiation: By energy balance:”
sigma * epsilon * ((273 + T_infinity)A4 - (T[0] + 273)74) - 1.92 * (T[0] - T_infinity )A(5/4) +
k*A*(T[1]-T[0])/DELTAx =rho * cp *A*(DELTAx/2)*dTdt[0]

“Node 1:”
k*A*(T[0]-T[1])/DELTAx + k*A*(T[2]-T[1])/DELTAx = rho * cp*A*(DELTAx)*dTdt[1]

“Node 2:”
k*A*(T[1]-T[2])/DELTAx + k*A*(T[3]-T[2])/DELTAx = rho * cp*A*(DELTAx)*dTdt[2]

“Node 3:”
k*A*(T[2]-T[3])/DELTAx + k*A*(T[4]-T[3])/DELTAx = rho * cp*A*(DELTAx)*dTdt[3]

“Node 4:”

sigma * epsilon * ((T_rad + 273)74 - (T[4] + 273)74)+ Kk*A*(T[3]-T[4])/DELTAx= rho *
cp*A*(DELTAx/2)*dTdt[4]

“Integrate using the INTEGRAL command:”

duplicate i=0,4
T[i]=T_ini+INTEGRAL(dTdt[i],time)

end
“To get the temps in Kelvin:”
duplicate i=0,4

TKelvin[i]=T[i] + 273
End
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Results:

time TKelvin[0] TKelvin[1] TKelvin[2] TKelvin[3] TKelvin[4]

[s] (K] (K] (K]
(K] (K]

0 298 298 298
298 298

15 299.4 301.6 315.3
384.2 729.2

30 307.2 317.6 368
531.7 891.3

45 327.5 350.5 438.9
641 996.8

60 361.5 3954 507.8
726.9 1067

75 405 446.3 571.8
795.6 1118

920 453.1 499.3 630.7
852.2 1156

105 502.5 551.9 684.7
900.2 1187

120 550.7 602.8 734.4
942 1212

135 596.3 650.9 780
979.1 1234

50 638.5 695.7 821.9
1012 1253

165 676.9 737 860.3
1042 1269

840 954 1063 1172
1282 1391

855 954.1 1063 1172
1282 1391

870 954.1 1063 1172
1282 1391

885 954.2 1063 1172
1282 1391
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Plot the temp variation in the wall with time:

R :
Temps within the wall at differenttimes
1600
1400
1200
—#—1t=0, Initial values
1000
——t=15s
g
= —k—t=30s
E 200
] ——t= 45 5
=3
500 ——t=60s
——1=90s
400 A —t=1205
; —#—t= B85 5, steady state
200 ——t= 1505
]
0 0.05 01 0.15 02 0.25 03 035
x(m)

000090O
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Prob.11.C.7. Solve Prob. 11C.4 with EXCEL:
Let us state the problem again:

Prob. 11.C.4. Consider a plane wall with k = 1.5 W/m.C, cp = 1000 J/kg.C, p = 200 kg/m~3, a = 7.5E-
06 mA2/s. Its thickness L = 50 mm. Initial uniform temp = 25 C. Suddenly, the boundary at x = L is
subjected to heating by a fluid at a temp of 50 C and h = 75 W/mA2.C. And, the boundary at x = 0 is
subjected to a heat flux = 2000 W/mA2. Take Ax = 5 mm and At = 20 s. Plot the temp distribution in
the wall for the initial condition, at t = 160 s, at t = 300 s and at t = 1300 s.

Adopt the Implicit, finite difference method.

Plane wall, T,= 25 C
k=1.5W/m.C,

" =7.5e-06 m"2/s
cp=1000 J/kg.C

) x/2 D=200 kg/m"3
—>/4(—
T,,=50C
Qier = 2000 W/m”2 < h=75 W/m”2.C
e [T, T, ) T, |T,
TS TS TS . » x
D | 1 2 ,J ﬂ( 10

Fig.Prob.11.C.4

EXCEL Solution:

We derive the difference eqns for Boundary Node ‘0; Internal Nodes 1 to 9, and Boundary Node 10, by

writing an energy balance at the respective nodes:

For Implicit method:
For Boundary Node 0’:
oo g kK & [To- Taso
Yurt AX @ 2 at
. - b L: 1 [ |
e Geprdn s kAT = Tol= = ={To = Toig of
(2-qpupaxFo + 2k Ty Fo + £ Ty gl
e | et O 1707 ¥ eld 0 __ForNode 0

In=
0 k-(2-Fo + 1)
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Here, T_old_0 refers to the temp T_0 at the ‘previous’ time step.

For Internal Nodes ‘1 to 9’:

T - T T = T k T = Toui
k'[%+k'[¥}=—-_ﬂ-{l—m] for i = 1to 9

Then, for Node 1:

k |
k{Ty = Ty) + &{Ty - Ty} = Ty ~ Ty_ota}

. 1
ie. (To - Ty} + Ty - Ty}= —- (T - T :
0~ 11 PR U 0} B W

IIHFD -+ I:FD -+ I]._D].d:

(2Fo + 1)

...Forinternal node 1 _.

Here, again, T1_old refers to the temp T1 at the ‘previous’ time step.

In EXCEL, now, it is very easy to write the eqns for Nodes 2 to 9: simply drag and copy from
Node 1.

For Boundary Node ‘10’

Ts — Tw _ k AX Tw - Tol-:,'-f)
AX ]+h (To= Tw) = o 2 [ At }

. k
e k{Tg-Ty) + h{Tie - Tygldx= — —(Tyy - T :
9~ Tqp, inf ~ T10 o 3 110~ T10_otd

a | =

(2 TgFo + 2h Tyye-AxFo + k- Ty )

ie. ...For Mode 10

Tio= -
(2k-Fo + 2-h-axFo + k)

Here also, T_10_old refers to the temp T_10 at the ‘previous’ time step.
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Note: In the above eqns, Fo is the mesh Fourier No. defined as:

p is the density, cp is the sp.heat.

EXPERIENCE THE POW
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Following are the steps in EXCEL Solution:

Numerical Methods in Heat conduction

1. Set up the EXCEL worksheet, enter data and name the cells:

| delta t - £ | 20
A B c B E

1

2 Data:

3 L 0.05 m

4 k 1.5  w/m.C
5 alpha  7.50E-06 m"2/s

6 T 25 |

7 T inf 50 C

g h 75 WimA2.C
9 q_left 2000  W/m*2.C
10 | delta_x 0.005 m

11 | delta t I 20 _Is

2. Now, enter calculations. No. of Nodes M and mesh Fourier No. Fo are calculated. Scheme

for calculations at different times is shown in the Table. Formulas used for different nodes

are also shown alongside for ready reference. Initial temperatures, i.e. at time = 0, are also

entered.
Fo - | fx | =alpha*delta_t/delta_x"2
B £ D E F G H | il K L M N
ik
2 Data:
5 L 005 m
4 k 1.5 wim.C
5 Iph 7.50E-06 m~2 2- -AwFo + 2k-TyFo+ kT
e i Ty= e Fe L old 0 ....For Node 0 ...
6 T:i 25 C k-{2Fo+ 1)
7 T inf 50 |c
3 h 75 W/m#2.C [TypFo+ TyFo+ T old} )
g q_left 2000  W/mr2.C i M N . _...Forinternal node 1 ..
L (2Fo+1)
10 delta_x 0.005 m
(2%-Tg-Fo + 2-h-T._.-Ax-Fo + k-T.
11 delta_t 20 s T { g .n nf o : 10_old)  ForNode 10 ..
12 [2k-Fo+ 2h-axFo+ k)
12 Calculations:
14 |No. of Nodes M 11
15 |Fourier Mo. Fo I ] _I
16
17
18 Node 0 1 2 3 4 5 6 T 8 o 10
19 x{m) o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
20 Time (s)/Temp (deg.C) 0 25 25 25 25 25 25 25 25 25 25 25
269
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3. Now, enter the time steps in column C, up to time = 1300 s. Part of that Table is shown

13 Calculations:
14 Mo. of Nodes
15 |Fourier No.

16

17|

18
15
20

22

23|

24
25

26|
27|

28

29|

30

x {m)

[Time (s)/Temp (deg.C) ]
21|

20

60

80
100
120
140
160
180
200

I Mew

Open

-
/
bl =~
H Save As
%] Prepare

Send

Publish

D E F G H 1 J K L M N
11
6
0 1 i 3 4 5 6 7y 2 a 10
o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
25 25 25 25 25 25 25 25 25 25 25

4. Now, since all the nodal eqns for implicit method will be solved by iteration, make sure that
iteration is enabled in EXCEL. i.e. Press Office button, go to EXCEL options:

&

- 0

4l

Recent Documents

1 Steady State _and Transient 1D Condn_Explic.. 1=
2 Prob.1D-SteadyState-Num-Methods--Assign.d-.. 1= I
3 Steady State _and_Transient_1D_Condn = |
4 Modified-1D-Trans_condn_Implicit_Prob.5.85 ... = |}
5 1DTrans-implicit-Prob.5.100-Incropera = |[§
6 1D0-Trans_condn_Implicit_Prob.5.85_Cengel =

]
7 ProblIC4 {=1
& Prob.1IAl5 {=1

[

[

[

[

2] Excel Options | | X Exit Excel
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Press EXCEL options:

Excel Options E]
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oy
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Formulas
Procfing Top options for working with Excel
Save Show Mini Toolbar an selection (i
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Personalize your copy of Microsoft Office

User name: Personal
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Software Solutions to Problems on Heat Transfer
Conduction - Part lll

Click on Formulas:

We get:

Numerical Methods in Heat conduction

Excel Options

Papular
- Formulas |
Proofing Calculation options
Save Waorkbook Calculation
@ Automatic
Adiante () Automatic except for data tables
Customize O Manual
Add-Ins

Trust Center ‘Working with formulas

|:| B1C1 reference style '
Formula AutoComplete (i
Use table names in formulas

Resources

Error Checking

Enable background error checking

Error checking rules

‘i‘f;! Change options related to formula calculation, performance, and error handling.

Use GetPivotData functions for PivotTable references

i i d Reset Ignored Errors
Indicate grrors using this color:

Cells containing formulas that result in an error
Inconsistent calculated column formula in tables '

Cells containing years represented as 2 digits

Mumbers formatted as text or preceded by an apostrophe
Formulas inconsistent with other formulas in the region G

Enable jterative calculation
Maximum Iterations: |1000 5
Maximum Change:  |0.00001 |

Formulas which omit cells in a region 0
Unlocked cells containing formulas ©
|:| Formulas referring to empty cells

Data entered in a table is invalid

OK

][ Cancel ]

Note that we have put a check mark on Enable Iterative Calculation, and changed the Max. Iterations

to 1000, and Max. change to 0.00001. Press OK.

5. Now, enter the eqn for Node ‘0> Eqn can be seen in the Formula bar:

B — i

D21 -
B C D | E F

13 Calculations:
14 No. of Nodes M 11
15 |Fourier No. Fo 6
16
17
18 Node o 1 2
19 x (m) 0 0.005 0.01
20 Time {s}/Temp (deg.C) 0 25 25 25
21| ZOI B.D??.I
22 a0

=(2*q_left*delta_x*Fo+2*k*E21*Fo+k*D20)/(k*(2*Fo+1))

G H I 1 K L M N
3 4 5 6 7 8 9 10

0015 002 0025 003 0035 004 0045 005
2% 2% % % 2 2% P13 %
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6. Similarly enter the eqn. for Node 1, and then drag-copy it up to Node 9:

srgina

Lunrny

E21 -
B C J K L M N
12 Calculations:
14 |Mo. of Nodes M 1
15 [Fourier No. Fo 6
16
117y
18 Node 0 sl 2 3 4 5 6 7 8 9 10
19 x(m) 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
20 Time (s)/Temp (deg.C) B = 25 25 25 25 25 25 25 25 25 25
21 | 20 40.124' 34, .I 30.930 28.132 25.855 23.722 21.375 18.423 14.376 8.558
2 a0 m
23 60
7. And, enter eqn for Node 10. Now, we see that all temperatures have adjusted themselves in
row 21:
NZ1 - f-I =(2*k*M21*Fo+2*h*T_inf*deIta_x*Fo+k*NZD}/’(2*k*Fo+2*h*delta_x*Fo+k}I
B C D E F G H I 1 K L M N
13 Calculations: \ j
14 No. of Nodes M 1 I
15 [Fourier No. Fo 6 :
16
aly
18 Node 0 1 2 3 4 5 6 7 8 9 10
15 x(m) 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
20 Time (s)/Temp (deg.C) 0 25 25 25 25 25 25 25 25 25 25 25
21| 20 41.328 36.022 32.552 30.342 29.022 28,372 28.285 28.745 29.828 31.?1?' 34.?25!
22 40
8. Now, it is very easy to complete the Table: Select cells D21 to N21 in row 21 and simply drag-
copy up to the time desired in column C: And, we get following Table: (only partly shown.)
B C D E F G H ! ) K L M N
18 | Node o 1 2 3 4 5 6 7 8 9 I 10 .I
19 x (m) o 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
20 Time (s)/Temp (deg.C) 0 2% 2% 2% 2% b1 25 2 2% 2% 2% b1
21 20 41.328 36.022 32.552 30.342 29.022 28.372 28.285 28.745 29.828 31.717 34,725
XX 40 30.412 44.503 40.007 36.753 34.567 33.306 32.868 33.193 34.259 36.064 38.593
2% 60 57.686 51.626 46.753 43.004 40.297 38.545 37.666 37.586 38.239 39.556 41.454
24 80 64.107 57.975 52.902 48.854 45.780 43.620 42.306 41.766 41.922 42.692 43.985
25 100 69.947 63.767 58.553 54.280 50.911 48.398 46.681 45.693 45.360 45.600 46.324
26 120 75.317 69.098 63.768 59.306 55.682 52.853 50.767 49.362 48.568 48.310 45.502
27 140 80.277 74.023 63.591 63.962 60.109 56.995 54.570 52.779 51.558 50.835 50.532
28 160 84.866 73.581 73.057 68.277 64.216 60.839 58.103 55.956 54,338 53.184 52421
Pz 180 89.116 82.804 77.195 72.276 68.024 64.406 61.383 58.906 56.921 55.367 54.177
30 200 93.056 86.717 81.031 75.984 71.555 67.715 64.426 61.645 59.320 57.394 55.807
31 220 96.707 90.345 84.587 79.422 74.830 70.784 67.250 64.186 61.545 59.276 57.320
32 240 100.093 93.709 87.885 82.611 77.868 73.631 69.869 66.543 63.610 61.021 58.723
33 260 103.233 96.828 90.943 85.567 80.684 76.271 72.298 68.729 65.525 62.641 60.026
34 280 106.144 99.720 93.778 88.309 83.297 78.720 74.551 70.757 67.302 64.143 61.233
35 300 108.8344 102.403 96.408 90.852 85.719 80.930 76.640 72.638 68.950 65.536 62.354
36 320 111.348 104.890 98.847 93.210 87.966 83.096 78.578 74.382 70.478 66.828 63.393
37 340 113.670 107.197 101.109 95.397 90.050 85.050 80.375 76.000 71.895 68.026 64.356
38 360 115.824 109.337 103.206 97.425 91.982 86.861 82.042 77.501 73.209 69.137 65.250
S 380 117.821 111.321 105.151 99.306 93.774 88.541 83.588 73.892 74.428 70.168 66.079
40 400 119.673 113.161 106.955 101.050 95.436 90.093 85.021 80.182 75.559 71.123 66.5848
41 420 121.391 114.867 108.628 102.668 96.977 91.543 86.350 81.379 76.607 72.010 67.560
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75 1100 141.641 134,986 128.352 121.740 115.148 108.577 102.024 95.488 88.967 82.460 75.964
76 1120 141764 135.108 128472 121.855 115.259 108.680 102.119 95.573 89.042 82.524 76.015
77 1140 141878 135.221 128583 121.963 115.361 108.776 102.207 95.653 89.112 82.582 76.063
78 1160 141.984 135.326 128.685 122.062 115.456 108.865 102.289 95.726 89.176 82.637 76.107
79 1180 142.082 135.423 128.781 122,155 115.544 108.8%47 102.365 95.795 89.236 82.687 76.147
80 1200 142.173 135.513 128.869 122,240 115.625 105.024 102.435 95.858 89.291 82.734 76.185
81 1220 142.257 135.597 128.951 122,319 115.701 105.094 102.500 95.917 89.343 82.778 76.220
82 1240 142.335 135.675 129.028 122.393 115.771 109.160 102.561 95.971 89.391 82.818 76.252
83 1260 142,407 135.747 129.098 122.451 115.836 109.221 102.617 96.022 89.435 82.856 76.282
34 1280 142475 135.814 129.164 122,525 115.896 109.278 102.669 96.068 89.476 82.890 76.310
85 1300 142,537 135.875 129.224 122.583 115952 109.330 102.717 96.112 89.514 82.922 76.336

Note that the temperature values obtained match very well with those obtained with EES.

9. Now, it is easy to draw the graphs:

a) Temp distribution in the slab at various times:

s, TEMPVS distance at various times

140

120

=

jala]

—#— Initial temps, t=0s

——i=160s

Temp ({deg.C)
o
o

=]
[==]

t=300s

——1t=1300s
40

D T T T T T 1
a 0.01 0.02 0.03 0.04 0.05 0.06

Distance, x (m)
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b) Temp variation of LHS and RHS of slab with time:

Variationof T_0 and T_10 with time

160 ~

140

120

100

80

—T_0

Temp (deg.C)

Bl —T_10

40

20

T e S S
0 200 400 600 800 1000 1200 1400

Time (s)
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Prob.11.C.8. A steel plate (o0 = 1.2 x 10° m*/s, k = 43 W/(m.C)), of thickness 2L = 10 cm, initially at
an uniform temperature of 250 C is suddenly immersed in an oil bath at T, = 45 C. Convection heat

transfer coeff. between the fluid and the surfaces is 700 W/(m?2.C).

a) How long will it take for the centre plane to cool to 100 C?
b) Draw the temp. profile in the slab at different times.

EXCEL Solution:

Let us divide the thickness in to 10 equally spaced divisions and solve by explicit method.

We derive the difference eqns for Boundary Node ‘0; Internal Nodes 1 to 9, and Boundary Node 10, by

writing an energy balance at the respective nodes. (See Ref. [1])

For Explicit method:

For Internal node ‘m) with heat generation:

(3,)" (40" 556

(T >i+1=Fo-{<Tm7 1>i+ (Tmﬂﬂ +(1-2Fo)-(T '+ For

m

where Fo is the mesh Fourier no. = a * At /A x/2, and q_ = heat gen. rate (W/mA3).

Eqn.(8.55) is the explicit difference eqn. valid for all interior nodes, 1, 2....(M-1), when there is internal
heat generation. Now, the new temperature T ' can be explicitly solved since the other terms involved

at the previous time step ‘f, are already known. Here, superscript i’ refers to ‘previous’” time step.

With no heat generation:

{Tm}i“:Fn-[ () {Tm+1}i] +(1-2Fa) (T} (856
For node ‘0’ with convection boundary condition:
Explicit formulation:
h~A-[Ta— (To)i] +kA w + (a)"A Ax oalc p-w (8.60)
Simplifying:

(Ty)'* ™= (1~ 2-Fo~ 2FoBi):(T ) + Fo{ 2:(T,)' + 2-Bi-T, + M (8.61)
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where Bi= 2% _ Biot number
k
In this particular case, heat generation, q, = 0
For node ‘10’ with convection boundary condition:

Since conditions on the RHS are identical to those on LHS, use the eqn for Node 0, i.e. eqn. (8.61), but
changing T_0 to T_10 and T_1 to T_9. Remember that q, = 0.

Stability criterion:
The limit on At is determined from mathematical and thermodynamic as follows:

“Coeflicients of all T ' in the T "' expressions (called ‘primary coefficients’) must be greater than or

>3
.

equal to zero for all nodes ‘m
Generally, boundary nodes with convection conditions are more restrictive and in such cases, coeff.
of T ' from the most restrictive eqn. must be considered for the stability criterion and the time step
At must be determined with respect to that coefficient.

Following are the steps in EXCEL Solution:

1. Set up the worksheet, enter data and name the cells:

deltax - % | 0.01
A B £ D E F G H 1 1 K £ M
it
2 Explicit method: For internal nodes:
3 With no heat generation:
4 Data: itl,_ i i i
. = = (Tm;\ -Fo-[(Tm_ 1} + (Tm+1;\ ]+(172-F0)-(Tm) ~..(B.AE)
6 I 0.1 m
7 h 700 W/m2.C For Node '0":
L w
8 K 23 w/m.c i N 1 {ag) (4%
T =(1-2Fo-2FoB) (T} +Fo|2-{T.V +2Bi-T + .....[B.B1
9 rho 7858  kg/m3 ( 0) ¢ ) ( 0} ( 1} & &EN
10 cp a2 Jfkg.C
_hax _ .
11 alpha 1.20E-05 m2/s whera Bi= = Bigt number
12 deltax I 0.01 _Im 4
13 deltaxn2f(2*alpha*(1+Bi)) 3.575051 s...stability critera  For Node '0": Use eqn. (8.61), butchange T 0toT_10andT 1toT 9.
14 deltat 2 5
15 Fourier No. Fo 0.24
16 Biot No. Bi 0.165485
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Note that stability criterion is also calculated, and it is equal to: 3.575; so, At is chosen as 2 s which is

less than that required for stability criterion. Also, we have provided a cell comment regarding stability

criterion as shown below:

12 deltax I 0.01 !m

13 deltaxn2/{2*alpha*(1+Bi)) 3.575051 s...stability deqn. (8.61).

14 deltat 2 < Deltat must be less than
this walue,

15 Fo 0.24

0 Bi 0.165485

Stability criteria from

2. Set up the worksheet, suitable for calculations of transient conduction, as shown below:

17
18
19
20
21
22
23
24

26
27
28

In the past four years we have drilled

81,000 km

That's more than twice around the world.

Who are we?

We are the world’s leading oilfield services company. Working
globally—often in remote and challenging locations—we invent,
design, engineer, manufacture, apply, and maintain technology
to help customers find and produce oil and gas safely.

Who are we looking for?
We offer countless opportunities in the following domains:

= Geoscience and Petrotechnical
u Commercial and Business

If you are a self-motivated graduate looking for a dynamic career,
apply to join our team.

careers.slb.com
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3. Now, after making sure that Iteration calculations are enabled in EXCEL, enter the eqn for
Node 0" in cell D21: See the formula bar in fig. below:

D21 ~ £l =(1-2*F0-2*F0*Bi) "D20+F0*(2*E20+2*Bi"Ta) | [
A B | Cc | D | E | F G H 1 J K i M |

13 deltax~2f(2*alpha*(1+Bi)) 3.575051 5...5tabili‘t‘\|r critera  For Node '0": Use eqn. (8.61), but change T 0toT 10andT 1toT 9.

14 deltat 2 s

15 Fo 0.24

16 Bi 0.165485

17

18

13

20
21

22

Note that while entering eqn for T_0 in cell D21, T_0_old refers to D20, i.e. T_0 at the previous step.
Take care to enter eqns in this way for cells E21 and N21.

4. Now, enter eqn. for Node 1 in cell E21 and then drag-copy it up to Node 9, i.e. up to

cellM21:
E21 ~ (2 fell =Fo*{D20+F20)+(1-2°F0)*E20 I
| C D THE | F G H I il K IE M N o]

13 3.575051 5...5tabi|if\¢l critera  For Node '0": Use eqgn. (8.61), but change T 0toT_10and T _1toT_S.

@M 2 s

15 024

16 | 0.165485

17

18

19

20 250 250 250 250 250 250 250 250 250 250 250 Initial temp.
2 233.?2' 250.00! 250.00 250.00 250.00 250.00 250.00 250.00 250.00 250.00

22 =

23

5. Now, enter eqn for T_10 in cell N21:
| N21 * (2 2 | :(1-2’FU-2’FU‘Bi}’N20+FU‘{2*M20+2’Bi’TaI
| B PR o - ER G | H 1 J K L M | N o}

13 | deltaxA2/{2*alpha*(1+Bi}) 3.575051 5...5tabi|i¥\¢r critera  For Node '0': Use eqgn. (8.61), but change T 0toT_10and T_1toT_9.

14| deltat 2 5

15 Fo 0.24

16 | Bi 0.165485

157

18|

19

20 250 250 250 250 250 250 250 250 250 Initial
21 | 233.72 250.00 250.00 250.00 250.00 250.00 250.00 250.00 250.00 ZS0.00I 233.72'
]

22| (i}
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6. Now, select the cells from D21 up to N21, and drag-copy downwards, up to the desired

time, say up to 510 s. Part of the Table is shown below. Observe how the temp in the centre

line of plate (i.e. Node ‘5’) changes. We have to continue till it reaches 100 C:

18
19

20 250 Initial
21 233.72 250.00 250.00 250.00 250.00 250.00 250.00 250.00 233.72
22 226.54 246.09 250.00 250.00 250.00 250.00 250.00 246.09 226.54
23 221.51 242,34 245.06 250,00 250,00 250.00 249.06 242.34 221.51
24 217.48 238.95 247.67 249.77 250.00 249.77 247.67 238.95 217.48
25 214.09 235.89 246.08 249,32 249,95 249.32 246.08 235.89 214.09
26 211.12 233.11 244.42 248.70 249.81 248.70 244.42 233.11 211.12
27 208.48 230.54 242.73 247.94 249.58 247.94 242.73 230.54 208.48
23 206.09 228.17 241.05 247.08 249.26 247.08 241.05 228.17 206.09
29 203.89 225.96 239.41 246.16 248.85 246.16 239.41 225.96 203.89
30 201.87 223.89 237.80 245.19 248.37 245.19 237.80 223.89 201.87

a1
32
33
34
35

199.98 221.94 236.24 24418
198.21 220.10 234.71 243.14
196.55 218.36 233.23 242,09
194.98 216.69 231.78 241.01
193.49 215.10 230.38 239.93

247.80 244,18 236.24 221.94 159.98
24717 243,14 23471 220.10 158.21
246.48 242,09 233.23 218.36 196.55
245.73 241.01 231.78 216.69 154.98
244.94 239.93 230.38 215.10 153.49

230 87.91 94.46 99.74 103.61 105.97 105.97 103.61 99.74 94.46 87.91
231 87.65 94.16 99.40 103.25 105.59 105.59 103.25 99.40 94.16 87.65
232 87.38 93.85 99.06 102.89 105.22 105.22 102.89 99.06 93.85 87.38
233 87.12 93.55 98.73 102.53 104.85 104.85 102.53 98.73 93.55 87.12
234 86.86 93.25 98.40 102.17 104.48 104.48 102.17 98.40 93.25 B86.86
235 86.60 92.85 98.07 101.82 104.11 10411 101.82 98.07 92.95 B86.60
236 86.35 92.66 97.74 101.47 103.75 103.75 101.47 97.74 92.66 86.35
237 86.09 92.36 97.42 101.12 103.38 103.38 10112 97.42 92.36 86.09
238 85.84 92.07 97.09 100.78 103.02 103.02 100.78 97.09 92.07 85.84
239 85.59 91.78 96.77 100.43 102.67 102.67 100.43 96.77 91.78 85.59
240 85.34 91.49 96.45 100.09 102.31 102.31 100.09 96.45 91.43 85.34
241 85.09 91.20 96.13 99.75 101.96 101.96 99.75 96.13 9120 85.09
242 B84.84 90.92 95.82 99.41 101.60 101.60 99.41 95.82 50.92 B84.84
243 84.59 90.64 95.50 99.08 101.25 101.25 99.08 95.50 90.64 84.59
244 B84.35 90.35 95.19 98.74 100.91 100.91 98.74 95.19 50.35 84.35
245 84.11 90.07 94.88 98.41 100.56 100.56 98.41 94.88 90.07 B84.11
246 83.86 89.80 94.58 98.08 100.22 100.22 98.08 594.58 89.80 83.86
247 83.62 89.52 94.27 97.75 99.88 99.88 97.75 54.27 89.52 83.62
248 83.39 89.24 93.97 97.43 99.54 99.54 97.43 93.97 89.24 83.39
249 83.15 88.97 93.66 97.10 99.20 99.20 97.10 93.66 88.97 83.15
310 7115 75.14 78.36 B80.71 82.15 82,15 80.71 78.36 75.14 7115
311 70.99 74.95 78.15 80.49 81.92 81.92 80.49 78.15 74.95 70.59
312 70.83 7477 77.95 80.27 81.70 81.70 80.27 77.95 7477 70.83
313 70.67 74.59 7774 80.06 8147 8L.47 80.06 7774 74.59 70.67
314 70.51 7440 77.54 79.84 5124 8124 79.54 77.54 74.40 70.51
315 70.35 74.22 77.34 79.63 81.02 8102 79.63 77.34 74.22 70.35
316/ 70.20 74.04 77.14 79.41 80.80 80.80 79.41 77.14 74.04 70.20
317 70.04 73.86 76.94 79.20 80.58 80.58 79.20 76.94 73.86 70.04
318 69.89 73.68 76.74 78.99 80.36 80.36 78.99 76.74 73.68 69.89
319 69.73 73.51 76.55 78.78 80.14 80.14 78.78 76.55 73.51 69.73
320 69.58 73.33 76.35 78.57 79.92 79.92 78.57 76.35 73.33 69.58

We see that the mid-plane temp reaches 100 C after about 457 s.....Ans.

And, at that time, surface temp is about 83.3 deg.C
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7. Next, draw plots in EXCEL:

Numerical Methods in Heat conduction

Variation of mid-temp (T5) with time
300
250 A
T 200 -
Fig
E 150 A
3
E 100 A
50 A
D T T T T T T T T T 1
0 50 100 150 200 250 300 350 400 450 500 550 600
Temp of plate at differenttimes
300
250 —#— at time - 0 s, Initial
temps.
(7
I;J:u 250 —l—attime =30s
E 150
=
E_, 1653 —&— at time = 2 min.
K —— gt time =5 min.
0
0 002 004 006 —&— at time =10 min.
Distance, ® (m)

11D. Two-dimensional, transient conduction:

Prob. 11.D.1. Consider 2D transient heat transfer in a L-shaped solid bar, initially at a uniform temp

of 140 C (see Fig.). k = 15 W/m.K and a = 3.2 x 10~-6 m/2/s. Heat gen. rate qg = 2 x 10A7 W/mA3.

The right surface is insulated and the bottom surface is maintained at a uniform temp of 140 C at all

times. At time = 0, entire top surface is subjected to convection with ambient air at Ta = 25 C and

h = 80 W/mA2.K and left surface is subjected to uniform heat flux of 8000 W/m2. Nodal spacing is

Ax = Ay = 1.5 cm. Using Implicit method, determine the temp at the top corner (Node 3) after 2, 5 and

30 min. (Ref. 3]
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Comvection

i

]

=
Insulatism

Fig.Prob.11.D.1

Mathcad Solution:
Data:
A :=0015 m
Ay :=0015 m
T, :=23 C.....ambient temp.

h:=80  W/mZ2.C)...__heat transfer coeff.
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k=13 W/i(m.C)... thermal cond.

-6

=32-10

=]

m"2(s ._. thermal diffusivity

Qg =2.100 W/m*3 . heat gen. rate

Qiefp = 8000 Wim*Z. . heat flux on left surface

T pottom = 140 C._.const temp at bottom surface

Initial values of temps in all nodes: 140 C. i.e.

Tlp=140 T2p:=140 T3,:=140 T4p:=140 T5,:=140

T8p:=140 C

MNodes are represented by numbers 1, 2, .

Numerical Methods in Heat conduction

T6p:=140 T7,:=140

Let us adopt Implicit” method of finite difference solution, so that there is no restriction on the

value of time step, At

Let: At:=3 s

We shall develop finite difference eqn. for each node by writing the energy balance for the corresponding

elemental volume around that node, and solve the resulting equations with solve block of Mathcad.

T1, T2....T8 are the temps at the ‘next’ time step.

Start with guess values for T1, T2, .... T8:

T1:=150 T2:=130 T3:=130 T4 =130 T3:=130 T6:=130 T7:=130
TS =150 ...guess values of
temperatures
Given
Mode 1:
. ) . ) T T A
Ay Ax Ay (T2-T1 Ax (T4-TI1 Ay Ay R JAx Ay 0
qleﬁ'_} + h-_-{l' a— 1'1} + L_}—[ ) + L_—[ ) +q E-_-_-=_.(_-_}) { }
2 2 2 i 2 Ay =2 2 g2 2 At
Mode 2:
_ - . . W T2-T2
: -T2 ; -T2 -T2 ; :
k-'ll'_}-—[n ) + h-_'-.x-{T a~ 1'2} + k-j'_}-[IJ ) + Lc-_\.:':-[l—:I ) +4 g'ix-j'—}'k-(_\.x-j'_}) { D}
2 Ay 2 Ax Ay = 1 oa 2 At
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Mode 3:
iy (T2-T3) A Ay 4 Ax (T6-T3) i by _k {ax ay) {T3- T3q)
i St T Y it '{Ta_ 1'_.,}+k._.—+qg._._-=_ I
2 Ax 2 2 2 Ay =2 2 g l2 2 At
Mode 4:
- 5 T -T4 ' i T4-T4
A (T1-T4 T5-T4 A hott A ko hx 0
qleﬁ'_".'_‘.-"+ k—¥+ki}'¥+k_ & + qE__'.._=_(__'..}-){
2 Ay Ax 2 Ay = 2 o 42 At

Mode 5: ‘

5 5 5 T - T3 . T5-T5
— 2 _ —
ey (=T L (T2-T5) (TS ra}“_ﬁ_[ bottom ]+qg.ﬁ.i},=&.(ﬁ.i},}_{ J

Ay Ay Ay Ay o At
Mode 6:
: . CeTa T ) . (T6- T6
ey EI0 [ (5, ) r, 1 210  TT9 K (g 3) (8- T60)
Ax 22 2 oy 2 o 4 At
T - T6 ;
T L + qE__-,_x._-..}.-.i
Ay = 4
Mode 7:
Ay (T6- TT) Ay (TS— TT) {T bottom = T7) by _k ety (07 7o)
k-—'-—'+h-_'-.x-{1'a— r?}+k-_-- 4 kdxe rq ¥R
2 2 iy 22 a2 At
Mode 8:
Ay (TT-T8) | & s {T bottom = T8) iy _k txay (18- T8
i el +h'_'{ra_ 1'9}_,_1,;._. +q, L= 7.
2 Ax 2 2 Ay = 4 o 4 At

Temp{Tl . T2 0, T3 4. T4 . T35 . T6 . T7 . T8 5} =Find({T1, T2, T3, T4, T3, T4, T7. T8
P O 2=0: 202702025027 0220

Note: Node temps. after one time step are stored in vector "Temp', written as
afunction of starting temps..

We get, after one time step:

[ 160.792 ]
159.792
158.497
160.848
150.39
158.614
157.428

| 137.366 |

Temp(T19.T2.T3 . T4 . T5.T6 0. T7 . T8 g} =
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O the RHS, we have temperatures T1, T2,... T8 from top downwards.

Now, to go to the next time step, use the values of T1, T2, .... T8 obtained above as the ‘old’ temp and
apply the Solve Block again.

We write a small Mathcad program to do this:

Impleit_Temp{n) = [ T1— 140

T2— 140

T3~ 140

T4— 140

T3— 140

T6— 140

T7— 140

T8.— 140

i—0

while i<n
TTemp— Temp{T1, T2, T3, T4, T3, T8, T7,T8)
T1—TTemp,

T2— IIempl
T3 TTemp,
Td— IIemps
T3 TTemp,
T6— TTemp,
T7—TTemp,

T8—TTemp.

i—it 1
(i ati TI T2 T3 T4 T3 T6 T7 T8)

In the above program, LHS defines the program as a function of n, the no. of time steps. (Remember

each time step = 5 s).

In the RHS, first 8 lines define the initial temps to the 8 Nodes.

Then, a while loop is used wherein the earlier defined Temp (T1, T2,...T8) Solve Block is called and is

assigned to a vector TTemp. Its elements contain the newly calculated Node temps.

In the next 8 lines, old T1....T8 are updated with these new values; and, the Solve Block is called

successively till the desired no. of time steps are covered.
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Conduction - Part lll Numerical Methods in Heat conduction

Results for n = 0, 1, 6, 24, 60 and 360 time steps are given below:

i = step no.; At = one time step = 5 s; t = time duration from beginning =1i. Ar, s

ot T T2 T3 T4 T8 76 T7 To

Impleit_Temp(0) = .
0 (0 140140140 140 {140 140 {140 ;140 -Initial temps.

Implcit Temp(1) =

15 i160.792:159.792:158.497: 160.848 | 159.80; 158.6141 157 428157 366

Implcit_Temp( 6) =

6 30 [236.169i251.438]243.361 246268 241.7221230.769:216.98: 215473

Implcit_Temp(24) =

24 1120 [467.461454.1571424.039 409,675 305.8251350.303 1 285.087 273680

Implcit_Temp( 60) =

60 1300 (379.0691359.515]514.699 4019361 471.476} 403,85 305.905287.1091

360°
thinking.

Deloitte.

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiiated entities.
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Impleit_Temp{ 360) =

360 1184107 596,312 575.718 1 528,544 504.611 483,066 411,936 308847} 288 860

Thus, we see from the above that temp of top corner of the body, i.e. T3, after 2, 5 and 30 min (i.e. time

step n = 24, 60 and 360) are, respectively, as follows:

T3 = 424.039, 514.699 and 528.544 C...after 2, 5 and 30 min..Ans.

To plot T3 against Time:

Modify the above program slightly, to return T3:

Implicit_ TempT3(n) :=[ | T1—140

T2— 140

T3— 140

T4— 140

T3— 140

T 140

T7— 140

T8.— 140

ATemp T3.;.‘— 140
1—10

while i<n
TTemps— Temp{T1, T2, T3, T4 T3, T4, T7,T8)
T1—TTemp,

T2 TTempl

T4 TTemp,
T5—TTemp A
T6— TTemp,
T7—TTemp,
T8—TTemp.

ATemp T31+ =I5

ATempT3 — 140

return ATempT3
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Above program returns a vector called ATempT3 wherein only the values of T3 are stored for each

time step.

TTempT3 =Implicit TempT3(360) . Store the T3 values for 360 time steps (i.e.
1800 s} in the vector TTempT3

TTempT3, = 140 _.check: temp at time step 0

TTempT3,, = 424039 _check: temp at time step 24

TTempT3, = 528544 _check: temp at time step 360

Now, draw the Plot:

1:=0,1.360 __define range variable i, i.e. time step

Temp. T3 vs Time

550

500 al

450

Temp. T3 (deg.2)

J.Sﬂlr

200

150

100

0 100 200 300 400 500 600 TOD BOD O0D 1000 1100 1200 1300 1400 1500 1600 170D 120D

Tims (3)
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FEHT Solution for the above problem:

Node positions:

Convection
Convection
Heat flux Convection
8000 W/m"2 i
S Insulated
T=140deg. C

REALLY

Grant Thornton—a'great place to work.

We’re proud to have been recognized as one of Canada’s
Best Workplaces by the Great Place to Work Institute™ for
the last four years. In 2011 Grant Thornton LLP was ranked
as the fifth Best Workplace in Canada, for companies with
more than 1,000 employees. We are also very proud to be
recognized as one of Canada’s top 25 Best Workplaces for

Priyanka Sawant

Women and as one of Canada’s Top Campus Employers. Manager

GREAT
Il
1o, -
i~ -kt
. . ° Grant Thornton
Audit « Tax « Advisory ;
www.GrantThornton.ca/Careers An instinct for growth

© Grant Thornton LLP. A Canadian Member of Grant Thornton International Ltd
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Node Numbers:

Convection

ARG T DO E TN,

eCrET B Bonn s .
S Conveoti
(aalars i e oa (o oo Balass a0 o 1 e
%%%%é%&%é%%i%%% Convection

Heat flux it
e e e e B b e e R R e B R
8000 W/im"2 it ol Ay

ﬁ'&o{sgguﬁm;@iuﬂa@m@m@ax@g@mgngmsx@:@;a"?j:en

Insulated

Ll

1T=140deg. C

Note that top edge is Node No. 2. in the above set up.

Node Temps after 120 s:

Temps after 120 s

_______ e i Qe S A )
DEMEEOPETENEE ONEEEDIEOTREYDE0Y
EeGprect Taeticn ree j7en Eesn s e

Note that temp of Node 2 after 120 s is: 444 deg.C. Compare this value with 424.04 C obtained with
Mathcad.
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Temps after 300 s:

Temps after 300 s

_____ T S P T A AN 1 AT (DN AR ST AR T e Iy 9

0 0 0 G 0 0 B N, e
el
(iodiodsas yor bodsodsss Saspotlasdsad 7 rdae nso bas dad a1 Bos hod oo s B a7 071 05 057 05 bes 0o
T T e Ty O Y e By Yy S O e o ) S S ) o ey e R FE T O
B TR BV SN SIS RS RS By
e R e
(I3 a0 a0 g 19030140 )30 10) a0 140 N30 1903 30 140 38120 )3 190 ) 8, 0 ) i 1202 140 T3 190} 14043 140 20)

Note that temp of Node 2 after 300 s is: 542 deg.C. Compare this value with 514.7 C obtained with
Mathcad.

Temps after 1800 s:

Temps after 1800 s

(11 et Jeod sos ool soe e sel Jasaa kdema pidoe ki)
eg ot e D e
i R
BCoes aor AorReED
GO Seses b il (il i)

P 9 A0y oy Ry Py ANy Y O Y A ey S AT g S AT O T D T D)

B CEDEeD e D et son P02
D SRS SOt PEr BT e RTaE DD
B SRR A S RRE P P ECEEEEEeE
(o e oo Lo o b0 oo e i e e 4 52 oo 68 i 52 1)
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Note that temp of Node 2 after 1800 s is: 556 deg.C. Compare this value with 528.5 C obtained with
Mathcad. (Difference = 5.6%)

Temp of Top corner Node (i.e. Node no. 2) against time:

700.0

Temp of Node 2 against Time

600.0

500.0

400.0

Temperature [°C]

300.0

200.0

4
0 360 720 1080 1440 1800
Time [sec]

100.0

The Wake
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Temp contours in the L-bar as colour bands after 1800 s:

#=606=7.93 cm 1600 sec 140.0 W187.9 W 2359 I 2838 [ 331.7 003797 04276 (14755 (15234 [0571.4 @193 °C

Temp contours in the L-bar as Iso-potential lines after 1800 s:

Min = 187.9 C, Max = 619.3 C

;
A
sm12¢
T §232C =
T amsc T
e el ]
. T wric" s e
T TansC o
- = 7 32:6C T T
- e/ T 7 m%C.—7 S
I S b 23626C _ .— 7 T
— _ 77 1879c

Prob.11.D.2. : Consider a long solid bar (k = 28 W/m.K and a = 12 x 10A-6 m~2/s) of square cross-
section (size: 20 cm x 20 cm) that is initially at a uniform temp of 20 C. Heat is generated in the bar t a
rate of qg = 8 x 10A5 W/mA3. 4 sides of the bar are subjected to convection to ambient air at Ta = 30 C
and h = 45 W/mA2.K. Using Explicit finite difference method and a mesh size of Ax = Ay = 10 cm,
determine the centre temp of the bar after 20 min. Also, find out when steady state temp is reached.
[(Ref. 3)]
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h, Ta
1 2 3
ag
4 5 5
h, Ta 1 h, Ta
10 cm
10 cm
|8 3
h, Ta

Fig.Prob.11.D.2

Mathcad Solution:

Data:

T, =30 C.....ambient temp.
h =43 Wi(mZ2.C)..._heat transfer coeff
k=28 W/(m.C)...thermal cond.

o= 12-100°  mr2fs . thermal diffusivity

g =810 W/m*3 ___ heat gen. rate

Initial values of temps in all nodes: 20 C. i.e.

Tlg=20 T235:=20 T3p:=20 T4:=20 T5;5:=20 T64:=20 T7,:=20

T8p=20 T8p:=20 C

Nodes are represented by numbers 1, 2,.....9.

Temps at these nodes have to be found out.

We observe that there is symmetry along the vertical and horizontal centre lines.

ie. T1=T3=T7=T9,and T2 = T4 = T6 = TS.

Therefore, we need to find out only three temps, viz. T1, T2 and T5.

So, consider only one -quarter of the section, i.e. the square area 1-2-5-4. For this section, faces 2-5 and

4-5 are symmetry lines, i.e. these faces can be considered as insulated.
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Let us adopt ‘Explicit’ method of finite difference solution.

So, now, there is restriction on the value of time step, At, which should be properly chosen to prevent
numerical oscillations.

We should see that At should be such that the coeff. of T in the most restrictive node (generally, adjacent

to a node with convection) is more than zero:

In the present case, Node 3 is subjected to convection from both sides.

The stability criterion for a corner node subjected to convection on both sides is:

Fn-[1+Bi}<_41- where Fo = mesh Fourier No_, and Bi = Biot Mo.

=2 At Bi=2 20 161
2 K

Fo

Therefore: _‘;t{i-;
o 4{1+Bi)

=3 At<170443 s

i.e. use any timestep less than 179 s from stability criterion.

> RBS Group

CAREERKICKSTART

An app to keep you in the know

Whether you're a graduate, school leaver or student, it’s a difficult time to start your career.

So here at RBS, we’re providing a helping hand with our new Facebook app. Bringing together
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to help you get on the career ladder — whatever your level of education, degree subject or
work experience.

And it's not just finance-focused either. That's because it's not about us. It's about you.
So download the app and you’ll get everything you need to know to kickstart your career.
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Click here to get started.
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Let us use: At =80 5

Then: Fo =2 ":‘t ie. Fo=0072 __ Fourer No.

Ax

We shall develop finite difference eqn. for each of the three nodes, viz. 1, 2 and 5 by writing the energy
balance for the corresponding elemental volume around that node, and solve the resulting three equations

with solve block of Mathcad. T1, T2, T5 are the temps at the ‘next’ time step.

Start with guess values for T1, T2, T5:

T1:=100 2 =100 :=100 C..guessvalues

Given ‘

—“_{Dﬂ'nﬂhfg_ =kl(_.,‘x._.‘l}__).{I1-Ilﬂ}
At

T2y- T1 )

oot w3 myg e 20T (Por o)y

since T4 =T2.

2 2

|
l},_{r19_ T2 5,) +k._~.,x_(1'5:|- 2 n} LAty ok

. o (T2-T2,
Node 2: h-%}‘-{ra_rz o) A : e =g ii)%
noges k{2070 kay {Po- T} s ay == (_u sy} (-]
2 Ay 2 Ax 22 Bl 2 At

Temp(T1,.T2.T5 o} :=Find(T1,T2.T3)

Note that Temp is written as a function of initial temps T10, T20, T50. It helps in finding out ‘new temps’

at successive time steps as shown later.

We get:
41054
Iemp{]fl 0:T2¢.T3 ﬂ} =| 40803 _...On the RHS. we have: Temps T1.T2, T5 after 1
40571 time step of 60 5
61.028
. 2 i T 5 -..Here, on the RHS, we have: Temps T1.T2, T5 after
Temp{41.034_40.805,40.571) =| 61.124 2 time steps, i.e. after 120 &
61209
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Now, to go to any desired time step, use the values of T1, T2, T5 obtained above as the ‘old’ temp and

apply the Solve Block again.

We write a small Mathcad program to do this:

Expleit Tempin) = |T1—20

T2-20

T5~—20

TempT3,— 20 Store the temps TS in_ a separate

vectar called TempTs

i—10

while i<n
TTempe— Temp{T1 T2 T3)
Tl— l'l'va:r:ﬂq:-_:I
T2— TTEmpl
T5—TTemp, 77777 7oooooooooooooooo
TempT5, :—l'i __.Add the value of TS at each

i+1 time step to the vector TempT5

i—it 1

retumn T3 ...To get anly the value of T4 at

the given time step

T5 at start, i.e. time step = 0:  Esplcit Temp({0) =20 C

T5 at time step = 1, i.e. after 1 min:  Expleit Temp(1) =40.371 C
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Similarly:

Time T3
{rmin.}

Expleit_Temp(10) =217227 C
Explcit_Temp(15) =302.769 C
Expleit Temp(20) =379314 C

Explcit Temp(25) =44774 C
Expleit_ Temp(30) = 508890 C

Expleit_Temp(40) = 612414 C

]

Expleit_Temp( 50) = 695.101

Expleit_Temp(60) =761.151 C

Numerical Methods in Heat conduction

Explcit_Temp( 360} = 1.023-10° G . _after 6 hrs.

To plot T5 against Time for say, 6 hrs (= 360 time steps):

Let us slightly change the above program, to return stored values of T5:

Expleit TempT3i(n) = |T1+« 20
T2 « 20
T3« 20

TempI'iD «— 20
110

while 1< n

Tl « TTempD
T2 « I'Templ
T5 « I'Temp:

Temp Tji+ = T3

ie—i+1

Store the temps T5 in a separate
vector called TempT5s

TTemp +— Temp(T1,T2.T5)

_Add the value of T4 at each
time step to the vector TempT5

i ...To get all the stored values of
retumn TempT3 T5 till the end of given time step
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Now, the vector TTempT5 shown below contains all values of T5 for the 360 Timesteps:

TTempT5 = Expleit_TempT3(360)

Now, plot T5 against Time:

i:=0,1.360 ....define the range variable i

Temp. T3 vs Time

1200

1150

1140

1050

g
E /
= 650
T
wy
= 00 f
£ 550 f‘
2 s J’.
450 j

300 J‘
/

ol
|
/
J

0 20 40 &0 B0 100 120 140 160 12O 200 220 240 260 2B0 300 320 340 360 320 400

Time (min.)

We observe from the graph that the steady state is reached after about 240 min. (= 5 hrs), and at
that time, T5 = 1023 deg. C.
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Solution to the above problem by Finite Element Heat Transfer (FEHT) software:

Node positions:

Node|positions;

Convection

NS s°:;3§g§°
A SRS S S SCOS,
e A O
e A O )
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o N O OG0
g“@&@&@m%s‘eﬁaﬁo Tnsulated
NSNS AN
S N e e

S e
S CE SR e SO
eSS oo SeSeSeReSe
9&@\‘@&@\‘9&@\‘9&@\‘@
PSS NS S NS e
IS RS ot S

Insulated
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Temp at Node 3 after 20 min:

Temps after 20/min.;

e e
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Note that temp T5 (at Node 3) is 369 C. Compare this with T5 = 379. 3 obtained earlier with Mathcad

calculations.

Temp after 60 min.:

Temps after 60|min.;
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Note that temp T5 (at Node 3) is 747 C. Compare this with T5 = 761.2 obtained earlier with Mathcad
calculations.

Plot Temp T5 vs Time:

1100

Temp T5 [Node 3] vs Time

990

Temperature [°C]

4
0.000 1.000 2.000 3.000 4.000 5.000 6.000
Time [hr]

Note that steady state temp is reached after about 4 hrs, and its value is: about 1015 C. Compare
this with T5 = 1023 C obtained with Mathcad.

‘mtiia iA)gl Graduate

Find out more and apply

redefining / standards
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Prob.11.D.3. A long concrete beam of triangular cross-section is shown, with the two short faces
measuring 20 cm each. It is initially at a uniform temp of 20 C. Suddenly, one of the short faces and

the long face are exposed to hot gases at 400 C with h = 10 W/m»2.K; the other short face is insulated.

After one hour of exposure, where do the highest and lowest temperatures occur? Plot the variation of

these temperatures from time = 0 to 3600 s.

FEHT Solution:

Node positions:

Node Nos.:

Convection

I
Insulated Sﬂna\‘\,
AN NN GIN
ENANANANENEN ANAN
JANANANAVANAN AN AN AN
INISININININININISING

Convection

°'
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Temps after 3600 s:

AN
NN NN NN
SN NN NN
SONNS SN
NS SN N N
NSNS NN

'

We observe that after 1 h, highest temp is 381 C occurring at Node 3 and lowest temp is 86 C
occurring at Node 8.

Plot of variation of T3 and T8 with Time:

$

T3

1
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00000000000000000000000000000000
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Temp. contours in the beam after 1h:

%=16.4Y=21.2cm 3600 sec 26,05 I 145.0 I 204.0 I 263.0 I 2220 I GE1.0 °C

Temp. contours after 1 h
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Prob.11.D.4. Consider a long solid bar (k =28 W/m.K and a = 12 x 10A-6 m~2/s) of square cross-section
(size: 20 cm x 20 cm) that is initially at a uniform temp of 20 C. Heat is generated in the bar t a rate of
qg = 8 x 105 W/mA3. 4 sides of the bar are subjected to convection to ambient air at Ta=30 Cand h =
45 W/mA2.K. Using Explicit finite difference method and a mesh size of Ax = Ay = 10 cm, determine
the centre temp of the bar after 20 min. Also, find out when steady state temp is reached.

[(Ref. 3)]

h, Ta
2 3
qg
4 5 &
h, Ta ¢ h, Ta
F10 cm
I LA 3
h, Ta
Fig.Prob.11.D.4

This is the same Problem as 1ID.2.
But, let us work it out in EXCEL:

Nodes are represented by numbers 1, 2,.....9.

Temps at these nodes have to be found out.

Because of symmetry along the vertical and horizontal centre lines, we have:
T1=T3=T7=T9,and T2 = T4 =T6 = T8.

Therefore, we need to find out only three temps, viz. T1, T2 and T5.

Let us adopt ‘Explicit’ method of finite difference solution.
Now, finite difference eqns:

‘Explicit’ finite difference eqns are derived by applying heat balance at each node, remembering to

consider all heat flows as flowing in to the node:

For Node 1: This is subjected to convection on both sides. We get:
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Here, subscript ‘0’ refers to ‘previous’ time step.

. .k . Ax k Ax .
ie.  hax({Ta-Tlp)+—-(T2p- Tlyp+ T2y - Tlp) + — ge= — ——(T1 - Tlp)
- T T4 a4t '
since Ax=ayand, T4=T2 and o= k
p-cp
. . . _‘L‘i‘-q 1 . h-Ax
ie.  BifTa- Tig)+ (T2 - Tlg) + f= —(T1-Ti) where  Bi= ——
- S 4k 4Fo " : k
. . ) ) —*'-":*"ZIE
Le.  Tl=4Fo[Bi|Ta- Tip)+ (T2 - Tlp) + CL| + Tlp where  C1 = o
For Node 2: This is a surface node, subjected to convection. We get:
:  (Tlo—T2p)  k-ay (T30- T2p) (T3p - T2g) .- Ay (T2-T
hodw(Ta- Tog) + k2 n 0" 0 oy 1R07 0 e O e B s B A
: : 2 Ax 2 Ax Ay 2 F w2 At
_ : : : 1 _
e. Bi(Ta~T2) +(Tig - T20) + (TS0 - T20) + 2C1= —(T2 - T)
. ) L . T Fo " .

le. T2= T2+ 2Fo[Bi{Ta- T2+ (Tlp- T2} + (T5g — T2} + 2-C1]

For Node 5: This is an internal node. We get:

2 2 (T3 — T5p)
1k{T20 - T5p) + Ax -ge= —-AF —
’ ' I - At

T5 - T5g

e 4(T2p- Tip) + 4Cl=

ie.  T3=T3p+ 4Fo(T2n- T3p+Cl)

Stability criterion:

While adopting ‘Explicit’ form of solution, there is restriction on the value of time step, At, which should

be properly chosen to prevent numerical oscillations.
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We should see that At should be such that the coeff. of T in the most restrictive node (generally, adjacent

to a node with convection) is more than zero:

In the present case, Node 1 is subjected to convection from both sides.

Eqn for T1 can be re-written as:
Tl= [-4-Fo-(Bi+ 1) + 1]- Tlp + 4Fo-(Bi-Ta + T2 + C1)
Therefore: equating the coeft of T10 to zero, we get:
Fn-[1+Bi}<£ where Fo = mesh Fourier Mo, and Bi = Biot Mo.

oAt _h-Ax

Fo Bi =0.161
Ax k
Therefore: jt{i ;
a 4{1+Bi)
=3 At<170443 s

i.e. use any timestep less than 179 s from stability criterion.
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Let us use: At =80 5

Then: Fo =22t ie. Fo=0072 __ Fourier No.

Ay

Following are the steps in EXCEL calculations:

1. Set up the EXCEL worksheet, and name the cells:

Biot a I | =h*deltax/k
A B C D E

1 4

2 Data:

3 4

a k 28 W/m.C

5 | Ta 30 c

6 alpha  0.000012 m2(s

7 | h 45  w/m2.C

3 qe  8.00E+05  W/m3

9 | deltax 0.1 m2/s

10 deltat 60 s

11 | Fo 0.072 Fourier Mo.

12 Biot I 0.160714 .I Biot No.

13 . C-1 71.42857

14 T initial 20 C

2. Prepare the scheme for calculations. Make calculations for Biot No., Fourier No. And

constant C_1 as shown. Enter the initial temps also.

Biot - \ Je | =h*deltax/k

A ] el o F F G Ho |1 1 K L | ™
4 k 28 W/m.C R
5 Ta 10 c - AX -qg
: alpha  0.000012 m2/s Tl=4Fo [131 (Ta - T1p) + (120 - r1o}+c1:|+ Tl where C1 = “_*
7 h a5 W/m2.C
] qg 8.00E+05  W/m3 For Node 2:
9 deltax 0.1 m2/s y - 1 "
0 doli 5 < T2= T2 + 2-Fo Bi{Ta - T2g) + (Tlp - T29) + (T3p - T2} + 2-C1]
11 Fo 0.072  Fourier No.
12| Biot I 0.160714 _I Biot No. For Node 5:
13 L 71.42857
14 T_initial 20 C T3 = T3p+ 4Fo(T2 - Ty + Cl)
15
16
17 Temperatures
18 TimeStep Time (s) T1 T2 T3 T4 T5 T6 T7 T8 T2
15 0 1] 20 20 20 20 20 20 20 20 20 Initial temp.
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3. Now, enter the eqn for T1 in cell D20, for T2 in cell E20n and for T5 in cell H20. Corner
temps T3, T7 and T9 are set equal to T1. Mid-face temps T4, T6 and T8 are set equal to T2.

Eqn. for T5 can be seen in the Formula bar in the screen shot below:

16
17 Temperatures
13 TimeStep Time (s) T1 T2 T3 T4 5 T6 T7 T8 T9
19 0 o 20 20 20 20 20 20 20 20 20 Initial temp.
20 1 60 41.034 40.803 41.034 40.803 I 40.571 .I 40.803 41.034 40.803 41.034
21 2 120

4. Now, select cells B19 to L19 and drag-copy for 20 time steps (i.e. 20 min. since each time

step = 60 s). The temp values are immediately calculated:

17 Temperatures
18 TimeStep Time (s) T1 T2 T3 T4 5 T6 T7 T8 19
19 0 o 20 20 20 20 20 20 20 20 20 Initial temp.
20 1 60 41.034 40.803 41.034 40.803 40.571 40.803 41.034 40.803 41.034
21 2 120 61.028 61.124 61.028 61.124 61.210 61.124 61.028 61.124 61.028
22 3 180 80.191 80.974 80.191 80.974 81.756 80.974 80.191 80.974 80.191
23 4 240 98.665 100.366 98.665 100.366 102.102 100.366 98.665 100.366 98.665
24 g 300 116.548 119.314 116.548 119.314 122.174 119.314 116.548 119.314 116.548
25 6 360 133.910 137.832 133.910 137.832 141.921 137.832 133.910 137.832 133.910
26 7 420 150.801 155.932 150.801 155.932 161.315 155.932 150.801 155.932 150.801
27 8 480 167.259 173.625 167.259 173.625 180.336 173.625 167.259 173.625 167.259
28 9 540 183.311 150.922 183.311 190.922 198.975 190.922 183.311 190.922 183.311
29 10 600 198.978 207.833 198.978 207.833 217.227 207.833 198.978 207.833 198.978
30 11 660 214.279 224.367 214.279 224.367 235.003 224.367 214.279 224.367 214.279
31 12 720 229.226 240.532 229.226 240.532 252,575 240.532 229.236 240.532 239.226
32 13 780 243.832 256.337 243.832 256.337 260.678 256.337 243.832 256.337 243.832
33 14 840 258.108 271.791 258.108 271.791 286.407 271.791 258.108 271.791 258.108
34 15 500 272.062 286.901 272.062 286.901 302.760 286.901 272.062 286.901 272.062
35 16 960 285.703 301.675 285.703 301.675 318.771 301.675 285.703 301.675 285.703
36 17 1020 299.039 316.121 299.039 316.121 334.419 316.121 299.039 316.121 299.039
37 18 1080 312.077 330.246 312.077 330.246 340.720 330.246 312.077 330.246 312.077
38 19 1140 324.825 344.057 324.825 344.057 364.683 344.057 324.825 344.057 324.825
39 20 1200 337.289 357.561 337.289 357.561 379.314 357.561 337.289 357.561 337.289

Thus: Temp T5 after 20 min. is = 379.314 deg.C.... Ans.
This value matches very well with values obtained with Mathcad. (See Prob. 1ID.2)

5. Next, we would like to see when steady state is reached. We put a criterion that when the
variation in temp T5 is within 0.05, we will say that steady state is reached. We can go on
drag-copying the row 39 till we get this criterion fulfilled; but, it is laborious and the worksheet
may become too long. So, we will write a small VBA program which will run the worksheet
for desired no. of time steps. It will stop and give a message when the steady state is reached:

6. As a preparation to this, let us first write a Macro to make the calculations for the ‘next step.

Following is the procedure to write the Macro:
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7. Go to Developer and click on: Record Macro:

Prob.1ID.4 - Microsoft Excel

(O y
ﬁ i
_,/ Home Insert Page Layout Formulas Data Review View Developer
; 3 Record Macro == %M Properties H=9 -5 Map Properties [Ty
i mE 5 BE T | [F] e ©
= = E Use Relative References Q,il‘-fiew Code @ Expansion Packs =
Visual Macros Insert Design Source .. o
Basic i'". Macro Security - Mode 2 Run Dialog *# Refresh Data

Code Controls XML

STEP INTO A WORLD
OF OPPORTUNITY

www.ecco.com/trainees
tfrainees@ecco.com
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Record Macro

1 Macro name:

| Macro 1|

Shortout key:

crl+| |

¥ store macro in:

This Workbook

Description:

QK

l [ Cancel

Enter the short cut key to what you like like, write a description what the Macro will do and press OK.

Immediately in Developer tab, Record Macro button changes to Stop Recording, and the recording process

starts. Now, go through these simple steps: keep the worksheet up to 6™ time step (i.e. up to row 25) as

it is; then copy this row (Ctrl+C), and ‘Paste special’ only values in the previous row.

i i o<

@

Cut
Copy
Paste

Paste Special...

Insert Copied Cells...

Delete...

Clear Contents
Filter

Sort

Insert Comment

Format Cells...

Pick From Drop-down List...

Mame a Eange...

Hyperlink...
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Paste Special

Paste
o al ) All using Source theme
) Formulas ) all except borders
(®ivalues: {3 Column widths
) Formats ) Formulas and number formats
) Comments () values and number formats
(" validation
Operation
{*) None ) Multiply
O Add O Divide
() Subtract
[ ] 5kip blanks [ ] Transpose
[ oK l [ Cancel

Press OK, Then, immediately row 25 gets updated.

Following is the VBA code produced:

Sub Macrol()
' Macrol Macro
' Run for desired no. of time steps

Kevboard Shortcut: Ctrl+5hift+C

Range ("B25:L25") .Select

Selection.Copy

Range ("B24") .5elect

Selection.PasteSpecial Paste:=xlPasteValues, Operation:=xlNone, SkipBlanks _
:=False, Transpose:=False

End Sub

8. Above code advances the calculations by one time step. Now, let us modify the above code
to up- date the calculations by the required no. of time steps. Let the time steps desired be
entered in cell K12 in the worksheet. If the entered value for N is less than 7, we need an
error message.Now, the VBA program should read the value of N, and run the code for that

many no. of steps:
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9. VBA program to do this is shown below: (Read the comments given in code)

Euk Macrol()

Macrol Macro
Eun for desired no. of time steps

' Keyboard Shortcut: Ctrl4Shiftc4C
Dim N A= Integer
Dim DIFF1 As Double
Dim i A= Integer
N = Range ("K12") 'Reads the value of N from cell K12
'"Following portion gives an error message if N < 7 and ends the program
If H « 7 Then
M=gBox ("N should be equal to 7 or more !17)
End
End If
HN=N-6 '"Value of N reduced by 6 since & time =teps are already calculated in the worksheet
For i = 1 To N 'Start of (For...Next) loop to up=date Cenmperatures
Range ("B25:L25") .5elect
Selection.Copy
Range ("B24") .5elect

Selection.PasteSpecial Faste:=xlFasteValues, Operation:=xlNone, SkipBlanks _
:=False, Transpose:=False

'Check when steady state is reached, and give a message and end the program

DIFF1 = Abs (Range ("H25") .Value - Range ("H24"™).Value)
If DIFF1 < 0.01 Then

M=sgBox ("Steady State is reached! Now, Time step is: " & S3tr(Range("B25")))
End
End If
Hext 1
End Sub

This program does the following:

Line 1, 2: declares the Subroutine Macro name

Line 3: says what it does

Line 4: gives keyboard short cut

Lines 5, 6 and 7: declaring Dimensions of variables used.

Line 8 to 12: reads value of cell K12, gives an error message if N < 7 and ends the program
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Line 13: deducts 6 from N, and assigns it as N. (Since 6 time steps are already there in the worksheet,
we are deducting 6 from N here, so that in the output, the time step shown will be N. So, in K12, we
should enter any value more than 7.

Line 14 to 19: For ... Next loop to do calculations for N steps

Lines 15 to 19: are the same as obtained earlier by recording the Macro. Thus, the heart of the program

was recorded to get error free code.

Line 21: calculates DIFF1, as absolute value of difference between two successive values of temp T5 (i.e.
in cell H25 and H24).

Line 22 to 25: Apply the If condition to see if DIFF1 is < 0.01. If the condition is satisfied, give a message
that the steady state is reached, and give the time step no.

Line 26: ends the For...Next loop

Line 27: ends the Sub statement.
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10. For convenience, we assign this Macro to a Form control button:

Go to Developer - Insert - Form controls, and click on the first button in top row:

e —_
.'T!n lg [y B | —
] L ﬂ
- Home Insert Page Layout Farmulas Data Revie
':_'Q ] Record Macro |a_ M [%f Properties
—d i Use Relative References | === Elview Code
Wisual Macros ) Insert |Design i
Basic _!'\..Macrn Security - Maode A Run Dialog
Code Form Controls L
- % | ————)
M17 - fr|i..|l;___ﬁl7 SEe
EVE = —
A B E I_I-Aﬂ : -]hl j _ﬂ F
2 [ .Data' ActiveX Controls
3. ":I—'EF—E”E_: EFDTND[
a . k 28 W ﬁ @ A L’E # }?

Create the button by dragging the mouse and we get the screen:

Assign Macro

Macro name:

25 [ Mew ]

Macros in: | All Open Workbooks

Description

K. ] [ Cancel

Select the Macro name and click OK. This means that when we press the button, the Macro will run.

316

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll Numerical Methods in Heat conduction

Now, edit the words in the button to Run:

2 Biot  0.160714 Biot No. For Node 5: Run N= 20  Timesteps

11. Now, if we click on Run, we get:

17 Temperatures
18 TimeStep Time (s) T1 T2 T3 T4 T5 T6 17 T8 19
19 o o 20 20 20 20 20 20 20 20 20 Initial temp.
20 1 60 41.034 A40.803 41.034 40.803 40.571 A40.803 41.034 40,803 41.034
21 2 120 61.028 61.124 61.028 61.124 61.210 61.124 61.028 61.124 61.028
22 3 130 80.191 80.974 80.191 80.974 81.756 80.974 80.191 80.974 80.191
23 4 240 95.665 100.366 98.665 100.366 102.102 100.366 98.665 100.366 95.665
24 I 19 1140 324.825 344.057 324.825 344.057 364.683 344.057 324.825 344.057 324.825 |
25 20 1200 337.289 357.561 337.289 357.561 370.314 357.561 337.289 357.561 337.289
26

317

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction - Part lll

10
11

12
13
14
15
16
A
18
15
20
21
22
23
24

26

Rezets=

Numerical Methods in Heat conduction

12. Another important thing is that now, if we change N to some other value, it will proceed

from time step 20 shown in the above screen shot. So, we have to reset the worksheet to

the original position before we enter the next trial. This is quite easy. Just create a Macro2

to copy the row 23 to row 24 (with Formulas), and assign this Macro to a Form control

button, named as: Reset. When you click ‘Reset” button, the worksheet is restored to original

Subk MacroZ()

condition:
h 45 W/m2.c - :
T W/m3 ForNGiEZ] First, click Reset.
3 l.‘:g - T O SRS Then, enter no. of time steps
eltax 0.1 m2/s : :
- - f ( ] . ) required. (i.e. 8 or more).
T2 = T2p + 2-Fo-| Bi-|Ta — T2¢) + | Tlp — T2y) + {T3g— T2p) + 2-C1
deltat 60 s 0 (i Lol R U ] And, click RUN
Fo 0.072  Fourier No. T
Biot  0.160714 Biot No. For Node 5: Run N= 20 Timesteps
c1 71.42857 e el
e . o this First!
T_initial 20 C T5=Tip+ 4-Fo-{T2p— T5p + C1)
AL 4 et g J Reset - Resetsthe worksheet
Temperatures
TimeStep Time (s) T1 12 T3 T4 T5 T6 17 T8 T9
0 0 20 20 20 20 20 20 20 20 20 Initial temp.
1 ilo] 41.034 40,803 41.034 40,803 40.571 40,803 41.034 40.803 41.034
2 120 61.028 61.124 61.028 61.124 61.210 61.124 61.028 61.124 61.028
3 180 80.191 80.974 80.191 80.974 81.756 80.974 80.191 80.974 80.151
4 240 98.665 100.266 98.665 100.266 102,102 100.366 98.665 100.366 98.665
5 300 116.548 119.314 116.548 119.314 122.174 119.314 116.548 119.314 116.548
6 360 133.910 137.832 133.910 137.832 141.921 137.832 133.910 137.832 133.910
Reset Macro is shown below:
MacrolZ Macro
the worksheet
vboard Shorteout: Ctrl4S5hift+R

Range ("B23:L23") .Select
Selection.ButoFill Destination:=Range ("B23:L24"™),
Range ("B23:L24") .Select
Range ("M28"™) . Select
End Sub
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13. Add some comments/ notes on the procedure to be followed, for clarity:

o — T2g) + (T3¢ — T2g) + 2-C1]

Run

K L | M

First, click Reset.
Then, enter no. of time steps
required. (i.e. 8 or more).

And, click RUN
"ﬁ.v.ﬂ"
N = 20  Timesteps
Do this First!
Reset Resetsthe worksheet

14. Now, let us see when steady state is reached, by putting different values for N. Put N = 360

and click on Run, we get:

B & D E E G H I J K L ™ j
7 h 45 W/m2.C " .
8 gg  B.00E405  W/m3 For Node 2: Mgkt ot "
5 1 B o e Then., ente.r no. of time steps
= R > : T2= T2 + 2-Fo-[Bir(Ta — T29) + (T1g - T29) + (T50 - T2g) + 2:C1] fnqdlj':ﬁ;; gjﬁs BEmE):
1| Fo 0.072 Fourier No. ~—
12 Biot  0.160714 Biot No. r——— N= 360 Time steps
1 L 7142857 : — - Do this First!
1: T_initial 20 c Steady State is reached! Now, Time stepis: 345 — - e
|
17 Temperatares
18 TimeStep Time (s) T T2 T3 T4 5 T6 T7 T8 T9
19 | 0 0 20 20 20 20 20 20 20 20 20 Initial temp,
20 1 60 41.034 40.803 41.034 40.803 40.571 40.303 41.034 40.803 41.034
2| 2 120 61.028 61.124 61.028 61.124 61.210 61.124 61.028 61.124 61.028
22 3 180 80.191 80.974 80.191 20.974 81.756 80.974 80.191 80.974 80.191
23| 4 240 98.665 100.366 93.665 100.366  102.102  100.366 38.665 100.366 93.665
24 | 344 20640 885452 951537 885452 951537  1022.931 951537 885452 951537  885.452 |
2| L35 120700 " sss45l | 951545 | 88561 951546 1022041 351546 885461 | 951546 885461 |
26
o

We observe that steady state is reached when time step of 345 is reached, and a message has appeared,
i.e. difference between successive values of T5 in cells H25 and H24 is < 0.01. We can, of course, change

this condition to some other value in the VBA code, if we so desire.
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15. Now, comment out this condition in the VBA code, and run the program up to time step
480 (i.e. larger than step 345) and compile a Table by copying the ‘values’ separately, and
draw the graph of Ts vs Time:

A B c 5 [, F 6 | H | I J K | L oM
31
32 |To plot temp T5 at various times:
33 |
34 TimeStep Time(s)| 11 T2 T3 T4 T5 T6 T7 T8 T9
33| 0 0 20 20 20 20 20 20 20 20 20 Initial temp.
36 5 300 116.548 119.314 116.548 113.314 122.174 119.314 116.548 113.314 116.548
37| 10 600 198.978 207.833 198.978 207.833 217.227 207.833 198.978 207.833 198.978
38 30 1800 447.661 477.154 447.661 477.154 508.899 477.154 447.661 477.154 447.661
39| 60 3600 662.499 709.349 662.499 709.349 761.151 709.349 662.499 709.549 662.499
40 50 5400 772.001 828.602 772.001 828.602 889,722 828.602 772.001 828.602 772.001
1 | 120 7200 827.813 889.079 827.813 889.079 955.253 889.079 827.813 889.079 827.813
42 150 9000 856.260 919.904 856.260 919.904 0988.654 919.904 856.260 919.904 856.260
43 | 180 10800 870.759 935.615 870.759 935.615 1005.678 935.615 870.759 935.615 870.759
44 210 12600 878.149 943.622 878.149 943.622 1014.355 943.622 878.149 943.622 878.149
45 | 240 14400 881.915 947.704 881.915 947.704 1018.778 947.704 881.915 947.704 881.915
46 270 16200 883.835 949,784 883.835 943,784 1021.032 943,734 883.835 943,734 883.835
17 | 300 18000 884.814 950.845 884.814 950.845 1022.181 950.845 884.814 950.845 884.814
48 330 19800 885.313 951.385 885.313 951.385 1022.767 951.385 885.313 951.385 885.313
13 | 360 21600 885.567 951.660 885.567 951.660 1023.065 951.660 885.567 951.660 885.567
50 390 23400 885.696 951.801 885.696 951.801 1023.217 951.801 885.696 951.801 885.696
51 420 25200 885.762 951.872 885.762 951.872 1023.295 951.872 885.762 951.872 885.762
o 450 27000 885.796 951.909 885.796 951.909 1023.334 951.909 885.796 951.909 885.796
53 480 28800 885.813 951.927 885.813 951.927 1023.354 951.927 885.813 951.927 885.813

Temp.T5 vs Time

1100 -

1000 -

900

800

700 4

600 -

500 +

Temp (deg.C)

Temp. TS
400 -+

300

200 +

100 +

I:I T T T T 1
a 100 200 300 400 500

Time (min.)
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Now, solve the above problem in EXCEL, with Implicit finite difference equations:

Remember that with Implicit method is inherently stable and there is no restriction on the value of AT

to be used. However, we shall use a AT = 60 s, as we used in the case of Explicit method.

In Implicit method, we use the Temp values in the next step; so, in each step, the finite difference
equations have to be solved by iteration. This is extremely simple in EXCEL; all that we have to do is to

ensure that Iteration Calculations are enabled .

For this problem, Implicit finite difference eqns are derived, as usual, by applying heat balance at the
given node, considering all heat flow lines as going in to the node. Also, remember that, because of
symmetry, all the corner temps are equal (i.e. T1 = T3 = T7 = T9), and mid-face temps are also equal

(i.e. T2 = T4 = T6 = T8). The derivation of eqns is given below, briefly:

Implicit finite difference eqns:

Node 1:
(T2 = T g A (T ) _
g.k.i.g_h._\}i.(]:a_]:l}_q:_=£.£.w since T2 =T4
2 Ax 4 o 4 At
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. T1-T1 old .
ie. T2-T1+Bi(Ta-T)+C l= ——=—  since Ax=ay and,

4Fo

. A

C hax Fo= M and c1= E
Bi= — 2 T 4k
k Ax

-T2.Fo + old + 4-Bi-Ta-Fo + 4 -Fo
| (4T2Fo+ Tl old + 4BiTaFo+ 4C IF
(4Bi-Fo + 4Fo+ 1)

=3 T

[(4-T2 + 4-Bi-Ta + 4-C_1)-Fo + T1_old]
[{4Bi + 4)-Fo + 1]

=3 Tl=

Node 2:
Ay T1-T2 T5- T2 AC kA% (T2- T2 old
¥ 2ET e Lhu +han(Ta—T2) + gg— = kEAx (T2-T2 old)
2 Ax Ay = 2 a 2 At
..... since T1=T3
. T2 - T2 old
ie. T1-2T2+T5+Bi(Ta-T2)+2C 1= — =€
2-Fo
ie o (TLFo+4.C 1Fo+2T5Fo+2BiTaFo+ T2 old)
o ) (2BiFo+ 4Fo+ 1)
oy [(#C1+2T5+2BiTa+ 2T1)Fo+ T2 old]
- B [(2-Bi+ 4)-Fo+ 1]
Node 5:
'J —_ = a3 - il = —_ = .
e 2T 20k 2T oy go7
Ay B ¢ At
. T5 - T5 old
e,  4(T2-T5)+4C 1= %
o

(4-T2-Fo + 4-C_1-Fo + T5_old)
(4Fo + 1)

=3 T3

[(4-T2 + 4-C_1)-Fo + T5_old]
(4Fo+ 1)

ie. T3
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Following are the steps in EXCEL calculations:

1. We shall set up a worksheet to do the following:

a) Calculate temperatures T1, T2 and T5 by Implicit method

b) Have a Form control button driven Macro to continue the calculations till the desired
time step

c) Also, this button should build a Table of Time step vs Temp T5 up to the desired Time
step, and draw a plot of the same

d) And, a Form control button driven Reset to reset the calculations and plot to the original
condition.

2. Set up the worksheet, enter data, name the cells:

| Fo -~ JF | =alpha*deltat/deltax"2
i Prob.11D.4_implicit
A B Gl D E 3 G H I

1

2 Data: Implicit finite difference egns:

3 For Node 1:

= . = L [(4-T2 + 4-Bi-Ta + 4-C_1)-Fo + T1_old]
2 L. . = n [(4Bi + 4)Fo + 1]

& alpha  0.000012 m2/s

7 h 45 W/m2.C

8 qg 8.00E+05  W/m3 For Node 2:

= Eletian g1 ma2/s [(4-C_1 + 2-T5 + 2-Bi-Ta + 2-T1)-Fo + T2_old]
10 | deltat 60 s 2= [(3Bi- 5 Fox 1]

11 | Fo I 0.072 _IFourier No.

12 Biot 0.160714 Biot No. For Node 5:

L e SRR e _ [(4T2+4C_1)Fo+T5 old]

14 T initial 20 ¢ = (1Fa= 1)
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3. Set up the calculations: First enable Iterative calculations in EXCEL by going to: OFFICE
button - EXCEL Options — Formulas:

Excel Options @

Popular e P ) - "

E E_:ﬂ Change options related to formula calculation, performance, and error handling.

- Formulas i
Proofing Calculation options
Save ‘Workbook Calculationi Enable jterative calculation
e @ automatic Maximum Herations: |1.000 il
O Automatic except for data tables 5 -
Maximum Change: 0.000001
Customize O Manual S
Add-Ins
Working with formulas

Trust Center
|:| R1(C1 reference style '

Formula AutoComplete G

Use table names in formulas

Use GetPivotData functions for PivotTable references

Resources

Error Checking

Enable background error checking

. - 7 Reset Ignared Errors
Indicate grrors using this color:

Error checking rules

Cells containing formulas that result in an error’ Formulas which amit cells ina region
Inconsistent calculated column formula in tables’i Unlocked cells containing formulas i
Cells containing years reprasented as 2 digits D Formulas referring to empty cells
Mumbers formatted as text or preceded by an apostrophe G Data entered in a table is invalid ©

Formulas inconsistent with other formulas in the region i

[ OK l [ Cancel

Observe that we have put a check mark in front of Enable Iterative calculation, and changed the Max
iterations to 1000 (from default value of 100) and Max change to 0.000001 (from default value of 0.001).
Click OK.
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4. Set up the scheme as shown. Enter the eqns for T1, T2 and T5 in cells D20, E20 and F20

respectively. Eqn for T5 in cell F20 can be seen in the Formula bar:

F20 - u =((4*E20+4*C_1)*Fo+F19)/(4*Fo+1)

Prob.11D.4_implicit

A=
I~
I

40153 40333 [ a0s18 |

Note that the above scheme calculates only up to a time step of 6.
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5. Now, select cells d20, E20 and F20 and drag-copy the entire line up to row 25. The

calculations (with iterations) are immediately completed:

F25 - fe | =((4*E25+4%C_1)*Fo+F24)/(4*Fo+1)

2 Prob.11D.4_implicit
A B ' D E F G

16
17 Temperatures
18 TimeStep Time (s) T1 T2 T5
19 0 0 20 20 20 Initial temp.
20 1 60 40.153 40.333 40.518
21 2 120 59.547 60.209 60.893
22 3 180 78.277 79.639 81.056
23 4 240 96.414 98.636 100.959
24 | 5 300 114.017 = 117.212 _ 120.565
25 6 360 131.131 = 135.377 | 139.848 _|
26 =

6. Now, write a VBA code to perform these calculations up to the desired no. of time steps,
N. Have a Form control button to run this Macro. (See the previous VBA code for Explicit
method). This code also copies the calculated values of T5 against Time step and Time in to
a separate Table starting from cell B30. Following is the code to do this: (Read the comments

inside the code)

Sub Macrol ()

' Macrol Macro
' Run for desired no. of time steps

' Eeyboard Shortcut: Ctrl+Shifc+C
Dim M As Integer
Dim DIFF1 A= Double
Dim i As Integer
N = Range ("K12") 'Reads the wvalue of N from cell EKilZ

'Following portion gives a message and ends the program if W < 7

If H €« 7 Then
MsgBox ("N should be egual to 7 or more !1!"7)

Enﬂ
End If
N=HN- 6 "Value of N reduced by 6 since & time steps are already calculated in the worksheet
For i = 1 To N 'Start of (For ... Hext) loop

'Following portion calculates the temperature=s for next time step:

Range ("B25:F25") .5elect

Selection.Copy

Range ("B24") .Select

Selection.PasteSpecial Paste:=xlPasteValues, Operation:=xzxlNone, SkipBlanks _
:=False, Transpose:=False
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'"Following portion builds the Table of results as the calculations proceed:

Cells (37 + i, 2} = Range("B23")
Cells (37 + i, 3) = Range("C25")
Cells (37 + i, 4) = Range("F25")

'Following portion stops the calculations and gives a Message, when the difference
'between successive wvaluez of TS5 i= < 0.01 deg.C:

DIFF1 = Abs (Range ("F25") .Value - Range ("F24") .Value)
If DIFF1 < 0.01 Then
M=gBox ("Steady S5tate iz reached! Now, Time step is: " & S5tr(Range ("B25")))
End
End If

HNext 1

End Sub
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7. Have a Form control button “RUN” to run this code, as explained earlier:

F25

£ | =({a*E25447C_1)*Fosr2a)/ia*Fory)

12
14
15
16
17
18
19
20
21
22
23
24
25
26

A

& prob.11D.4_implicit

B c D E F G H I J K L
Gl | AT . [(£T2+ 4C_1)Fo + T3_old]
T_initial 20 ¢ = @Fo-1) RUN
. Temperatures Reset

TimeStep Time (s) T1 12 T5

0 0 20 20 20 Initial temp.

1 60 40.153 40.333 40.518

2 120 59.547 60.209 60.893 Procedure:

3 180 78.277 79.639 81.056 1. First, click Reset

a 240 96.414 93.636 100.959 2. Enter value for N. (must be

5 300 114.017 | 117.212  120.565 greaterthan7)

6 360 131131 | 135.377 | 139.848 _| L

8. Have the Table of results, to which results will be copied by the above code, set up. Also,

draw the plot of T5 vs Time step, and format it with respect to grid lines, axes titles, plot
title etc.:

Ms51

]

& Prob.11D.4 _implicit

30
31

A

B

£

D

0

9w B WM e

60
120
180
240
300
360

20
40.518
60.893
81.056

100.959
120.565
139.848

Time Stepl Time(s) ‘ T5(deg.C) |
0

F G H 1 J K L
Temp T5 vs Time step
200
g
&
2 100
a
E
&
a
] 1 2 3 4 5 & T
Time step [

9. Adjust the plot such that when the Table is filled up to, say, 400 Time steps, it should be

accommodated in the plot. To do that, select the plot, and right click. We get:

Delete

&4 Reset to Match Style

“h Change Chart Type...
L} Select Data..

% Format Plot Area...
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Click on Select Data:

Select Data Source

Chart data range: | =Sheet1!SBS31:585400,Sheet1! SD$31:SDS400

’ 7] switch Row/Column ]

Legend Entries (Series) Horizontal (Category) Axis Labels
’ 5 Add “ °H Edit ’ ¥ Remove ] || # B
Temp, T5 ] ”
1
2
3
4 w

[ Hidden and Empty Cells ]

OK ][ Cancel ]

On top of above fig., in Chart data range: change it to accommodate up to cell D400, as shown. This

means that as we go on filling up the Table, up to cell D400, the values will automatically up dated in
the plot. Click OK.

10. Next, important thing is: after one set of calculations are over for a given N, if we need to
perform a new set of calculations for another N, we have to ‘Reset’ the calculations to the
original values i.e. for 6 time steps only. Also, we have to delete the values after 6 time steps
from the Table that we built up during the previous calculations, and the plot has to re-drawn.

This is done by another Macro, connected to the Reset button. Its VBA code is shown below:

Sub Macroz ()

' Macro2 Macro
' Resets the calculations and the plot
' Keyboard Shortcut: Ctrl+Shift+R
'This portion resets the alculations to the earlier values:
Range ("B23:F23") .5elect
Selection.Copy
Range ("B24") .5elect
LotiveSheet.Paste

'This portion clears the contents of all cells up to cell D400, starting from cell B3E8:

Range ("B38:D400") .5elect
Selection.ClearContents
Range ("M54™) .5elect

End Sub
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This Macro is also connected to a Form control Button, named as: ‘Reset’. This is shown below:

A B c D E E G H 1 J K L
L= il .l i
10 deltat 60 5 [(2Bi+ §Fo + 1]
1 Fo 0.072 Fourier No.
12 Biot  0.160714 Biot No. For Node 5: N= 400
13 Eol [ 5o [ET2+ 4C DFo + T3 old]
14 T_initial 20 C - (Fo+ 1) RUN
15 il
16
17 Temperatures
i - Reset
18 TimeStep Time (s) 3 T2 5
19| 0 0 20 20 20 Initial temp.
20 1 60 40.153 40.333 40.518
21| > 120 59.547 60.209 60.893 Procedure:
22 3 180 78.277 79.639 81.056 1. First, click Reset
23 a 240 96.414 98.636  100.959 2. Enter value for N. (must be
24 5 300 | 114.017 117.212  120.565 g’i‘l’f‘ek’;ﬁ;' 7
25| 6 360 131131 | 135.377  139.848 el :
26
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11. Now, as an example, let us enter N = 6 and click ‘Run’ We get immediately a Error message:

1—2= N T N T A I T R T
10 deltat 60 5 [(2Bi+ 4 Fo+ 1]
T1: Fo 0.072 Fourier Mo.
12 Biot  0.160714 Biot No. For Node 5: N= 6
i U1 | s . [(4T2+4-C_1)Fo+ T5_old]
14 Tinitial 20 ¢ 5=

Microsoft Excel

16

RUN
17 Temperatures N should be equal to 7 or more 11 R g
ese
18 TimeStep Time (s} T1 T2

OK
= - - = = [_ox ]

20 1 60 40,153  40.333 40518

21 2 120 59.547 60.209 60.893 Procedure:

2 3 180 78.277 79.639  81.056 1. First, click Reset

23 4 240 96.414 98.636 100.959 2. Enter value for N. (must be
2 5 300 | 114.017 | 117.212  120.565 greaterthan7)

25 & 360 131.131 135377  139.848 A ch AN

26

12. Click OK. Now, click ‘Reset. Now, Enter N = 20, and click ‘Run’. We get:

# prob.11D.4_implicit

A B c D E F G H 1 J K L
30 Time Step| Time(s) | T5{deg.C} |

31| 0 0 20 Temp T5 vs Time step

32 1 60 40,518

33| 2 120 60.893 i

34 3 130 81.056

35| 4 240 100.959

36 5 300 120.565 e

37 | 6 360 139.848

38 7 420 158.792

39 8 480 177.385 5]

a0 g 540 195.621 g sz

a1 | 10 600 213.495 =

42 1 660 231.008 &

43 | 12 720 248,161

2 13 780 264,958 ze |

45 | 14 840 281.401

16 15 900 297.496

47 | 16 960 313.248

a3 17 1020 = 328.663 G | | | |
49| 18 1080 343.747 o 5 10 15 20 25
50 19 1140 358,507

51| 20 1200 = 372.948 IR

=72

Observe that the Table has been built for 20 Time steps, and the plot is also up-dated.
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13. Now, let us run the program for 400 Time steps. Before doing so, click on ‘Reset. We get the

original set up:

A B G D E F = H 1 ] K L
30 Time Step| Time(s) | T5{deg.C) |
L . - - Temp T5 vs Time step
32 1 60 40,518
33 2 120 60.893 200
3 3 180 81.056
35 a 240 100.959
36 5 300 120.565
37 6 360 139.848
38
39 =)
ap by

!; 100 -
a1 2
42 &
a3
a1
a5
a6
a7
48 0 : ; ! ; ; : !
43 0 1 2 3 4 5 & 7
50
51 [ Time step
14. Now, enter N = 400, and click on ‘Run’:

A |8 | e | b | E | F G H 1 J K L
2 feltax 01 m2/s [(4-C_1+ 2-T3 + 2-Bi-Ta + 2-T1)-Fo + T2_old]
10 deltat 60 s 2= [(2Bi+ §For 1]
11 Fo 0.072 Fourier No.
12 Biot  0.160714 Biot No. For Node 5: N= 400
13 C1  71.42857 E
14 Tinitial 20 C Microsoft Excel X RUN
- ka3
16 Steady State is reached! Mow, Time step is: 352
17 Temperat
18 TimeStep Time (s) T1 T2 feset
19 0 0 20 20 20 Tnitial temp.
20 1 60 40.153 40.333 40.518
21 2 120 59.547 60.209 60.893 Procedure:
22 3 180 78.277 79.639 81.056 1. First, click Reset
23 4 240 96.414 98.636 100.959 2. Enter value for N. (must be
2| [ 351 21060 sss.a46 951530  1022.924 | greaterthan7)
25 Rogi2 . Loaiw0 | senasy | 5ol 10229331 ik
26
27
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We see that the steady state is reached after 352 time steps. And, at this time, T5 = 1022.933 deg.C. Press
OK. Now, we also see that the Results Table has been built up to this time and also the plot is updated:

A B C D E F G H 1 J K L
30 Time Step| Time(s) | T5{deg.C}) |
ER 0 0 20 Temp T5 vs Time step
32 1 60 40.518
33 2 120 60.893 4100'
34 3 180 81.056 1000 -
35 a 240 100.959
900 +
36 5 300 120.565
37 & 360 139.848 8OO -
38 7 420 158.792 _—
39 8 480 177.385 g
¥ 600
a0 9 540 195.621 )
a1 10 600 213.495 & 500 -
42 11 660 231.008 & i
43 12 720 248.161
a4 13 780 264.958 300 -
45 14 840 281.401 200 4
16 15 900 297.496
a7 16 960 313.248 L
a3 17 1020 328.663 0 i , i i f i ] |
49 18 1oso 343.747 0 50 100 150 200 250 300 350 100
50 19 1140 | 358.507 P
51 20 1200 372948 ime step
52| 21 1260 | 387.077 _
377 346 20760 1022.871
378 347 20820 1022.882
379 348 20880 1022.893
380 349 20940 1022.903
381 330 21000 1022.914
382 351 21060 1022.924
383 352 21120 1022.933
384

Thus, we see that EXCEL, combined with the power of VBA programming and Macro recording, can

solve heat transfer programs very effectively.
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