


2 

 

Dr. M. Thirumaleshwar

Software Solutions to Problems on Heat 
Transfer 
Conduction – Part III 

Numerical methods in heat conduction

Download free eBooks at bookboon.com



3 

 

Software Solutions to Problems on Heat Transfer
Conduction – Part III
Numerical methods in heat conduction
1st edition
© 2013 Dr. M. Thirumaleshwar & bookboon.com
ISBN 978-87-403-0545-6

Download free eBooks at bookboon.com

http://bookboon.com


Software Solutions to Problems on Heat Transfer
Conduction – Part III

4 

Contents

Contents
	 To see Part II download  Software Solutions to Problems on Heat Transfer  

Conduction  – Part II

	 Dedication	 Part I

	 Preface	 Part I

	 About the Author	 Part I

	 About the Softwares used	 Part I

1	 About Mathcad	 Part I
1.1	 What is Mathcad?	 Part I
1.2	 Symbols in Mathcad worksheet:	 Part I
1.3	 ‘What – if ’ analysis in Mathcad:	 Part I
1.4	 Producing the results in tabular form:	 Part I
1.5	 Graphing in Mathcad:	 Part I

Download free eBooks at bookboon.com

Click on the ad to read more

GET THERE FASTER

Oliver Wyman is a leading global management consulting firm that combines 

deep industry knowledge with specialized expertise in strategy, operations, risk 

management, organizational transformation, and leadership development. With 

offices in 50+ cities across 25 countries, Oliver Wyman works with the CEOs and 

executive teams of Global 1000 companies.  

An equal opportunity employer.

Some people know precisely where they want to go. Others seek the adventure of 
discovering uncharted territory. Whatever you want your professional journey to be, 
you’ll find what you’re looking for at Oliver Wyman.

Discover the world of Oliver Wyman at oliverwyman.com/careers 

DISCOVER
OUR WORLD

http://www.oliverwyman.de/careers/index.html


Software Solutions to Problems on Heat Transfer
Conduction – Part III

5 

Contents

1.6	 Modifying the graph:	 Part I
1.7	 Solving equation with one variable (Root finding):	 Part I
1.8	 Solving a set of simultaneous equations (both linear and non-linear):	 Part I
1.9	 Differentiation in Mathcad:	 Part I
1.10	 Integration:	 Part I
1.11	 Assigning a matrix in Mathcad:	 Part I
1.12	 Programming in Mathcad:	 Part I

2	� About Engineering Equation Solver (EES)	 Part I
2.1	 What is EES?	 Part I
2.2	 Parametric study in EES:	 Part I
2.3	 Graphing in EES:	 Part I

3	� About Finite Element Heat Transfer (FEHT)	 Part I
3.1	 Using FEHT:	 Part I

4	 About MS EXCEL Spreadsheet	 Part I

	 To the Student	 Part I

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read more

http://www.ey.com/careers


Software Solutions to Problems on Heat Transfer
Conduction – Part III

6 

Contents

	 Part 1: Conduction	 Part I

	 Part 1:

1A	�� Fourier’s Law and Heat conduction equation, multimode heat transfer:	 Part I

1B	 One-Dimensional, Steady state heat transfer without heat generation:  
Thermal resistance concept – PLANE WALL with constant k and variable k:	 Part I

1C	� One-dimensional steady state heat transfer with no internal heat generation:	 Part I

1D	 Critical radius problem: Heat transfer with Fins	 Part II

1F	� Conduction with heat generation:	 Part II

1G	 Transient conduction:	 Part II

1H	� Two-dimensional conduction Shape factor:	 Part II

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read moreClick on the ad to read more

81,000 km
In the past four years we have drilled

That’s more than twice around the world.

What will you be?

Who are we?
We are the world’s leading oilfield services company. Working 
globally—often in remote and challenging locations—we invent, 
design, engineer, manufacture, apply, and maintain technology  
to help customers find and produce oil and gas safely.

Who are we looking for?
We offer countless opportunities in the following domains:
n  Engineering, Research, and Operations
n Geoscience and Petrotechnical
n Commercial and Business

If you are a self-motivated graduate looking for a dynamic career, 
apply to join our team.  

careers.slb.com

http://s.bookboon.com/Schlumberger1


Software Solutions to Problems on Heat Transfer
Conduction – Part III

7 

Contents

1I	� Numerical Methods in Heat conduction	 8
1IA.	 One-dimensional, steady state conduction:	 24
1IB.	 Two-dimensional, steady state conduction:	 162
1IC.	 One-dimensional, transient conduction:	 207
1ID.	 Two-dimensional, transient conduction:	 281

	 References	 334

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

Hellmann’s is one of Unilever’s oldest brands having been popular for over 100 years. 
If you too share a passion for discovery and innovation we will give you the tools and 
opportunities to provide you with a challenging career. Are you a great scientist who 
would like to be at the forefront of scientific innovations and developments? Then you will 
enjoy a career within Unilever Research & Development. For challenging job opportunities, 
please visit www.unilever.com/rdjobs.

Could you think of 101 new things
to do with eggs and oil?

http://www.unilever.com/rdjobs


Software Solutions to Problems on Heat Transfer
Conduction – Part III

8 

Numerical Methods in Heat conduction

1I	� Numerical Methods in Heat 
conduction

Learning objectives:

1.	 Here, the differential equation is substituted by a set of algebraic equations (obtained by applying 
heat balance at the nodes) and simultaneous solution of these algebraic equations gives the 
temperatures at selected, ‘discrete points’ in the system. So, the important difference to be 
noted is that while in an analytical solution, temperature is obtained at any point in the body, 
in a numerical solution temperatures are obtained only at selected, discrete points or ‘nodes’. 
By selecting these nodes close enough, sufficiently accurate results are obtained.

2.	 Advantages of numerical methods are:
1)	 easy to apply, with the availability of high speed computers
2)	 desired accuracy can be obtained by controlling the no. of nodes or ‘mesh size’.
3)	 variation in area, thermal conductivity or heat transfer coefficients, and complicated 

boundary conditions can be easily taken in to account.
4)	 mathematical model for a numerical solution is more likely to be a better representative 

of the actual system
5)	 parametric study to observe the effect of variation of different parameters on the solution, 

or ‘what-if ’ analysis, is easier with numerical methods in conjunction with high speed 
computers.

3.	 We shall study problems to formulate set of algebraic equations from the differential equations 
in Cartesian, cylindrical and spherical coordinates and solve them for one-dimensional, steady 
state conduction. Then, we shall also study the finite difference representation and solution of 
two-dimensional, steady state conduction problems.

Download free eBooks at bookboon.com
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Numerical Methods in Heat conduction

Formulas:[Ref. 1]

1D Steady State conduction, with heat generation, in Cartesian coordinates: 

0

Fig.  8.2 Finite difference formulaion in a plane wall by energy balance

) x

To

x = 0
m-1/2

T2T1 Tm-1 Tm Tm+1 TM-1 TM

x = L
m+1/2

1 2 m-1 m+1m

x
M-1 M

) x

Qright
Qleft

qm

Volume element of node ‘m’
Plane wall

Volume element of 
node ‘M’

Volume element of 
node ‘0’

 Fig. 8.2 Finite difference formulaion in a plane wall by energy balance

For Internal Nodes:

k A.
Tm 1 Tm

∆ x
. k A.

Tm 1 Tm

∆ x
. q m A. ∆ x. 0

.....(8.7)
x = 0� (8.7)

i.e.
Tm 1 2 Tm

. Tm 1

q m ∆ x( )2.

k
0

.......(8.8)
 = 0� (8.8)

For Boundary Nodes:

0

Fig.  8.3 Finite difference formulation for left boundary of a plane wall

) x

To

x = 0

T2T1 Tm-1 Tm Tm+1 TM-1 TM

x = L

1 2 m-1 m+1m

x
M-1 M

Volume element of node ‘0'

Qright = kA(T1-T0)/) xQleft

) x/2
heat gen. qo

 Fig. 8.3 Finite difference formulation for left boundary of a plane wall

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

10 

Numerical Methods in Heat conduction

1.	 Specified temps at the boundaries: Here, the temps at boundaries are given.
2.	 With Prescribed heat flux at the boundaries:

By energy balance:

Q left k A.
T 1 T 0

∆ x
. q o

A ∆ x.

2
. 0

.....(8.10)
� (8.10)

For node ‘0’: 

q left A. k A.
T 1 T 0

∆x
. q o

A ∆x.

2
. 0

....(8.11)

i.e.
2 T 1. 2 T 0.

∆x( )2 q o.

k

2 ∆x. q left.

k
0

.....(8.12)

� (8.11)q left A. k A.
T 1 T 0

∆x
. q o

A ∆x.

2
. 0

....(8.11)

i.e.
2 T 1. 2 T 0.

∆x( )2 q o.

k

2 ∆x. q left.

k
0

.....(8.12)
� (8.12)

For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1’: 

q right A. k A.
TM 1 T M

∆x
. q M

A ∆x.

2
. 0

....(8.13)

i.e.
2 TM 1
. 2 TM

.
∆x( )2 q M.

k

2 ∆x. q right.

k
0

.....(8.14)

� (8.13)
q right A. k A.

TM 1 T M
∆x

. q M
A ∆x.

2
. 0

....(8.13)

i.e.
2 TM 1
. 2 TM

.
∆x( )2 q M.

k

2 ∆x. q right.

k
0

.....(8.14)
� (8.14)
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Numerical Methods in Heat conduction

For insulated boundary condition and for a plane of thermal symmetry: It is a special case of case 
with prescribed heat flux at boundaries: i.e. q_left = q_right = 0

2 T 1. 2 T 0.
∆ x( )2 q o.

k
0

.....(8.15)

2 TM 1
. 2 TM

.
∆ x( )2 q M.

k
0

.....(8.16)

� (8.15)

2 T 1. 2 T 0.
∆ x( )2 q o.

k
0

.....(8.15)

2 TM 1
. 2 TM

.
∆ x( )2 q M.

k
0

.....(8.16)
� (8.16)

We can also get the above eqns by applying the ‘mirror image concept’ at the insulated (or symmetry) 
boundary.

3.	 Convection boundary condition:

For node ‘0’:

h A. T a T 0. k A.
T 1 T 0

∆ x
. q o

A ∆ x.

2
. 0 ... 8.19( )

i.e.
2 T 1. 2 T 0. 1 h ∆ x.

k
.

∆ x( )2 q o.

k
2 h. ∆ x.

k
T a. 0

...(8.20)

� (8.19)
h A. T a T 0. k A.

T 1 T 0
∆ x

. q o
A ∆ x.

2
. 0 ... 8.19( )

i.e.
2 T 1. 2 T 0. 1 h ∆ x.

k
.

∆ x( )2 q o.

k
2 h. ∆ x.

k
T a. 0

...(8.20)
� (8.20)

For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1’: 

We get:

h A. T a T M. k A.
TM 1 TM

∆ x
. q M

A ∆ x.

2
. 0 ... 8.21( )

i.e.
2 TM 1
. 2 T M. 1 h ∆ x.

k
.

∆ x( )2 q M.

k
2 h. ∆ x.

k
T a. 0

...(8.22)

� (8.21)
h A. T a T M. k A.

TM 1 TM

∆ x
. q M

A ∆ x.

2
. 0 ... 8.21( )

i.e.
2 TM 1
. 2 T M. 1 h ∆ x.

k
.

∆ x( )2 q M.

k
2 h. ∆ x.

k
T a. 0

...(8.22)
� (8.22)

4.	 Radiation boundary condition:

For node ‘0’:

ε σ. A. T a
4 T 0

4. k A.
T 1 T 0

∆ x
. q o

A ∆ x.

2
. 0

....(8.23)
 = 0� (8.23)
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Numerical Methods in Heat conduction

For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1’: 

We get:

ε σ. A. T a
4 T M

4. k A.
TM 1 T M

∆ x
. q M

A ∆ x.

2
. 0

....(8.24)
 = 0� (8.24)

5.	 Combined convection and radiation boundary condition:

Let the combined heat transfer coefficient be: hcomb

For node ‘0’:

h comb A. T a T 0. k A.
T 1 T 0

∆ x
. q o

A ∆ x.

2
. 0 ... 8.25( )

i.e.
2 T 1. 2 T 0. 1

h comb ∆ x.

k
.

∆ x( )2 q o.

k

2 h comb. ∆ x.

k
T a. 0

...(8.26)

= 0� (8.25)
h comb A. T a T 0. k A.

T 1 T 0
∆ x

. q o
A ∆ x.

2
. 0 ... 8.25( )

i.e.
2 T 1. 2 T 0. 1

h comb ∆ x.

k
.

∆ x( )2 q o.

k

2 h comb. ∆ x.

k
T a. 0

...(8.26)
 = 0� (8.26)

For node ‘M’: Replace the subscript ‘0’ by ‘M’ and subscript ‘1’ by ‘M-1’: 

We get:

h comb A. T a T M. k A.
TM 1 TM

∆ x
. q M

A ∆ x.

2
. 0 ... 8.27( )

i.e.
2 TM 1
. 2 T M. 1

h comb ∆ x.

k
.

∆ x( )2 q M.

k

2 h comb. ∆ x.

k
T a. 0

...(8.28)

= 0� (8.27)
h comb A. T a T M. k A.

TM 1 TM

∆ x
. q M

A ∆ x.

2
. 0 ... 8.27( )

i.e.
2 TM 1
. 2 T M. 1

h comb ∆ x.

k
.

∆ x( )2 q M.

k

2 h comb. ∆ x.

k
T a. 0

...(8.28)
= 0� (8.28)
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Numerical Methods in Heat conduction

6.	 Interface Boundary condition:

0

Fig.  8.4 Finite difference formulation for interface boundary condition

) x

kB

1 2 m-1 m+1m

x

Interface

Qleft = kAA(Tm-1-Tm)/) x

Qleft Qright

qB,mqA,m

Medium BMedium A
kA

Qright = kBA(Tm+1-Tm)/) x

 Fig. 8.4 Finite difference formulation for interface boundary condition
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Numerical Methods in Heat conduction

With no contact resistance:

The finite difference formulation for this boundary condition is given by:

k A A.
Tm 1 Tm

∆ x
. k B A.

Tm 1 Tm

∆ x
. qA m,

A ∆ x.

2
. qB m,

A ∆ x.

2
. 0

....(8.29)
� (8.29)

With contact resistance:

If there is a contact resistance Rc at the interface, we use the resistance concept to write the difference 
equation. (See eqn. (8.9)). Now, at the interface, there is a temperature drop. Let the temperature at the 
interface drop from Tc1 to Tc2.

Then, we can write:

k A A.
Tm 1 Tc 1

∆ x
. k B A.

Tm 1 Tc 2
∆ x

. qA m,
A ∆ x.

2
. qB m,

A ∆ x.

2
. 0

.....(8.30)
= 0� (8.30)

And, temperature drop at the interface is calculated as:

∆ T c Tc 1 Tc 2 Q Rc
A

.
....(8.31)

� (8.31)

where Q is the heat flow rate through the interface (i.e. between nodes (m-1) and (m+1)) and (Rc/A) 
is the interface thermal resistance. 

�
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Numerical Methods in Heat conduction

One-dimensional, steady state conduction in cylindrical systems:

 

0

Fig.  8.5 Finite difference formulaion in a cylindrical/spherical system

) r 

T
o

r = 0

m-1/2

T2

T1

Tm-1

Tm

Tm+1

TM-1

TM

r = R

m+1/2

1 2 m-1 m+1m

r

M-1 M

) r 

Qright

qm .) V

Volume element of node ‘m’

Cylinder

3

T3

Qleft

r/2 
) r/2 

 Fig. 8.5 Finite difference formulaion in a cylindrical/spherical system

For Internal node:

Writing an energy balance for the volume element around node ‘m’, remembering that all heat flows are 
into the volume, we get:

Tm 1 Tm

∆ r

2 π. m ∆ r. ∆ r
2

. L. k.

Tm 1 Tm

∆ r

2 π. m ∆ r. ∆ r
2

. L. k.

2 π. m. ∆ r. ∆ r.( ) L. q m. 0

 

m = 0

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

16 

Numerical Methods in Heat conduction

Simplifying the above equation, we get:

1 1
2 m.

Tm 1
. 2 Tm

. 1 1
2 m.

Tm 1
.

∆ r( )2 q m.

k
0

.....(8.32)
 = 0� (8.32)

Eqn. (8.32) is the finite difference eqn. for internal nodes i.e. for nodes 1, 2, ….(M-1), with constant 
thermal conductivity and internal heat generation.

At the centre: i.e. at r = 0:

Writing the energy balance for the half-volume (of thickness ∆r/2) around node ‘0’, we get:

T 1 T 0
∆ r

2 π.
∆ r
2

. L. k.

π
∆ r
2

2
. L. q 0. 00 = 0

Simplifying the above equation, we get:

4 T 1 T 0.
∆ r( )2 q 0.

k
0

......(8.33)
 = 0� (8.33)
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At the periphery: i.e. at node ‘M’:

For convection boundary conditions, where heat transfer from the periphery is with an ambient at 
temperature Ta with a heat transfer coeff. of h, energy balance around node ‘M’, gives:

TM 1 TM

∆ r

2 π. M ∆ r. ∆ r
2

. L. k.

2 π. M ∆ r. L.( ) h. T a T M. 2 π. M. ∆ r. ∆ r
2

. L. qM
. 0= 0

Simplifying the above equation, we get:

1 1
2 M.

TM 1
. 1 1

2 M.
∆ r h.

k
TM
. ∆ r h.

k
T a.

∆ r( )2 q
M

.

2 k.
0

....(8.34)
= 0� (8.34)

�

One-dimensional, steady state conduction in spherical systems:

See the fig. for cyl. system, i.e. fig. 8.5 above.

For Internal node:

Writing an energy balance for the volume element around node ‘m’, remembering that all heat flows are 
into the volume, we get: 

Tm 1 Tm

∆ r

4 π. m ∆ r. ∆ r
2

2
. k.

Tm 1 Tm

∆ r

4 π. m ∆ r. ∆ r
2

2
. k.

4 π. m ∆ r.( )2. ∆ r. q m. 0
....(8.35)

m = 0

� (8.35)

Simplifying the above equation, we get:

1 1
2 m.

2
Tm 1 Tm

. 1 1
2 m.

2
Tm 1 Tm

.
∆ r( )2 q m.

k
0

.....(8.36)
= 0� (8.36)
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Numerical Methods in Heat conduction

At the centre, r = 0:

Applying the energy balance to the half-volume around node ‘0’, 

T 1 T 0
∆ r

4 π.
∆ r
2

2
. k.

4
3

π.
∆ r
2

3
. q 0. 0

 

0 = 0

Simplifying,

6 T 1 T 0.
∆ r( )2 q 0.

k
0

......(8.37)
= 0� (8.37)

For the boundary node ‘M’:

Let there be heat transfer at the boundary with a fluid flowing at a temperature of Ta with a heat transfer 
coeff. of ‘h’. Then, writing an energy balance for the half-volume around node ‘M’, we get:

TM 1 TM

∆ r

4 π. M ∆ r. ∆ r
2

2
. k.

4 π. M ∆ r.( )2 h. T a T M. 4 π. M ∆ r.( )2. ∆ r
2

. qM
. 0

...(8.38)
= 0

� (8.38)

Simplifying the above equation, we get:

1 1
2 M.

2
TM 1
. 1 1

2 M.

2 ∆ r h.

k
TM
. ∆ r h.

k
T a.

∆ r( )2 q
M

.

2 k.
0

....(8.39)
= 0� (8.39)

=======================================================================

Table 8.1

Summary of steady state, finite difference equations for different boundary conditions:

(q = heat flux, h = conv. heat tr. coeff., k = thermal cond., no int. heat gen., and ∆x = ∆y)
�
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Situation			   Finite difference eqn. (with ∆x = ∆y, no heat generation)

1)	 Node at an internal corner with convection (Fig. (8.7,a):

Tm n 1, 2 Tm 1 n,
. 2 Tm n 1,

. Tm 1 n, 6 2 h. ∆x.

k
Tm n,
. 2 h. ∆x.

k
T a. 0

....(8.44)
= 0� (8.44)

2)	 Node at a plane surface with convection (Fig. (8.7,b):

2 Tm 1 n,
. Tm n 1, Tm n 1,

2 h. ∆x.

k
T a. 2 h ∆x.

k
2. Tm n,
. 0

....(8.45)
= 0� (8.45)

3)	 Node at an external corner with convection (Fig. (8.7,c):

Tm n 1, Tm 1 n,
2 h. ∆x.

k
T a. 2 h ∆x.

k
1. Tm n,
. 0

....(8.46)
= 0� (8.46)

4)	 Node at a plane surface with uniform heat flux (Fig. (8.7,d):

2 Tm 1 n,
. Tm n 1, Tm n 1,

2 q. ∆x.

k
4 Tm n,
. 0

....(8.47)
= 0� (8.47)
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Note: In eqns.(8.42) and (8.44), put h = 0 or q = 0, to get difference equations for an insulated surface 
or a surface with thermal symmetry.

=======================================================================

One-dimensional Transient heat conduction in a plane wall:

Applying the general energy balance:

k A.
Tm 1 Tm

∆x
. k A.

Tm 1 Tm

∆x
. q m A ∆x.( ). ρ A. ∆x. C p.

T m
i 1 T m

i

∆τ
.

...(8.51)
� (8.51)

Simplifying,

Tm 1 2 Tm
. Tm 1

q m ∆x( )2.

k
∆x( )2

α ∆τ.
T m

i 1 T m
i.

.....(8.52)
� (8.52)

where, α = 
where,

α
k

ρ C p.

= thermal diffisivity of the material.
 = thermal diffisivity of the material.

Now, the term 
Now, the term α ∆τ.

∆x( )2

is the finite difference form of the Fourier number, Fo
 is the finite difference form of the Fourier number, Fo

So, eqn. (8.52) reduces to:

Tm 1 2 Tm
. Tm 1

q m ∆x( )2.

k

Tm
i 1 Tm

i

Fo

.....(8.53)
� (8.53)

Explicit method:

Tm 1
i 2 Tm

i. Tm 1
i q m

i ∆x( )2.

k

Tm
i 1 Tm

i

Fo

.....(8.54)
� (8.54)

So, we write for Tm
i+1 :

Tm
i 1 Fo Tm 1

i Tm 1
i. 1 2 Fo.( ) Tm

i. Fo
qm

i ∆x( )2.

k
.

....(8.55)
� (8.55)

When there is no heat generation, eqn. (8.55) reduces to:

Tm
i 1 Fo Tm 1

i Tm 1
i. 1 2 Fo.( ) Tm

i.
....(8.56)

� (8.56)
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Implicit method:

If in the LHS of eqn. (8.53), we use the values at time step (i + 1), we get the implicit relation for 
the node temperatures:

i.e 
i.e.

Tm 1
i 1 2 Tm

i 1. Tm 1
i 1 qm

i 1 ∆x( )2.

k

Tm
i 1 Tm

i

Fo

.....(8.57)
� (8.57)

Eqn. (8.57) is simplified to:

1 2 Fo.( ) Tm
i 1. Fo Tm 1

i 1 Tm 1
i 1 qm

i 1 ∆x( )2.

k
. Tm

i 0
....(8.58)

= 0� (8.58)

When there is no heat generation, eqn. (8.58) reduces to:

1 2 Fo.( ) Tm
i 1. Fo Tm 1

i 1 Tm 1
i 1. Tm

i 0
....(8.59)

= 0� (8.59)

For Boundary Nodes:

Exact nature of the difference eqns. depends on the specific boundary condition. For example:

For node ‘0’ with convection boundary condition:

Explicit formulation:

h A. Ta T0
i. k A.

T1
i T0

i

∆x
. q0

i A. ∆x
2

. ρ A. ∆x
2

. C p.
T0

i 1 T0
i

∆τ
.

....(8.60)
� (8.60)

Simplifying:

T0
i 1 1 2 Fo. 2 Fo. Bi.( ) T0

i. Fo 2 T1
i. 2 Bi. Ta

.
q0

i ∆x( )2.

k
.

.....(8.61)
� (8.61)

where Bi–  = Biot number 

When there is no heat generation, eqn. (8.61) for explicit formulation becomes:

T0
i 1 1 2 Fo. 2 Fo. Bi.( ) T0

i. Fo 2 T1
i. 2 Bi. Ta

..
.....(8.62)

� (8.62)

Stability criterion foe Explicit method:

“Coefficients of all Tm
i in the Tm

i+1 expressions (called ‘primary coefficients’) must be greater than 
or equal to zero for all nodes ‘m’ ”.

Generally, boundary nodes with convection conditions are more restrictive and in such cases, coeff. 
of Tm

i from the most restrictive eqn. must be considered for the stability criterion and the time step ∆τ 
must be determined with respect to that coefficient.
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=======================================================================

Table 8.2

Summary of transient, finite difference equations for different boundary conditions:

(q = heat flux, h = conv. heat tr. coeff., k = thermal cond., no int. heat gen., and ∆x = ∆y)

�

Situation			   Finite difference eqn. (with ∆x = ∆y, no heat generation)

1. Node at an interior corner with convection (Fig. (8.12,a):

Explicit method:

Tm n,
i 1 2

3
Fo. 2 Tm n 1,

i. 2 Tm 1 n,
i. Tm 1 n,

i Tm n 1,
i 2 Bi. T a..

1 4 Fo. 4
3

Fo. Bi. Tm n,
i.+

...
....(8.71)

� (8.71)
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Stability criterion for above: 

Fo 3 Bi( ). 3
4

....(8.72)
� (8.72)

Implicit method:

1 4 Fo. 1 Bi
3

. Tm n,
i 1. 2 Fo.

3
Tm 1 n,

i 1 Tm n 1,
i 1 2 Tm n 1,

i 1.

2 Tm 1 n,
i 1. 2 Bi. T a.+

.... Tm n,
i 0

...(8.73)

= 0
� (8.73)

2. Node at a plane surface with convection (Fig. (8.12,b):

Explicit method:

Tm n,
i 1 Fo 2 Tm 1 n,

i. Tm n 1,
i Tm n 1,

i 2 Bi. T a..

1 4 Fo. 2 Fo. Bi.( ) Tm n,
i.+

...
....(8.74)

� (8.74)

Stability criterion for above: 

Fo 2 Bi( ). 1
2

....(8.75)
� (8.75)

Implicit method:

1 2 Fo 2 Bi( ). Tm n,
i 1. Fo 2 Tm 1 n,

i 1. Tm n 1,
i 1 Tm n 1,

i 1. Tm n,
i 2 Bi. Fo. T a.

....(8.76)

� (8.76)

3. Node at a plane surface, insulated:

To obtain finite difference eqn. or stability criterion for an insulated surface (or a surface of thermal 
symmetry), set Bi = 0 (i.e. h = 0) in eqns. (8.74), (8.75) or (8.76).

4. Node at exterior corner, with convection (Fig. 8.12, c):

Explicit method:

Tm n,
i 1 2 Fo. Tm 1 n,

i Tm n 1,
i 2 Bi. T a..

1 4 Fo. 4 Fo. Bi.( ) Tm n,
i.+

...
....(8.77)

� (8.77)

Stability criterion for above: 

Fo 1 Bi( ). 1
4

....(8.78)
� (8.78)

Implicit method:

1 4 Fo. 1 Bi( ).( ) Tm n,
i 1. 2 Fo. Tm 1 n,

i 1 Tm n 1,
i 1. Tm n,

i 4 Bi. Fo. T a.
....(8.79)

� (8.79)

=======================================================================
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1IA.	 One-dimensional, steady state conduction:

Prob. 1I.A.1. Heat is generated uniformly in a stainless steel plate having k = 20 W/m.K. The thickness 
of the plate is 1 cm and heat generation rate is 500 MW/m3. If the two sides of the plate are maintained 
at 200 and 100 C respectively, calculate the temperature at the centre of the plate. Also find the distance 
of the plate at which maximum temperature occurs from the 200 C surface.

Mathcad Solution:

Note that there are 11 nodes, numbered as: 0,1,2,3,4,…..10. Out of these, nodes ‘0’ and ‘10’ are boundary 
nodes and the nodes 1,2,3…9 are internal nodes. Temperature of node ‘0’ is given, i.e. T0 = 200 C, and 
T10 = 100 C.

Fig. 1I.A.1 shows the schematic of finite difference nodes for this problem.

Fig.1I.A.1. Finite difference nodes

Apply eqn. (8.8) for interior nodes, 1,2,3…9:

� (8.78)
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…‘Temp’ is the vector containing values of temperatures T0, T1…T10 .. shown below:

Therefore,

i.e. Temperatures at different nodes are: T0 = 200 C, T1 = 302.5 C, T3 = 380 C…etc.

To draw the temp. distribution:
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The graph is not very smooth, since only 10 nodes are chosen. It may be noted that if more no. of nodes 
are chosen, obviously the graph will be smoother.
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Also note that mid-point temp. T5 = 462.5 C.’ Tmax occurs at slighly before x = 0.005 m.

This problem was solved analytically in Prob. 1F.2. 

Let us compare the results from analytical relation and numerical methods:

As we can see from the above Table, there is an excellent agreement between the analytical results and 
results by finite difference method.
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Solution by Finite Element Heat Transfer (FEHHT) Software:

Node Nos.:

Node Temperatures:
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Plot of x vs Temp:
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=======================================================================

(b) When left surface is insulated, right face maintained at 100 C:

Now, the node ‘0’ is on an insulated boundary. Difference equation for node ‘0’ is obtained now treating 
it as an internal node if the insulated surface is imagined to be a mirror i.e. node ‘1’ extends to the left 
of node ‘0’ and eqn. (8.8) is applicable.

�

�

Equations for other nodes remain unchanged.

Therefore, solving eqn (a’)….(k) simultaneously will give the temperatures at nodes 0 to 10.
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Use ‘solve block’ to solve the set of algebraic equations (a’) to (k) simultaneously, in Mathcad.

Start with assumed or trial values of temperatures:
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…‘Temp’ is the vector containing values of temperatures T0, T1…T10 .. shown below:

i.e. T0 = 1350 C, T1 = 1337.5 C, T3 = 1300 C … T10 = 100 C. etc.

To draw the temp. distribution:
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Obviously, max. temp occurs at the insulated left face, and Tmax = 1350 C. and at mid-point i.e. 
x = 0.005 m, the temp is 1037.5 C.

�

Solution with FEHT:

Node Nos.:
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Node Temps.:

Plot of x vs Temp:
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=======================================================================

(c) When left surface is maintained at 200 C, right face subjected to convection by a fluid at 100 C 
with a heat transfer coeff. h = 4000 W/m^2.C:

�
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…‘Temp’ is the vector containing values of temperatures T0, T1…T10 .. shown below:

To draw the temp. distribution:
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Now, temp at the mid-point, i.e. x = 0.005 m is 687.5 C and temp at the right face, i.e. at x = 0.01 m 
is = 550 C. and at mid-point i.e. x = 0.005 m, the temp is 687.5 C. Tmax occurs at around x = 0.065 m.

�

Solution with FEHT:

Node Nos.:
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Node Temps:
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Plot x vs Temp:

=======================================================================

“Prob. 1I.A.2. Consider a large plane wall of thickness L = 0.3 m, k = 2.5 W/m.C, and surface area A = 
24 m^2. The left side of the wall is subjected to a heat flux of q_0 = 350 W/m^2 while the temp at that 
surface is measured to be T_0 = 60 C. Assuming steady, 1D heat transfer and taking a nodal spacing of 
6 cm, (a) obtain the finite difference formulation for the six nodes and (b) determine the temp of the 
other surface of the wall by solving those eqns. [Ref. 2]”
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) x

Tm

x

0

To

x = 0

Tm-1T1 Tm+1 T5

x = L

1 2 53 4

Qleft Qright

q0

 Fig.Prob.1I.A.2

EES Solution:

“Data:”

k = 2.5 [W/m-C]

L = 0.3[m]

A = 24 [m^2]

“There are 5 equal divisions (M = 5) so that DELTAx = 0.06 m. 
Of these, 0 and 5 are boundary nodes and 1 to 4 are internal nodes: 
On the LHS, there is constant heat flux, and the temp is also given; on the RHS no condition is given.”

DELTAx = 0.06[m]

q_0 = 350[W/m^2]

T[0]=60[C] “..for node ‘0’ … by data”

“Find T_1 by energy balance at node 0:”

q_0 * A + k * A * (T[1] – T[0]) / DELTAx = 0 “…finds T[1] … energy balance at node 0”

“Similarly, eqn for node 1 gives temp T_2, ….. and eqn for node 4 gives temp T_5:”

“Now for internal nodes, for the mth node: the difference eqn. is:

T_(m-1) – 2 * T_m +T_(m+1) = 0” 

“i.e. for nodes 1 to 4, we get:”
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Duplicate m = 1,4

T[m-1] – 2*T[m] + T[m+1] = 0

end

“To draw the plot of x vs Temp.:”

duplicate i = 0,5

X[i] = i * DELTAx

End

Results:
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Temp at various distances from LHS:

Plot the temp distribution:

=======================================================================

“Prob. 1I.A.3. Consider a plane wall of thickness L = 0.02 m, k = 25 W/m.C. Internal heat generation 
rate is 0.25 MW/m^3. On both sides, heat is transferred only by radiation to the surroundings at 30 C. 
Determine centre and surface temperatures. Take 10 equal divisions.”

) x

Tm

x

0

To

x = 0

Tm-1T1 Tm+1 T10

x = L

1 10

Qleft Qright

2 ) x

qg

qradqrad

Tsurr = 30 C

 Fig.Prob.1I.A.3
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EES Solution:

“Data:”

k = 25 [W/m-C]

L = 0.02[m]

A = 1 [m^2]“…assumed”

sigma = 5.67e-08 [W/m^2-K^4] “..Stefan – Boltzmann constant”

epsilon = 1 “…emissivity of surfaces = 1, assumed”

“There are 10 equal divisions (M = 10) so that DELTAx = 0.002 m. 
Of these, 0 and 10 are boundary nodes and 1 to 9 are internal nodes:”

DELTAx = 0.002[m]

q_g = 0.25e06[W/m^2]

T_surr = 30[C]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

k * A * (T[m-1] – T[m]) / DELTAx + k * A * (T[m+1] – T[m]) / DELTAx + q_g * A * DELTAx = 0

This is the eqn used for for temperatures T[1] to T[9].

Enter the eqn in EES as follows, to get the eqns for temperatures T[1] to T[9]:”

Duplicate m = 1,9

k * A * (T[m-1] – T[m]) / DELTAx + k * A * (T[m+1] – T[m]) / DELTAx + q_g * A * DELTAx = 0

end

“Now for boundary nodes ‘0’ and ‘10’:”
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“For node ‘0’:”

k * A * (T[1] – T[0]) / DELTAx + sigma * A * epsilon * ((T_surr + 273)^4 – (T[0] + 273)^4) + q_g * A 
* DELTAx/2 = 0 “ T[0] in deg.C”

“For node 10, we get:”

k * A * (T[9] – T[10]) / DELTAx + sigma * A * epsilon * ((T_surr + 273)^4 – (T[10] + 273)^4) + q_g 
* A * DELTAx/2 = 0 “ T[10] in deg.C”

“To draw the plot of x vs Temp.:”

duplicate i = 0,10

X[i] = i * DELTAx “…creates an array of x’s”

end
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Results:

Temp. at various locations:

Therefore, centre temp = 206.2 C at x = 0.01 m, and

Surface temp = 205.7 C at x = 0.02 m…..(Ans)
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Plot the temp profile:

=======================================================================

“Prob. 1I.A.4. In a slab ( k = 15 W/m.K), 14 cm thick, and insulated at the left face (i.e. at x = 0), heat 
generation rate varies with position as: q_g = q_0 * exp(-50 * x), W/m^3, where q_0 = 10^6 and x is in 
metres. Right surface is subjected to convection with h = 4000 W/m^2.C with a fluid at 80 C. Determine 
the temperatures on both the faces and also the heat transfer from the surface. Take DELTAx = 1 cm.”

) x

Tm

x

0

To

x = 0

Tm-1T1 Tm+1 T10

x = L

1 14

Qleft Qright

2
) x

qg=q0 .  Exp(-50.x) W/m^3

Ta = 80 C

Insulated h = 4000 W/m^2.C

 Fig.Prob.1I.A.4

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

50 

Numerical Methods in Heat conduction

EES Solution:

“Data:”

“First define a function for heat generation:”

function q_g(x)

q_g = 1e06 * exp(– 50 * x) “[W/m^3]….defines q-g”

end

“--------------------------------------------------------”

k = 15 [W/m-C]

L = 0.14 [m]

A = 1 [m^2]“…assumed”
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h = 4000 [W/m^2-C]

T_a = 80 [C]

“There are 14 equal divisions (M = 14) so that DELTAx = 0.01 m. Nodes: 0 to 14

Of these, 0 and 14 are boundary nodes and 1 to 13 are internal nodes:”

DELTAx = 0.01[m]

“q_g = q_0 * exp (-50 * x) … [W/m^3] …. variable internal heat gen. rate”

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

k * A * (T[m-1] – T[m]) / DELTAx + k * A * (T[m+1] – T[m]) / DELTAx + q_g(m*DELTAx) * A * 
DELTAx = 0

This is the eqn for temperatures T[1] to T[13]”

Duplicate m = 1,13

k * A * (T[m-1] – T[m]) / DELTAx + k * A * (T[m+1] – T[m]) / DELTAx + q_g(m*DELTAx) * A * 
DELTAx = 0

end

“Now for boundary nodes ‘0’ and ‘14’:”

“For node ‘0’:”

k * A * (T[1] – T[0]) / DELTAx + q_g(0) * A * DELTAx/2 = 0 “for T[0]”

“For nodes 14, we get:”

k * A * (T[13] – T[14]) / DELTAx + q_g (L)* A * DELTAx/2 + h * A * (T_a – T[14]) = 0 “for T[14]”

“To draw the plot of x vs Temp.:”
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duplicate i = 0,14

X[i] = i * DELTAx

end

“Heat transfer from the surface:”

Q = h * A * ( T[14] – T_a) “[W]…..per m^2 of surface”

Results:

i.e. Temp at left (insulated) surface = 249.5 C …. Ans.

Temp. at right surface = 85.1 C .. Ans.
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Obviously, temp at the insulated surface is maximum.

Heat transferred from right surface = heat transferred by convection = 20396 W.

Q should also be equal to total heat generated in the slab. i.e.

This is 19980 W, whereas the heat transfer by convection is 20396 W. This small difference 

(2.08%) is due to errors of finite difference numerical method.
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Plot T vs x for the slab:

=======================================================================

“Prob. 1I.A.5. A nuclear fuel element is in the form of hollow cylinder insulated at the inner surface. 
Its inner and outer radii are 50 mm and 100 mm respectively. Outer surface gives heat to a fluid at 50 C 
where the unit surface conductance is 100 W/m^2.C. The thermal cond. of material is 50 W/m.C. Find 
the rate of heat generation so that max. temp. in the system will not exceed 200 C. [P.U.]”

0
) r m-1/2 M = 10m+1/2

1 2 m-1 m+1m

r
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) r 

Qright

qg .) V
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EES Solution:

“Data:”

k = 50 [W/m-C]

r_i = 0.05 [m]

r_0 = 0.1 [m]

L = 1 [m]“….assumed”

h = 100 [W/m^2-C]

T_a = 50 [C]

“q_g = heat gen. W/m^3, … to be found out:”

“Calculations:”

“Let there be 10 equal divisions (M = 10) of the radial distance (r_0 – r_i), so that DELTAr = 0.005 m. 

Nodes: 0 to 10.

Of these, 0 and 10 are boundary nodes and 1 to 9 are internal nodes:”

DELTAr = 0.005[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

(T[m-1] – T[m]) / (DELTAr / (k * 2 * pi * (r[m] – DELTAr/2) * L)) + (T[m+1] – T[m]) / (DELTAr /  
(k * 2 * pi * (r[m] + DELTAr/2) * L)) + q_g * (L * 2 * pi * r[m] * DELTAr) = 0

In the above eqn.: first term is heat flowing in from LHS, 2nd term is heat flowing in from RHS, and 
the 3rd tem is heat gen.

Also, note that effect of curvature of cylinder is neglected and thermal resistance is calculated treating 
the cyl. shell as a slab of thickness DELTAr.
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This is the eqn for temperatures T[1] to T[9]”

Duplicate m = 1,9

(T[m-1] – T[m]) / (DELTAr / (k * 2 * pi * (r[m] – DELTAr/2) * L)) + (T[m+1] – T[m]) / (DELTAr / 
(k * 2 * pi * (r[m] + DELTAr/2) * L)) + q_g * (L * 2 * pi * r[m] * DELTAr) = 0

end

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0’:
Max. temp of 200 C occurs on this surface since it is insulated:”

T[0] = 200 [C] “for T[0] … by data”

“For node 10, we get:”

(k * 2 * pi* (r_0 – DELTAr/2) * L) * (T[9] – T[10]) / DELTAr + q_g * (L * 2 * pi * r_0 * DELTAr / 2) + 
h * (2 * pi * r_0 * L ) * (T_a – T[10]) = 0
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“Also, heat generated = heat convected from outer surface:”

pi * (r_0^2 – r_i^2) * L * q_g = h * (2 * pi * r_0 * L) * (T[10] – T_a) 

“To draw the plot of r vs Temp.:”

duplicate m = 0,10

r[m] = r_i + m * DELTAr
end

Results:

Thus:

q_g = 379616 W/m^3 …. Heat gen. rate …. Ans.

And radial temp. distribution is given by:

i.e. temp. at the outer surface (i.e. at r = 0.1 m): T[10] = 192.4 C … Ans.
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Plot the temp distribution:

=======================================================================

“Verify the results with Analytical relations: 

We have the analytical relation for Tmax:”

{Tmax = T_w + (q_g * r_i^2 / (4 * k)) * ((r_0 / r_i)^2 – 2 * ln (r_0 / r_i) -1)}

200 – T_w = (q_g * r_i^2 / (4 * k)) * ( (r_0 / r_i)^2 – 2 * ln (r_0 / r_i) -1) “..finds T_w, the outer wall 
temp.”

“We note that T_w is 192.3 C as per this formula, whereas the result by numerical method was 192.4 C.

So, the variation is:”

Variation = (192.4 – 192.3 ) * 100 / 192.4 “[%] …. variation in the value of T_w”

“i.e. Variation is only about 0.052%”

=======================================================================

Solution to the above problem from Finite Element Heat Transfer (FEHT) software:

Choose ‘cylindrical’ (instead of Cartesian) from Setup, since we are dealing with cylindrical system.

So, horizontally, it is variation of R and vertically, Z.

After drawing the geometry, show top and bottom surfaces as ‘insulated’ for 1D effect.
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By data, RHS has convection and LHS is insulated.

Heat gen. rate is to be found out so that LHS (max temp) is 200 C.

To start with assume qg = 1E5 W/m^3 and calculate to find the temp on LHS; By trial and error, go on 
changing qg so that we get T = 200 C on the node corresponding to LHS.

Node positions:
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Node Nos.

Note that node no. on LHS is 17. 

We try to change qg such that temp on this node becomes 200 C:

First trial with qg = 1E5 W/m^3:
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For this trial, Node temps are:

i.e. at Node 17, T = 89.6 C.

So, try qg = 3.8E5 W/m^3:

Now, we get Node temps as:

i.e. At Node 17, temp is 200 C.
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We can get the result in Tabular form and copy it into Excel to edit and draw a graph:

Node 
No. R (m) Z (m)

T (deg. 
C) Node Bal. (W)

17 0.05001 -0.06006 200.3 -6.98E-16

6 0.06033 -0.06033 199.9 -1.40E-15

9 0.07011 -0.06059 198.9 0

12 0.0799 -0.06033 197.4 -3.49E-16

15 0.08996 -0.06033 195.2 1.05E-15

18 0.09988 -0.0598 192.6 -45.01
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Note that at Node 17, in the Table, temp is shown accurately as: 200.3 C.

With more patience, one can continue to change the value of qg and continue the trial and error 
calculation to make it exactly 200 C.

Also note that temp on the outer surface subjected to convection is: 192.6 C. Compare this with the 
value of 192.4 C obtained with EES.

=======================================================================

“Prob. 1I.A.6. A solid sphere of radius 10 mm and k = 14 W/m.C has a uniform heat generation rate 
of 2 × 10^6 W/m^3. Heat is conducted from its outer surface to a fluid at 25 C by convection with h = 
2200 W/m^2.C. Dividing the radius to 10 equal divisions and using numerical method, determine: 
(i) the steady state temp at the centre and at the outer surface (ii) draw the temp profile along the radius.”
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EES Solution:

“Data:”

k = 14 [W/m-C]

r_0 = 0.01 [m]

h = 2200 [W/m^2-C]

T_a = 25 [C]

q_g = 2e06 [W/m^3] “…heat gen. W/m^3 ”

“Calculations:”

“Let there be 10 equal divisions (MM = 10) of the radial distance r_0, so that DELTAr = 0.001 m. 

Nodes: 0 to 10.
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Of these, 0 and 10 are boundary nodes and 1 to 9 are internal nodes:”

MM = 10 “no. of equal divisions”

DELTAr = 0.001[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

In the above eqn.: first term is heat flowing in from LHS, 2nd term is heat flowing in from RHS, and 
the 3rd tem is heat gen.

Also, note that effect of curvature of sphere is neglected and thermal resistance is calculated treating the 
spherical shell as a slab of thickness DELTAr.
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The above eqn is entered in EES as follows:

This is the eqn for temperatures T[1] to T[9]”

Duplicate m = 1,9

(T[m-1] – T[m]) / (DELTAr / (4 * pi * (m * DELTAr – DELTAr/2)^2 * k)) + (T[m+1] – T[m]) / (DELTAr 
/ (4 * pi * (m * DELTAr + DELTAr/2)^2 * k)) + q_g * (4 * pi * (m * DELTAr)^2 * DELTAr) = 0

end

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0’:

This is the centre node. Considering the half volume around node ‘0’ ans writing the heat balance:”

This eqn. is entered in EES as:

(T[1] – T[0]) / (DELTAr / (k * 4 * pi * (DELTAr/2)^2)) + (4 / 3) * pi * (DELTAr / 2)^3 * q_g = 0 “for 
T[0] ”

“Similarly, for node 10, we get:”

And this eqn is entered in EES as:

 (T[9] – T[10]) / (DELTAr / (4 * pi * (r_0 – DELTAr / 2)^2 * k)) + q_g * 4 * pi * (r_0)^2 * DELTAr / 2 
+ h * (4 * pi * (r_0)^2) * (T_a – T[10]) = 0
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“To draw the plot of r vs Temp.:”

duplicate m = 0,10

r[m] = m * DELTAr

end

“=====================================================================”

“Compare the results with Analytical relations: We have the analytical relation for Tmax:”

The analytical eqn. for temp distribution is:

duplicate i = 0, 10

T_analyt[i] =T_a + q_g * r_0 / (3 * h) + (q_g / (6 * k)) * (r_0^2 – (i * DELTAr)^2)

 end

Results:
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So, by numerical method:

temp at the centre (i.e. at r = 0): 30.4 C, and

temp at the surface (i.e. at r = 0.01 m): 28.05 C …. Ans.

Above Table also gives the temperatures at different radii calculated analytically. It may be noted that 
results by numerical methods match well with those calculated from analytical formulas.

Plot of temp vs radial distances:
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=======================================================================

“Prob. 1I.A.7. A hollow sphere (k = 30 W/m.C) of inner radius 6 cm and outside radius 8 cm has a 
heat gen. rate of 4 × 10^6 W/m^3. The inside surface is insulated and heat is removed from the outside 
surface by a fluid at 100 C with h = 300 W/m^2.C. Calculate the temperatures on the inside and outside 
surfaces. Divide the radial distance into 20 equal divisions.”
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EES Solution:

“Data:”

k = 30 [W/m-C]

r_i = 0.06 [m]

r_0 = 0.08 [m]

h = 300 [W/m^2-C]

T_a = 100 [C]

q_g = 4e06 [W/m^3] “…heat gen. W/m^3”
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“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the radial distance (r_0 – r_i), so that DELTAr = 0.001 m. 

Nodes: 0 to 10.

Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

DELTAr = 0.001[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

“In the above eqn.: first term is heat flowing in from LHS, 2nd term is heat flowing in from RHS, and 
the 3rd tem is heat gen.
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Also, note that effect of curvature of sphere is neglected and thermal resistance is calculated treating the 
sphericalshell as a slab of thickness DELTAr.”

This is the eqn for temperatures T[1] to T[19]

It is entered in EES as:”

Duplicate m = 1,19

 (T[m-1] – T[m]) / (DELTAr / (4 * pi * ((r_i + m * DELTAr) – DELTAr/2)^2 * k)) + (T[m+1] – T[m]) / 
(DELTAr / (4 * pi * ((r_i + m * DELTAr) + DELTAr/2)^2 * k)) + q_g * (4 * pi * (r_i + m * DELTAr)^2 
* DELTAr) = 0

end

“Now for boundary nodes ‘0’ and ‘20’:”

“For node ‘0’:

The inside surface is insulated. So, no heat transfer from LHS: Considering the half volume around node 
‘0’ and writing the heat balance:”

It is entered in EES as:

(T[1] – T[0]) / (DELTAr / (k * 4 * pi * (r_i + DELTAr/2)^2)) + (4 / 3) * pi * ((r_i + DELTAr / 2)^3 – 
r_i^3) * q_g = 0 “for T[0]”

“For node 20:

We get T[20] by a heat balance at the outer surface. i.e. all the heat generated within the spherical shell 
must be dissipated by convection from the outer surface: i.e.”
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In EES, it is entered as:

q_g * (4/3) * pi * (r_0 ^3 – r_i^3) = h * (4 * pi * r_0^2) * (T[20] – T_a) “..gives temp at node 20, i.e. at 
the outer surface”

“To draw the plot of r vs Temp.:”

duplicate m = 0,20

r[m] = r_i + m * DELTAr

end

“=====================================================================”

T_w = T[20] “outside surface temp.”

“Compare the results with Analytical relations: Analytical relation for Temp distribution is:”

In EES, this eqn. is:

duplicate i = 0, 20

T_analyt[i] =T_w + (q_g / (6 * k)) * (r_0^2 – (r_i + i * DELTAr)^2) – (q_g / (3 * k)) * r_i^3 * (1 / (r_i 
+ i * DELTAr) – 1/ r_0)

End

Results:
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Temp. distribution by numerical method and analytical method:

Note that the results by numerical methods and analytical methods match extremely well.

Plot of Temp vs radial distance:

=======================================================================
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“Prob. 1I.A.8. A turbine blade (k = 29 W/m.C) is 60 mm long, 500 mm^2 cross-sectional area and 
120 mm perimeter. Temp of root of blade is 480 C and it is exposed to products of combustion passing 
through the turbine at 820 C. If the film coeff between the blade and the combustion gases is 320 W/
m^2.C, determine: (i) the temp at the middle of the blade, (ii) rate of heat flow from the blade. Use 20 
equal divisions, i.e. DELTAx = 3 mm while adopting numerical method.”

) x

Tm

x

0

To

x = 0

Tm-1T1 Tm+1 T20

x = L

1 20

Qleft Qright

qconv

L = 0.06 m

To = 480 C
h = 320 W/(m^2.C)
Ta = 820 C

2

) x = 0.003 m 

k = 29 W/m.C
Ac = 500e-06 m^2

 Fig.Prob.1I.A.8
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EES Solution:

“Data:”

“The turbine blade is treated as a fin losing heat from its tip.”

k = 29 [W/m-C]

L = 0.06 [m] “… length of fin”

A_c = 500e-06 [m^2] “… area of cross-section of fin”

P = 0.12 [m] “… perimeter of fin”

h = 320 [W/m^2-C]

T_a = 820 [C]

“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the fin length so that DELTAx = 0.003 m. Nodes: 0 to 20.

Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

DELTAx = 0.003[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

This is the eqn for temperatures T[1] to T[19]”

“Above eqn. is entered in EES:”

Duplicate m = 1,19
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(T[m-1] – T[m]) / (DELTAx / (k * A_c)) + (T[m+1] – T[m]) / (DELTAx / (k * A_c)) + h * P * DELTAx 
* (T_a – T[m]) = 0

end

“In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is heat 
flowing in by conduction in to the node from RHS, and the 3rd term is heat flow into the node by 
convection from the gases.”

“Now for boundary nodes ‘0’ and ‘20’:”

“For node ‘0’:

Temp at the root of fin i.e. at node ‘0’ is given as 480 C:”

T[0] = 480 [C] “by data … for T[0] “

“For node 20, write the heat balance, including the convection from the tip, remembering to show all 
heat flows as flowing into the node: i.e.”
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“Above eqn. is entered in EES as:”

(T[19] – T[20]) / (DELTAx / ( k * A_c)) + h * (P * DELTAx / 2 + A_c) * (T_a – T[20]) = 0 “..for node 20”

“For heat transfer from the fin: Write a heat balance at node ‘0’:”

“In EES this eqn. is entered as:”

Q_fin + (T[1] – T[0]) / ( DELTAx / (k * A_c)) + h * (P * DELTAx/2) * (T_a – T[0]) = 0 

“To draw the plot of x vs Temp.:”

duplicate i = 0,20

x[i] = i * DELTAx

end

“=====================================================================”

“Compare the results with Analytical relations: We have the analytical relation for Temp distribution:”

“Fin parameter m_p:”

“In EES, above eqn. becomes:”

m_p = sqrt((h * P) / (k * A_c)) “[1/m] … fin parameter”

{
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“Temp distribution is given by:

(T_analyt – T_a) / (T[0] – T_a) = (A + B) / (C + D) where:

A = cosh(m_p * (L – i * DELTAx))

B = (h / (k * m_p)) * sinh (m_p * (L – i * DELTAx))

C = cosh (m_p * L)

D = (h / (k * m_p)) *sinh (m_p * L) ”

}

“Enter these eqns in EES as follows:”

C = cosh (m_p * L)

D = (h / (k * m_p)) *sinh (m_p * L) 

duplicate j = 0, 20

T_analyt[j] = T_a + (T[0] – T_a) * ((cosh(m_p * (L – j * DELTAx)) + (h / (k * m_p)) * sinh (m_p * 
(L – j * DELTAx))) / (C + D))

end

“Analytical relation for heat flow from fin:”
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“Enter it in EES:”

Q_fin_analyt = k * A_c * m_p * (T[0] – T_a) * ((tanh (m_p * L) + (h / (k * m_p))) / (1 + (h / (k * m_p)) 
* tanh (m_p * L)))

Results:

Thus:

Q_fin = -253.8 W … heat transfer from fin … by numerical method … Ans.

Q_fin_analyt = -253 W …. heat transfer from fin … by analytical method … Ans.

Note: -ve sign indicates that heat is transferred into the fin from the combustion gases.
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Temperatures along the fin:

Temperatures at various x values as per numerical method and analytical method are given below:

Plot of temp vs x:
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Fin with convection from tip
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In the above Table and plot, temperatures calculated by both the methods are compared.
It is observed that the values match very closely.
=======================================================================

Prob. 1I.A.9. A conical cylinder of length L and radii R1 and R2, (R1 < R2) is fully insulated on the 
outer surface. The two ends are maintained at T1 and T2, (T1 > T2). Considering one-dimensional steady 
state heat flow, derive expressions for heat flow and temperature distribution.

As a numerical example, taking: R1 = 1.25 cm, R2 = 2.5 cm, L = 20 cm, T1 = 227 C, T2 = 27 C, k = 40 
W/(m.C), find:

1)	 steady state heat transfer rate, Q
2)	 temperature at mid-plane
3)	 temperature at a plane 14 cm from the small end
4)	 draw the temperature profile in the solid

Use numerical method, with 10 equal divisions, i.e. Δx = 0.02 m

Mathcad Solution:

Fig.Prob.1l.A.9
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Note that here, area of cross-section varies with the length x. 

Write a function for variation of area with x:

Difference equations:

For Internal nodes: 

Consider an internal node ‘m’: 

Write the heat balance, remembering to have all heat flows into the node:
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In eqn. (A) above, first term is the heat flowing from LHS and the second term is the heat flowing from 
RHS.

For Boundary nodes ‘0’ and ‘10’:

Temperatures are given:

Now, use Solve Block of Mathcad to solve the 11 eqns simultaneously.

Start with guess values for unknown temperatures:
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Temp above is the vector that contains the temperatures T0 … T10.

i.e.
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Therefore, temp at the mid-plane (i.e. x = 0.1 m) is: T[5] = 93.707 C …. Ans.

And, temp at x = 0.14 m is: T[7] = 62.319 C …. Ans.

To draw the temp profile:
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Heat transfer Q by numerical method:

�

Now, compare these results with those obtained by Analytical method:

From Ref. [1], we have:

Heat transfer rate, Q:
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Note: By numerical method, we obtained Q = 39.327 W …and, results match very well.

Temperature at mid-plane i.e. at x = 0.1 m:

Note: By numerical method, we obtained temp at mid-plane, T[5] = 93.707 C …and, results match 
very well.

Temperature at x = 14 cm from LHS:

Note: Compare this value with the value of T[7] = 62.319 C, obtained by Numerical method.
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Finally, temperatures obtained for various values of x, by both the Numerical and Analytical methods, 
are tabulated below: 

Solve the above problem by Finite Element Heat Transfer (FEHT) Software:

First choose cylindrical coordinates:
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Next draw the outline:
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Then, draw the elements, show node nos.:
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Run and show results:

Temps. at corresponding Nodes:

Note that at mid-plane, i.e. at 10 cms from top, the temp is: 94.1 C.

Compare this with the value of 93.667 C obtained with Mathcad.
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Temp. contours:
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Heat transferred:

We note that heat transferred is 38.69 W. 

Compare this with Q = 39.27 W obtained with Mathcad.

Tabular results: (Edited in Excel)
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Note that at 16 cm from small end, T = 49.26 C, whereas by Mathcad, this value was 49.22 C. So, the 
results match very well.

Plot Temp vs distance from top:

=======================================================================

“Prob. 1I.A.10. A structural support has the shape of a truncated cone (see fig. 1IA.10) of length 0.2 m 
and its area varies with x as A = (p/4).x3. Circumference is perfectly insulated. Thermal conductivity of 
the material varies with temperature and is given by:

k(T) = 14.695 (1 + 0010208 T), where T is in deg. C and k is in W/(m.C). What is the steady state heat 
transfer rate through this strut if the two ends are maintained at 400 C and 150 C, as shown? Also find 
the temperature at the mid-plane. Draw the temperature profile in the solid. [Ref:1, p. 70]”
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 Fig.Prob.1l.A.10. Conduction with variable Area an d variable thermal conductivity

EES Solution:

“First define functions for Area and thermal conductivity:”

function A(x)

“Input: x in metres; Output: A in m^2”

A = (pi / 4) * x^3 “…m^2”

end
“------------------------------------------------------------------------”

function k(T)

“Input: T in C , Output: k in W/m.C”

k = 14.695 * (1 + 0.0010208 * T) “[W/m-C]…”

end
“------------------------------------------------------------------------”

“Data:”

L = 0.2 [m] “… length of fin”

k_0 = 14.695

beta = 0.0010208
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“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the length so that DELTAx = 0.01 m. Nodes: 0 to 20.

Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”

DELTAx = 0.01[m]

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

This is the eqn for temperatures T[1] to T1[9]”
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In EES, it is entered as:

Duplicate m = 1,19

(T[m-1] – T[m]) / (DELTAx / (k ((T[m-1] + T[m]) / 2) * A(m * DELTAx – DELTAx / 2 + 0.08))) + 
(T[m+1] – T[m]) / (DELTAx / (k ((T[m] + T[m + 1]) / 2) * A(m * DELTAx + DELTAx / 2 + 0.08))) = 0

end

“Note: In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is 
heat flowing in by conduction in to the node from RHS.”

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0’:

Temp at the node ‘0’ is given as 400 C:”

 T[0] = 400 [C] “for node 0, by data “

“For node 10: temp is given, i.e.”

T[20] = 150[C] “..for node 20, by data”

“For heat transfer: 

Write expression for heat transfer between node ‘0’ and node ‘1’. In steady state, this must be the rate of 
heat transfer in the rod.:”

In EES this is entered:

Q = (T[0] – T[1]) / ( DELTAx / (k(Tm) * A(DELTAx/2+ 0.08))) 
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Tm = (T[0] + T[1]) / 2

“To draw the plot of x vs Temp.:”

duplicate i = 0,20

x[i] = i * DELTAx + 0.08

end 
“=====================================================================”

“Compare with the results from Analytical relations for Q and Tx:”

This is entered in EES:

Q_analyt =( (k_0 * pi /2) * ((T[20] – T[0]) + beta / 2 * (T[20]^2 – T[0]^2))) / (1 / 0.28^2 – 1/ 0.08^2)

“And, for temp at various x’s:”

“And, for temp at various x’s:”

And, in EES it is entered as:

duplicate i = 0, 20

beta * T_analyt[i]^2 / 2 + T_analyt[i] – (T[0] + beta * T[0]^2/2 ) – Q_analyt / (k_0 * (pi /4) *2 * x[i]^2) 
+ Q_analyt / (k_0 * (pi / 4) * 2 * 0.08^2) = 0

end

Results:
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Thus:

By Numerical method: Q = 51.72 W … Ans.

By Analytical method, Q_analyt = 51.5 W … Ans.

Temp at mid-plane (i.e. at node 10, or x = 0.18 m) = 184.6 C …. Ans.

�
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Compare the temp at various x’s by both the methods:

Note that the temperatures calculated by numerical and analytical methods match very well.

Plot of temp profile:

=======================================================================
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“Prob. 1I.A.11.Two ends of a copper rod (k = 380 W/m.K), 15 mm dia and 300 mm long are connected 
to two walls. The two ends are maintained at 300 C and 260 C. Air is blown across the rod with a heat 
transfer coeff. of 20 W/(m^2.K). Air temp. is 40 C. Determine:

1)	 location and value of min. temp. in the rod 
2)	 mid point temp. of the rod
3)	 draw the temp. profile
4)	 net heat transfer to air
5)	 heat transferred from the first 0.12 m length of the rod from LHS.
6)	 heat transferred from the left end (i.e. at x = 0)

b)	 If in this example, if there is an uniform heat generation qg = 1.5 × 10^5 W/m3 in the rod, 
determine:

1)	 location and value of min. temp. in the rod
2)	 mid-point temp. of the rod
3)	 draw the temp. profile [Ref:[1], p. 243]”

T1 = 300 C

L = 0.3 m

d = 0.015 m, k = 380 W/(m.K)

X

h=20 W/(m2.C)
Ta=40 C

T2 = 260 C

) x

Tm

x

0

To

x = 0

Tm-1T1 Tm+1 T20

x = L

1 20

Qleft Qright

2

) x = 0.015 m

qg

 Fig.Prob.1I.A.11
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EES Solution:

“Data:”

L = 0.3 [m]“…length of rod”
k = 380 [W/m-C]
d = 0.015[m]
T1 = 300[C]
T2 = 260 [C]
T_a = 40 [C]
h = 20 [W/m^2-C]

“Calculations:”

“Let there be 20 equal divisions (MM = 20) of the length so that DELTAx = 0.015 m. Nodes: 0 to 20.

Of these, 0 and 20 are boundary nodes and 1 to 19 are internal nodes:”

MM = 20 “no. of equal divisions”
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DELTAx = 0.015[m]

A_c = pi * d^2 /4 “[m^2] … area of cross-section”

P = pi * d “[m] … perimeter”

“To find temp at internal nodes:

By energy balance at node m, remembering to write all energy terms as flowing in to the node:

This is the eqn for temperatures T[1] to T1[9]”

In EES, above eqn is entered as:

Duplicate m = 1,19

 (T[m-1] – T[m]) / (DELTAx / (k * A_c)) + (T[m+1] – T[m]) / (DELTAx / (k * A_c)) + h * P * DELTAx 
* (T_a – T[m]) = 0

end

“In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is heat 
flowing in by conduction in to the node from RHS, and the 3rd term is the heat flow by convection.”

“Now for boundary nodes ‘0’ and ‘10’:”

“For node ‘0’:

 Temp at the node ‘0’ is given as 300 C:”

 T[0] = 300 [C] “by data … for T[0] “

“For node 20: temp is given, i.e.”

 T[20] = 260[C] “..for node 20”

“For heat transfer: Write energy balance at node ‘0’ and node ‘1’, to get Q_left and Q_right. Add them 
up to get total heat transfer from the rod to the ambient:”
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Node 0:

In EES:

Q_left + (T[1] – T[0]) / (DELTAx / ( k * A_c)) + h * P * (DELTAx/2) * (T_a – T[0]) = 0 “…for node 0 
… gives Q_left”

Node 0 :

And, in EES it is entered:

Q_right + (T[19] – T[20]) / (DELTAx / ( k * A_c)) + h * P * (DELTAx/2) * (T_a – T[0]) = 0 “…for node 
20 … gives Q_right”

Q_total = Abs(Q_left) + Abs(Q_right) “[W] …total heat transfer from rod”

“Also, verify by calculating the heat lost by the rod along its length by convection:”

duplicate i = 1,19

Q_conv[i] = h * P * DELTAx * (T[i] – T_a)

end

Q_conv[0] = h * P * DELTAx/2 * (T[0] – T_a)

Q_conv[20] = h * P * DELTAx/2 * (T[20] – T_a)

“To draw the plot of x vs Temp.:”

duplicate i = 0,20
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x[i] = i * DELTAx 

end

“Min. temp in the rod:”

Tmin = min(T[0..20]) “…finds the min. temp of the 20 nodal temperatures”

“=====================================================================”

Results:
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Table of x vs Temp:

Thus:

Min. temp in the rod: Tmin = 243.8 C, occurring at xmin = 0.195 m … Ans.

Mid-point temp of rod: at x = 0.15 m (i.e. node 10): 246.5 C … Ans.

Net heat transfer to air: Q_total = 61.82 W … Ans.

Verify: Total convection heat transfer from surface of rod: 

i.e. Sum of Q_conv at all the nodes (i.e. 3rd column in the Table above): 59.695 W … Ans. 

Compare this value of Q_conv with Qtotal = 61.82 W.

Heat transferred from left end: Q_left = 40.65 W … Ans.
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Heat transferred from first 0.12 m from LHS: 

Sum the corresponding values (from Node 0 to Node 8) in column 3 of above Table.

We get: Q_conv from first 0.12 m of rod = 25.895 W … Ans.

Temp. profile in the rod:

0 0.05 0.1 0.15 0.2 0.25 0.3
240

250

260

270

280

290

300

x [m]

Te
m

p 
[C

]

Fin with specified temperatures at its ends

d)	 If there is uniform heat generation in the rod:

Add the following code to the earlier EES code:

“(b) When there is heat generation in the rod:”

q_g = 1.5e05 [W/m^3]“…uniform heat generation”

“Now, the nodal equations for heat balance get modified since heat gen. is also to be included:”

“Let us write the temperatures in another vector called ‘Temp’:”

“For Node 0:”

 Temp[0] = 300[C] “..by data”
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“For Node 20:”

Temp[20] = 260[C] “…by data”

“For Internal nodes 1 to 19:”

“Write the heat balance, including the heat generation in the present case, remembering to write all heat 
flows as flowing into the node:”

Duplicate m = 1,19

(Temp[m-1] – Temp[m]) / (DELTAx / (k * A_c)) + (Temp[m+1] – Temp[m]) / (DELTAx / (k * A_c)) 
+ h * P * DELTAx * (T_a – Temp[m]) + q_g * DELTAx * A_c = 0

End

“In the above eqn.: first term is heat flowing in to the node by conduction from LHS, 2nd term is heat 
flowing in by conduction in to the node from RHS, 3rd term is the heat flow by convection, and the 4th 
term is the heat generation term.”

�

Results:
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Thus:

From the Table above,

Min. temp in the rod = 247.3 C, at x = 0.195 m .. Ans.

Mid-point temp of rod (i.e. at x = 0.15 m) = 250.5 C … Ans.
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Temp. profile:
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With no heat generation

With heat generation

=======================================================================

Prob. 1I.A.12. Consider an Aluminium alloy fin (k = 180 W/m.C) of triangular cross-section with L = 5 
cm, base thickness b = 1 cm and width w in the direction perpendicular to paper is very large. Base of 
the fin is at T0 = 180 C. Fin is losing heat by convection to ambient air at T_inf = 25 C with h = 25 W/
m^2.C, and by radiation to the surroundings at an average temp T_surr = 290 K. Using finite difference 
method with six equally spaced nodes along the fin in the x-direction, determine: (a) temperatures at 
the nodes (b) rate of heat transfer from the fin for w = 1 m. Take emissivity of fin surface as 0.9 and 
assume steady, one – dimensional heat transfer

(c) Also, investigate the effect of fin base temp on the fin tip temp and the rate of heat transfer from the 
fin. Let the fin base temp vary from 100 C to 200 C. Plot the results. [Ref. 2]

Use numerical method, with 5 equal divisions, i.e. Δx = 0.01 m

i.e. there are six equally spaced nodes. Nodes 0 and 5 are boundary nodes and nodes 1 to 4 are internal 
nodes.
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Mathcad Solution:
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At any x from LHS, the thickness is:

And, area of cross-section at any x is:
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In eqn. (A) above, first term is the heat flowing from LHS and the second term is the heat flowing from 
RHS. The third term is the heat flowing from the surface by convection; and, the 4th term is heat transfer 
by radiation.

Now, use Solve Block of Mathcad to solve the 6 eqns simultaneously.

Start with guess values for unknown temperatures:
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Now, note that the vector ‘Temp’ contains all the node temperatures.

Also note that Temp is written as a function of Tbase. By doing so, the same Solve Block is used again and 
again to calculate the node temperatures for different values of Tbase.

Thus, we get, for Tbase = 180 C:

As an example, at another value of Tbase, say Tbase = 200 C we get various node temps as:

To draw the graph of Tip temp (i.e. T5) against base temp T0:

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

116 

Numerical Methods in Heat conduction

Rate of heat transfer from the fin:

Add up the convection and radiation heat transfers from all the Nodes:

In the above eqn, the different terms are:

1st term: convection from node ‘0’. Note that the area for convection (and also for radiation) is = 2. 
[(Δx/2)/cos(θ)]. w. See the fig. above. 

2nd term: �Convection from node ‘5’. Same comments as for the previous case.

3rd term: Convection from the interior nodes, 1 to 4. Now the area for convection (and also for radiation) 
is = 2. [(Δx)/cos(θ)]. w. See the fig. above.

4th term: Radiation from node ‘0’. Note that the temperatures must be in Kelvin.

5th term: Radiation from node ‘5’. Note that the temperatures must be in Kelvin.

6th term: Radiation from interior nodes, i.e. nodes 1 to 4.
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We get:

To draw the graph of Q_fin against base temp T0: 
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Prob. 1I.A.13. A turbine blade is 5 cm long with cross-sectional area A = 4.5 cm^2 and perimeter  
P = 12 cm. It is made of high alloy steel (k = 25 W/m.K). The temp of the blade attachment point is 
500 C and the blade is exposed to combustion gases at 900 C. The heat transfer coeff between the blade 
surface and the gases is 500 W/m^2.K. Using 5 equally spaced nodes determine: (a) temp distribution 
in the blade, rate of heat transfer to the blade, and the fin efficiency, and (b) compare the fin efficiency 
calculated numerically with that calculated by the exact method. [Ref. 5]

Use numerical method, with 5 equal divisions, i.e. Δx = 0.01 m

i.e. there are six equally spaced nodes. Nodes 0 and 5 are boundary nodes and nodes 1 to 4 are internal 
nodes.

Tm

0

To

x = 0

Tm-1T1 Tm+1 T5

x = L

1 5

Qleft Qright

qconv

L = 0.05 m

To = 500 C
h = 500 W/(m^2.C)
Ta = 900 C

) x = 0.01 m 

k = 25 W/m.C
Ac = 4.5e-04 m^2
P = 0.12 m

 Fig.Prob.1I.A.13

Mathcad Solution:
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Difference equations:

For Internal nodes: 

Consider an internal node ‘m’: 

Write the heat balance, remembering to have all heat flows into the node:

In eqn. (A) above, first term is the heat flowing from LHS and the second term is the heat flowing from 
RHS, and the third term is the heat transfer from the fin surface by convection.
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Now, use Solve Block of Mathcad to solve the 6 eqns simultaneously.

Start with guess values for unknown temperatures:
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Note that Temp is written as a function of k, so that graph can be drawn for different k values.
Therefore, for k = 25 W/m.K, temp distribution is:

Again, when k = 65 W/m.K, temp distribution is easily found out by writing Temp(65) = , as 
shown below:.

To draw the graph of Temp distribution along the fin for k = 25 and 65 W/m.K:
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Rate of heat transfer from the fin:

Write the energy balance at the base of the fin, i.e. at node ‘0’, taking care to see that all heat flows are 
written as flowing into the node:

When k = 25 W/m.K, we have the temp distribution:
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Fin efficiency:

Note that area of fin tip is also included for calculation of convective heat transfer.
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Comparison with Analytical calculations:

For a fin with convection from tip, we have:

Compare this value of Q = 328.381 W with that obtained by numerical method, i.e. Qfin = 349.533 W. 
The difference is about 6.1%. Accuracy will certainly be better if we choose to have more no. of nodes. 

�
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Now, solve the above problem with EXCEL:

EXCEL Solution:

Following are the steps involved:

1.	 Start EXCEL and enter the data. Write the notation of the quantity on the left, its corresponding 
value on the adjacent cell on the right, and the units to its right, as shown below:

2.	 Immediately, name the cells, which will be useful in entering equations. Select the two columns 
containing the quantity notation and the values, and Click on Formulas – Create from selection 
and we get:
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Select Left column and press OK. This means that the selected values in column D are named with 
corresponding names in column C, e.g. 0.05 as L, 0.12 as P, 0.01 as deltax etc. Now, we can use L, P, etc 
while entering equations, instead of referring to cells containing them. You can use some colour code 
also to identify data, calculations etc.

3.	 Calculate two quantities, viz. deltax/(k*A) and h * P *deltax and name them as C_1 and C_2. 
Take care to see that you don’t name them as C1 and C2, since they refer to cells C1 and C2.
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4.	 Next step is to do the calculations for different nodes, i.e. for internal nodes and the boundary 
nodes on the left and right. Take advantage of the cell structure of EXCEL and plan to arrange 
the Nodes, corresponding distances (to draw graphs later) and the corresponding temperatures. 
One arrangement is shown below:
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5.	 Now, by data, T0 = 500 C; enter it. Nodes 1 to 4 are Internal Nodes. Node 5 is boundary node 
on RHS. The heat balance equations and the equations for temperatures in each of the nodes are 
already presented in the Mathcad solution above. For clarity, show them in EXCEL worksheet. 
Great advantage of EXCEL is that, to enter eqns for temperatures of Internal nodes, you have 
to enter the equation for just one node, viz. Node 1 and then copy the formula in the rest of 
the Internal nodes, i.e. upto Node 4. 
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6.	 Next step is important: Observe the eqn for T1. It contains references to T0 and T2, i.e. to cells 
to the left and right of cell E24. Rest of the quantities in the eqn are ‘named’ constants. When you 
copy the eqn for T1, i.e. the eqn entered in cell E24 to cells upto H24, the references to adjacent 
cells automatically adjust themselves. However, the cells refer to each other and we have to solve 
the equations simultaneously by ‘iteration’. For this purpose, we have to enable Iteration in EXCEL. 
To do this: click on EXCEL Office button (on the left, top corner)

And, then click on Excel Options; we get:
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Click on Formulas (on the left, second item from top), and then check mark on Enable Iterations, and 
enter Max. Iterations as 1000 and Max. change as 0.000001:

Then, click OK.

7.	 Now, we are ready to enter eqns for Nodes 1 to 5:

Enter the eqn for Temp T1 in Node 1. See the Formula bar where it appears as you enter the eqn.
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8.	 Now, copy the eqn in cell E24 upto Node 4, i.e. upto cell H24, by dragging the bottom right, 
black corner of cell E24 upto H24. Check that cell references to the left and right of each cell 
is automatically adjusted (by seeing the Formula bar). See below:

Don’t worry about temperatures appearing for T1 to T4, since we have not yet entered the eqn for T5. 
When we enter eqn for T5, by Iteration, all values will adjust themselves.

9.	 Now, enter eqn for T5 in cell I24: See the eqn in Formula bar. Note that immediately the 
temperatures in all Nodes adjust themselves. The screen print is shown below:
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10.	 So, the final temperatures in all the Nodes are:

Thus: T0 = 500 C, T1 = 704.03 C, T2 = 803.54 C, T3 = 851.61 C, T4 = 873.86 C and T5 = 882.179 C.

Compare these values with those obtained with Mathcad, i.e.

T0 = 500 C, T1 = 704.029 C, T2 = 803.54 C, T3 = 851.606 C, T4 = 873.863 C and T5 = 882.179 C.
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Note that in EXCEL, colour coding of the temp values is done by going to Conditional Formatting – 
color Scales and clicking on upper, second item, as shown below:

11.	 Now, draw the graph T vs x: This is very easy in EXCEL. Just select x and T values, (i.e. 
from cell D23 to I23 and D24 to I24), click on Insert – Scatter – 2nd item in top row, i.e. 
Scatter with smooth lines and Markers.
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We get:

12.	 Now, Format this plot. Select the plot, then click on Chart Tools – Layout: 

We see the following screen:
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Now, you can format grid lines, legend, Axis labels, Chart label etc.

13.	 Finally, after formatting, we have the plot:
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14.	 Now, if we have to change any of the Inputs, it is very easy and the resulting temp distribution 
presents itself immediately. For example, if we change the thermal conductivity value k = 65 
W/m.C, we get:

Compare these values with those obtained with Mathcad, i.e.

T0 = 500 C, T1 = 641.77 C, T2 = 730.569 C, T3 = 784.613 C, T4 = 814.988 C and T5 = 827.925 C.

And, the plot also changes immediately to:
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To find Qfin and ηfin when k = 25 W/m.C:

EXCEL calculation is reproduced below:

Finally, Temp distribution for k = 25 and k = 65 W/m.C are drawn in the same plot:
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15.	 It is of interest to compare the values of temps obtained by numerical method with those 
obtained by exact, analytical solution. For this case, analytical solution exists and temp at 
any x is given by:

where

So, in EXCEL, we set it up as:

Eqn for node 1 i.e. x = 0.01 m, i.e. cell 78 is shown in Formula bar.
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Now, draw the plot to compare the temp values:

�
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Prob.1IA.14. Consider a slab of thickness, L = 1 cm. Thermal conductivity of the slab material varies 
linearly with temperature as: k(T) = 26.679.(1 + 8.621 × 10-4 T), W/(m.C), where T is in deg. C. Surface 
at x = 0 is insulated and the other surface at x = L is subjected to a convection heat transfer with a fluid 
at 100 C with a heat transfer coeff. of 4000 W/(m2.C).There is uniform internal heat generation in the 
slab at a rate of 8 × 107 W/m3. Dividing the slab into 5 equally spaced sub-regions, find the temperatures 
at the different nodes. Assume one-dimensional, steady state conduction.

Tm

x

0

To

x = 0

Tm-1T1 Tm+1 T5

x = L

1 2 53 4

Qleft Qright

qm

Fig.Prob.1IA.14

EXCEL Solution:

First, derive the difference equations for the Internal nodes and boundary nodes:

For Internal nodes:

Consider any internal node ‘m’ and apply the energy balance for the differential volume around node 
‘m’. Remember to consider that all energy flows are into the control volume. Using the thermal resistance 
concept, we get:

 

Tm 1 Tm

∆ x

k 0 1 β
Tm 1 Tm

2
.. A.

Tm 1 Tm

∆ x

k 0 1 β
Tm 1 Tm

2
.. A.

q m A ∆ x.( ). 0

i.e.

Tm 1 Tm k 0. 1 β
Tm 1 Tm

2
.. Tm 1 Tm k 0. 1 β

Tm 1 Tm

2
.. q m ∆ x( )2. 0
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Eqn. (A) gives the difference eqn. for the interior nodes 1,2,3,and 4. It is seen that this eqn. is non-linear 
and solving the set of non-linear equations by conventional methods is difficult. But, as we shall presently 
see, in EXCEL, it is very easy to get solution using the ‘Solver’.

In eqn.(A), let us put m =1, 2, 3 and 4 to get the difference eqns. for the respective nodes:

Node 1:
T0 2 T1

. T2
β

2
T0

2 2 T1
2. T2

2. 11.994 0
.....(b)

Node 2:
T1 2 T2

. T3
β

2
T1

2 2 T2
2. T3

2. 11.994 0
.....(c)

Node 3:
T2 2 T3

. T4
β

2
T2

2 2 T3
2. T4

2. 11.994 0
.....(d)

Node 4:
T3 2 T4

. T5
β

2
T3

2 2 T4
2. T5

2. 11.994 0
.....(e)

In EXCEL, we have to enter the eqn for only Node 1. Then, we can drag-copy it to Nodes 2, 3 and 4.

Difference eqns. for boundary nodes:

For node ‘0’: Apply the energy balance to the half-volume around the node ‘0’; all heat lines flowing into 
the volume.

There is no heat flowing from the left side of the control volume into node ‘0’ since the surface is insulated. 
Writing other terms, we get:

 

T 1 T 0
∆ x

k 0 1 β
T 0 T1

2
.. A.

q g A ∆ x
2

.. 0
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i.e.
T 1 T 0 k 0. 1 β

T 0 T1

2
..

q g ∆ x( )2.

2
0

i.e.
T 1 T 0

β

2
T 1

2 T 0
2.

q g ∆ x( )2.

2 k 0.
0

Eqn.(a) is the difference eqn. for node ‘0’. This eqn. is also a non-linear eqn.

For node 5: Apply the energy balance to the half-volume around the node 5; all heat lines flowing into 
the volume. There is convection condition on the right surface. Writing the energy balance, we get:

Eqn.(f) is the difference eqn. for node 5. This eqn. is also non-linear.

Now, we have got 6 equations viz. eqn. (a), (b)…(f) and there are 6 unknown node temperatures. So, 
solving these 6 coupled equations simultaneously, we get the temperatures T0, T1 … T6.
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The steps involved to solve such non-linear equations in EXCEL are explained below:

1.	 Enter the data, and name the cells:
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Note that we have also calculated [qg * deltax^2 / k_0] and [h * deltax / k_0] separately and named them 
as C_1 and C_2 respectively. They are required for use in the difference eqns.

2.	 Set up the scheme for calculations as shown below. Note that the difference eqns to be 
entered are also shown in the worksheet:

3.	 Now, since we don’t have explicit eqns for T0, T1…..T4, and T5, we use the SOLVER in 
EXCEL. 

First, enable solver, as explained earlier in Introduction on EXCEL.

4.	 Now, create a parallel row below Temp row for ‘Difference eqns’ and SUM(Diff^2) as shown:
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5.	 In the Temp row (i.e. row 25), fill in trial values for all temps, say 100 C; This is necessary 
while using Solver. In the Diff. eqn row (i.e. row 27), enter the Difference eqn for Node 1 
under the Node 1 i.e. in cell E27. Then, drag copy it upto Node 4, i.e. upto cell H27.

Note that Difference eqn for Node 1 is entered in cell E27, and it is shown in the Formula bar.

6.	 Likewise, enter the Difference eqn for Node 0 in cell D27:
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7.	 And, Difference eqn for Node 5 in cell I27:
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8.	 Next, important step: As we know, difference eqns should be individually equal to zero for 
a final solution. We have used trial (guess) values for t0, T1…..T5. Now, the technique to 
get the correct values of T0, T1,…T5 is to minimize the Sum of squares of cells D27 to I27, 
by changing the temp values in cells D25 to I25. So, in cell D29, enter the Excel Function 
SUMSQ (D27:I27) to get the sum of the square:

9.	 Now, use the Solver. To do this, go to Data tab, and click Solver. We get following screen. 

Fill in D29 for Set Target cell and choose Min in the space for Equal to: and in the place for By changing 
cells: fill in D25:I25. This means that we wish to minimize the value in Target cell (i.e. D29) by changing 
the values of temps in the range D25:I25. Note that we do not put the Target value to zero since getting 
an exact value of zero by the numerical method may not be possible. However, minimizing that target 
value will give acceptable results.
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Now, press Solve. We get:

Note that Temp values T0 to T5 have appeared. Also, note that Target cell D29 is minimized to 0.001848 
(not exactly equal to zero).

Press Keep Solver Solution.

Once again use the Solver by repeating Step 9. i.e. now, the Temp values obtained above become trial 
values and we see the final result:

Note that the temps have changed very slightly. And, the Target cell is minimized to 0.001792.

We accept these values. So, the temps are:

T0 = 414.10 C, T1 = 409.69 C, T2 = 396.36 C, T3 = 373.89 C, T4 = 341.87 C and T5 = 299.66 C.
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10.	 Now, draw the plot of x vs T:

The plot, suitably formatted, as explained earlier, is shown below:

11.	 Now, what happens if the k value is constant, instead of linearly varying, say k = 26.679 
W/m.C?

i.e. beta = 0. Change the value of beta to zero: 
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And run the Solver again. We get:

12.	 Now, plot the temp values for both the cases:
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And, draw the graph:

13.	 Now, with the temp linearly varying, if the heat generation rate is halved, what happens 
to temp distribution?

i.e. now, qg = 4E07 W/m^3. Change qg in the original Worksheet, and run Solver again. We get:

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

153 

Numerical Methods in Heat conduction

And, produce the plot for comparison:

�

Prob.1IA.15. Consider a brick wall (k = 0.72 W/m.K), 0.2 m thick, exposed to a heat flux of 2000 W/
m^2 on the RHS. On the LHS, there is convection with room air at 20 C, with a heat transfer coeff of: 
h = 10 W/m^2.C. Dividing the wall into 4 equally spaced sub-regions, find the temp distribution.

 

T3To

x = 0

T2T1 T4

x = L = 0.2 m
) x = 0.05 m 

Ta = 20 C
h = 10 W/m^2.C q_flux = 2000 W/m^2

Fig.Prob.1IA.15
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EXCEL Solution:

First, derive the difference equations for the Internal nodes and boundary nodes:

For Internal nodes:

Consider node ‘1, for example, and apply the energy balance for the differential volume around node 1. 
Remember to consider that all energy flows are into the control volume. We get:

We get similar eqns for Nodes 2 and 3.

For Boundary Node ‘0’: 

Again, apply the energy balance for the differential volume around node 0. Remember to consider that 
all energy flows are into the control volume. We get:

For Boundary Node ‘4’: 

Again, apply the energy balance for the differential volume around node 0. Remember to consider that 
all energy flows are into the control volume. We get:
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The steps involved to solve this problem in EXCEL are explained below:

1.	 Enter the data, and name the cells:

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

��������	
�����
������
��������
���������
�����������
��������
�����
��
���������������������������

������
������

������������������������������ �����	�����
	�
�����	������!���"�
	������������

�
	�

�����#$%����&'())%�*+������
	�
���,���������
�-

.�
��������������������
������������
��

��������	
��
����


��	��������	
��
����


���������
���


����������


����������
�����
��


���������

 The Wake
the only emission we want to leave behind

http://www.mandieselturbo.com


Software Solutions to Problems on Heat Transfer
Conduction – Part III

156 

Numerical Methods in Heat conduction

2.	 Set up the scheme for calculations as shown below. Note that the eqns to be entered are also 
shown in the worksheet:

3.	 In the Temp row (i.e. Row 23) fill in the eqn for T_0 in cell D23, and the eqn for T_4 in cell 
H23. Eqn in cell H23 can be seen in the formula bar in the screenshot shown below:

Some values are seen in Temp row in cells D23 and H23, but do not worry about them, since they will 
change automatically when we enter formulas for other cells.

4.	 Now, enter the eqn for T_1 in cell E23. Since eqns for T_2 and T_3 are also similar o thie 
eqn for T_1, drag-copy the eqn in cell 23 to E24 and E25:

Eqn. for T_1 (i.e. cell E23) is seen in the formula bar. 
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Observe that immediately all the temperatures have updated themselves.

5.	 Now, draw the graph of x vs T:

�

Prob.1IA.16. Consider a plane wall of thickness L = 0.4 m, area, A = 20 m^2, thermal cond. k = 2.3 
W/m.C. The LHs is maintained at 80 C and the RHS loses heat by convection to surroundings at 15 C 
with heat transfer coeff. h = 24 W/m^2.C. Considering 4 equally spaced nodes, determine the nodal 
temperatures for one dimensional steady state conduction. Also, determine the heat transfer through 
the wall. [Ref. 2]

T3To

x = 0

T2T1 T4

x = L = 0.4 m
) x = 0.1 m 

Ta = 15 C
h = 24 W/m^2.C

T0 =80 C

Fig.Prob.1IA.16
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EXCEL Solution: 

Here T0 = 80 C, by data.

T1, T2 and T3 are Internal nodes.

On node 4, there is convection.

Get the difference eqns for node on RHS and Internal nodes, by writing the energy balance at the node 
concerned, taking care to see that all heat lines are considered as flowing into the node:

For Interior nodes:

�

Here, internal energy generation, qm = 0
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For Node ‘0’:

T0 = 80 C, by data

For Node 4: convection condition:

Here, M = 4, qm = 0

Following are the steps in EXCEL calculation: Here, M = 4, qm = qg = 0

1.	 First, ensure that iteration in EXCEL is enabled. Now, enter the data in EXCEL worksheet 
and name the cells, and set up the scheme:
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2.	 Enter the eqn for T1, then drag-copy it for nodes 2 and 3:

Note the eqn for T1 in the Formula bar.

3.	 Now, enter the eqn fot T4:

Note the eqn for T4 in the Formula bar.

Note that temperatures at different nodes are automatically calculated by iteration, since iteration is 
enabled.
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4.	 Also calculate heat transfer by convection from RHS: 

Qconv = h * A * (T4-Ta):

We note that Qconv = 6030.25 W.
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5.	 Now, draw the plot of T vs x and format it as required:

=======================================================================

1IB.	 Two-dimensional, steady state conduction:

Prob. 1I.B.1. Determine the steady state temperatures at the 6 nodal points in the two dimensional bar 
shown in the fig. Use numerical method, with the grids as shown, Δx = Δy.

Fig.Prob.1I.B.1
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EES Solution:

“Data:”

T_west = 100 [C]

T_north = 200 [C]

T_east = 200 [C]

T_south = 100 [C]

“Calculations:”

“Note that all the six nodes viz. nodes 1 … 6 are interior nodes.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal 
heat generation rate of q_g (W/m^3), we have:

For any general node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] – 4*T[m,n] + (DELTAx^2/k) * q_g = 0” 

“In the present case, q_g = 0:

So, we get the six nodal equations as follows:”

“For Node 1:” T_west + T_north + T2 + T4 – 4 * T1 = 0

“For Node 2:” T1 + T_north + T3 + T5 – 4 * T2= 0

“For Node 3:” T2 + T_north + T_east + T6 – 4 * T3= 0

“For Node 4:” T_west + T1 + T5 + T_south – 4 * T4 = 0

“For Node 5:” T4 + T2 + T6 + T_south – 4 * T5= 0

“For Node 6:” T5 + T3 + T_east + T_south – 4 * T6 = 0

“Solve the above six equations simultaneously, to get the six nodal temperatures, T1….T6:”
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Results:

All the six nodal temperatures are given above … Ans.

=======================================================================

Prob. 1I.B.2. Considering the fig. given below, calculate the temperatures at the four discrete points 
and the heat flow from the 500 C and 100 C faces. Take k = 1 W/m.K. Use numerical method, with the 
grids as shown, Δx = Δy.
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Fig.Prob.1I.B.2

EES Solution:

“Data:”

T_west = 100 [C] 

T_north = 500 [C]

T_east = 100 [C]

T_south = 100 [C]

k= 1 [W/m-C]

“Calculations:”

“Note that all the 4 nodes viz. nodes 1 … 4 are interior nodes.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal 
heat generation rate of q_g W/m^3,

we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] – 4 * T[m,n] + (DELTAx^2/k) * q_g = 0 ”

“In the present case, q_g = 0:
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So, we get the 4 nodal equations as follows:”

“For Node 1:” T_west + T_north + T2 + T3 – 4 * T1 = 0

“For Node 2:” T1 + T_north + T_east + T4 – 4 * T2= 0

“For Node 3:” T_west + T1 + T4 + T_south – 4 * T3= 0

“For Node 4:” T3 + T2 + T_east + T_south – 4 * T4 = 0

“Solve the above 4 equations simultaneously, to get the six nodal temperatures, T1….T4:”

“Heat transfer from 500 C and 100 C surfaces:”

“Q_north,= heat transfer from the north surface at 500 C:”

“Put DELTAx = DELTAy = say, 1:”

DELTAx = 1

DELTAx = DELTAy

Q_north = k * (DELTAx/2) * (T_west – T_north) / DELTAy + k * (DELTAx) * (T1 – T_north) / DELTAy 
+ k * (DELTAx) * (T2 – T_north) / DELTAy + k * (DELTAx/2) * (T_east – T_north) / DELTAy

“Q_west,= heat transfer from the west surface at 100 C:”

Q_west = k * (DELTAy/2) * (T_north – T_west) / DELTAx + k * (DELTAy) * (T1 – T_west) / DELTAx 
+ k * (DELTAy) * (T3 – T_west) / DELTAx + k * (DELTAy/2) * (T_south – T_west) / DELTAx

“Q_east,= heat transfer from the east surface at 100 C:”

Q_east = k * (DELTAy/2) * (T_north – T_east) / DELTAx + k * (DELTAy) * (T2 – T_east) / DELTAx + 
k * (DELTAy) * (T4 – T_east) / DELTAx + k * (DELTAy/2) * (T_south – T_east) / DELTAx

“Q_south,= heat transfer from the south surface at 100 C:”

Q_south = k * (DELTAx/2) * (T_west – T_south) / DELTAy + k * (DELTAx) * (T3 – T_south) / DELTAy 
+ k * (DELTAx) * (T4 – T_north) / DELTAy + k * (DELTAx/2) * (T_east – T_south) / DELTAy
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Results:

Thus, we get:

T1 = T2 = 250 C, T3 = T4 = 150 C ….. Ans.

Q_east = Q_west = 400 W , from inside the plate towards the respective faces.

Q_north = – 900 W, -ve sign indicating that flow of heat is from the surface towards the inside, and, 

Q_south = – 300 W, -ve sign indicating that flow of heat is from the surface towards the inside.

=======================================================================
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“Prob. 1I.B.3. A long conducting rod of rectangular cross-section (20 mm x 30 mm) and k = 20 W/m.K 
experiences uniform heat generation of q = 5 × 10^7 W/m^3, while its surfaces are maintained at 300 
K. (a) Using a finite difference method with a grid spacing of 5 mm, determine the temp distribution 
in the rod. (b) With the boundary conditions unchanged, what heat generation rate would cause the 
mid-point temp to reach 600 K? [ Ref. 3]”

Fig.Prob.1I.B.3

EES Solution:

“Data:”

T_west = 300 [K] 

T_north = 300 [K]

T_east = 300 [K]

T_south = 300 [K]

L = 0.03 [m]

B = 0.02 [m]

k= 20 [W/m-C]

DELTAx = 0.005 [m]

DELTAy =0.005 [m]

q_g = 5e07 [W/m^3]
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“Calculations:”

“Note that all the 15 nodes viz. nodes 1 … 15 are interior nodes.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal 
heat generation rate of q_g (W/m^3), we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] – 4 * T[m,n] + (DELTAx^2/k) * q_g = 0”

“Now, by symmetry, we can write:”

T1 = T5

T2 = T4

T6 = T10

T7 = T9

T11 = T15

T12 = T14

T3 = T13

T4 = T14

T5 = T15

“So, we need to find out only T1, T2, T3, T6, T7 and T8.

These are all internal nodes.

So, we get the 6 nodal equations as follows:”

“For Node 1:” T_west + T_north + T2 + T6 – 4 * T1 + q_g * (DELTAx ^2 /k)= 0

“For Node 2:” T1 + T_north + T3 + T7 – 4 * T2 +q_g * (DELTAx ^2 /k) = 0
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“For Node 3:” T2 + T_north + T4 + T8 – 4 * T3 + q_g * (DELTAx ^2 /k)= 0

“For Node 6:” T_west + T1 + T7 + T11 – 4 * T6 +q_g * (DELTAx ^2 /k) = 0

“For Node 7:” T6 + T2 + T8 + T12 – 4 * T7 +q_g * (DELTAx ^2 /k) = 0

“For Node 8:” T7+ T3 + T9 + T13 – 4 * T8 +q_g * (DELTAx ^2 /k) = 0

“Solve the above 6 equations simultaneously, to get the six nodal temperatures, T1, T2, T3, T6, T7 and T8:”

Results:
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Note the values of all temperatures obtained above…. Ans.

(b) What is the value of q_g which will cause the centre temp (i.e. T8) to become 600 K?

We get:

i.e. q_g = 1.53 × 10^8 W/m^3 will cause the centre temp to become T8 = 600 K …. Ans.

�

Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

Node positions:
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Node Temps (K):

Note that, here, centre temp = 400 K. Compare this with 398 K obtained earlier with EES.

What should be the value of qg to make centre temp = 600 K?

Let us change the value of internal heat generation by trial and error and check the centre temp for each 
value of qg. We get:
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And the temp distribution for qg = 1.505E8 W/m^3 is:
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Note that, now, the centre temp is 600 K. 

Compare this value of qg with that obtained earlier with EES, i.e. 1.53E08 W/m^3.

And, 10 isotherms are drawn in FEHT as follows:

=======================================================================

Prob. 1I.B.4. Consider steady two dimensional heat transfer in a long solid body of cross-section shown 
in fig. The temperatures at the selected nodes and the thermal conditions on the boundaries are shown. 
For the body, k = 180 W/m.C and heat gen. rate is qg = 10^7 W/m^3. Using finite difference method 
with a mesh of Δx = Δy = 10 cm, determine: (a) temperatures at the nodes 1, 2, 3 and 4, and (b) rate of 
heat loss from the top surface through a 1 meter long section of the body (c) Plot the effect of variation 
of k and qg on T1 and T3. [Ref. 2]

Fig.Prob.1I.B.4
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Mathcad Solution:

So, write the eqns for nodes 1, 2, 3 and 4, and use the Solve block of Mathcad to solve these eqns 
simultaneously.:

Start with guess values for unknown temperatures:
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Note that Temp is written as a function of k and qg, so that graph can be drawn for different k and 
qg values.

Therefore, for k = 180 W/m.C, and qg = 10^7 W/m^3, the temp distribution is:
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Again, for example, when k = 10 W/m.K, qg = 10^7 W/m^3, temp distribution is easily found out 
by writing Temp(k,qg) = , as shown below:

�

To calculate the heat transferred from the top surface:

Write the heat balance on the top surface, of thickness Dy/2:

�

To draw the graph of variation of T1 and T3 with k, keeping qg = 10^7 W/m^3:
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�

To draw the graph of variation of Qtop with k, keeping qg = 10^7 W/m^3:
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To draw the graph of variation of T1 and T3 with qg, keeping k = 180 W/m.C:

�
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To draw the graph of variation of Qtop with qg, keeping k = 180 W/m.C:

=======================================================================

“Prob. 1I.B.5. A long bar of rectangular cross-section, 0.4 m × 0.6 m on a side and having k = 1.5 
W/m.K is subjected to the boundary conditions shown below. (See the Diagram Window). Two of the 
sides are maintained at a uniform temp of 200 C. One of the sides is adiabatic. And the remaining side 
is subjected to a convection process with Ta = 30 C and h = 50 W/m^2.K. Using appropriate numerical 
technique and a grid spacing of 0.1 m, determine the temp distribution in the bar and the heat transfer 
rate between the bar and the fluid per unit length of the bar. [Ref.3]”
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EES Solution:

“Note that there is symmetry about the line drawn at mid-height of the section. So, we consider the 
upper half section, and it suffices if we find out the temp distribution only in that half.

There are 15 nodes; Nodes 1, 2, 3 are on the left, insulated face. Nodes 13, 14, 15 are on the RHS, with 
convection. And, Nodes 1, 4, 7, 10, 13 are on the symmetry adiabatic line. Rest of the nodes, i.e. Nodes 
5, 6, 8, 9, 11 and 12 are internal nodes.”

“Data:”

T_north = 200 [C] 

T_south = 200 [C]

T_a = 30 [C]

h = 50 [W/m^2-C]

Height = 0.6 [m]

Width = 0.4 [m]

k= 1.5 [W/m-C]

DELTAx = 0.1 [m]

DELTAy =0.1 [m]

“Calculations:”

“Note that of the 15 nodes, following are the interior nodes: i.e. nodes 5, 6, 8, 9, 11 and 12.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal 
heat generation rate of q_g W/m^3, we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] – 4 * T[m,n] + (DELTAx^2/k) * q_g = 0 

In the present case, internal heat generation does not exist, i.e. q_g = 0”

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

184 

Numerical Methods in Heat conduction

“So, we write the nodal equations for internal nodes as follows:”

“For Node 5:” T2 + T6 + T8 + T4 – 4 * T5 = 0

“For Node 6:” T3 + T_north + T9 + T5 – 4 * T6 = 0

“For Node 8:” T5 + T9 + T11 + T7 – 4 * T8 = 0

“For Node 9:” T6 + T_north + T12 + T8 – 4 * T9 = 0

“For Node 11:” T8 + T12 + T14 + T10 – 4 * T11 = 0

“For Node 12:” T9+ T_north + T15 + T11 – 4 * T12 = 0

“Nodes on the left, insulated face, i.e. Nodes 1, 2 and 3:

Write energy balances around these nodes, taking care to see that all heat flows are into the respective 
nodes:”

“For Node 1:” 0 + k * DELTAx/2 * (T2 – T1)/DELTAy + k * DELTAy/2 * (T4 – T1)/DELTAx + 0 = 0

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

�������	�
��
�����
�������	�
� ������������������������������
�� �!�"
��#������"��$�%��&��!�"��'����
� �(%�������
���(������
��%��
")*+�
+���$�����
��"
��*������+
����
���	��������
������
�
� ���,���,
+	��$
,���-

���,"
+	��
,
+	��$
,��

http://www.studyat.tudelft.nl


Software Solutions to Problems on Heat Transfer
Conduction – Part III

185 

Numerical Methods in Heat conduction

“For Node 2:” 0 + k * DELTAx/2 * (T3 – T2)/DELTAy + k * DELTAy * (T5 – T2)/DELTAx + k * DELTAx/2 
* (T1 – T2)/DELTAy = 0

“For Node 3:” 0 + k * DELTAx/2 * (T_north – T3)/DELTAy + k * DELTAy * (T6 – T3)/DELTAx + k * 
DELTAx/2 * (T2 – T3)/DELTAy = 0

“Nodes on the symmetry, adiabatic face, i.e. Nodes 4, 7 and 10:

Considering the symmetry, adiabatic face as mirror, we get:”

“For Node 4:” T1 + 2 * T5 + T7 – 4 * T4 = 0

“For Node 7:” T4 + 2 * T8 + T10 – 4 * T7 = 0

“For Node 10:” T7 + 2 * T11 + T13 – 4 * T10 = 0

“Nodes on RHS, with convection i.e. Nodes 13, 14 and 15:

Write energy balances around these nodes, taking care to see that all heat flows are into the respective 
nodes:”

“For Node 13:” k * DELTAy/2 * (T10 – T13) / DELTAx + k * DELTAx / 2 * (T14 – T13) / DELTAy + h 
* DELTAy/2 * (T_a – T13) + 0 = 0

“For Node 14:” k * DELTAy * (T11 – T14) / DELTAx + k * DELTAx / 2 * (T15 – T14) / DELTAy + h * 
DELTAy * (T_a – T14) + k * DELTAx / 2 * (T13 – T14) / DELTAy = 0

“For Node 15:” k * DELTAy * (T12 – T15) / DELTAx + k * DELTAx / 2 * (T_north – T15) / DELTAy + 
h * DELTAy * (T_a – T15) + k * DELTAx / 2 * (T14 – T15) / DELTAy = 0

“Solve the above 15 equations simultaneously, to get the six nodal temperatures, T1…. T15”

“Heat transfer from the face exposed to convection (i.e. RHS):”

Q_conv =2 * ( h * (DELTAy/2) * (T13 – T_a) + h * (DELTAy) * (T14 – T_a) +h * (DELTAy) * (T15 – 
T_a)+ h * (DELTAy/2) * (T_north – T_a))

“Note that in the above eqn. the first factor 2 appears since the heat transfer is twice the value for the 
uper half.

For the two nodes at the edges, area for convection is (1. DELTAy/2)”
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Results:

Thus:

Temperatures at various Nodes, T1 … T15 are shown above. …. Ans.

Note that temperatures T13, T14, and T15 on the face with convection are less as compared to 
temperatures at other nodes, as expected.

Also, Convection heat transfer from the exposed RHS = Q_conv = 1486 W (for both the symmetrical 
halves considered) … Ans.
�
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Variation of temperatures on the face exposed to convection, viz. T13, T14, T15 and Q_conv with 
heat transfer coeff. h:

Plot of T13, T14 and T15 against h:
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Plot of Q_conv against h:

=======================================================================

“Prob. 1I.B.6. Consider an Aluminium heat sink (k = 240 W/m.K) as shown. The inner and outer widths 
of the square channel are w = 20 mm and W = 40 mm. An outer surface temp of Ts = 50 C is maintained 
by the array of electronic chips. At the inner surface, the coolant temp T_a = 20 C and h = 5000 W/
m^2.K. (a) Determine the unknown temperatures T1 … T7 and the rate of heat transfer to the coolant 
per unit length of the channel. For this purpose, consider a symmetrical section of the channel and a 
two dimensional grid with DELTAx = DELTAy = 5 mm. and the rate of heat transfer 
(b) Assess the effect of variation in h on the unknown temperatures and the heat rate. [Ref.3]”

 Fig.Prob.1I.B.6
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“EES Solution:”

“Note that the symmetry lines shown in the fig form one-eigth of the section. 

So, we consider this section, and it suffices if we find out the temp distribution only in that section.
There are 7 nodes; Nodes 1, 2, 3 are on the left face, exposed to convection. Nodes 4, 5, 6, 7 are internal 
nodes and the RHS is maintained at a constant temp of Ts = 50 C.”

“Data:”

T_s = 50 [C] 

T_a = 20 [C]

h = 5000 [W/m^2-C]

k= 240 [W/m-C]

DELTAx = 0.005 [m]

DELTAy =0.005 [m]

“Calculations:”

“Note that of the 7 nodes, following are the interior nodes: i.e. nodes 4, 5, 6, and 7.

For interior nodes, in two dimensional steady state conduction, for DELTAx = DELTAy, with internal 
heat generation rate of q_g W/m^3, we have:

For any general interior node (m,n):

T[m-1,n] + T[m,n+1] + T[m+1,n] + T[m,n-1] – 4 * T[m,n] + (DELTAx^2/k) * q_g = 0 

In the present case, internal heat generation does not exist, i.e. q_g = 0”

“So, we write the nodal equations for internal nodes as follows:”

“For Node 5:” T1 + T4 + T_s + T6 – 4 * T5 = 0

“For Node 6:” T2 + T5 + T_s + T7 – 4 * T6 = 0
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“For Node 7. This node is on the symmetry adiabatic line. So, using mirror concept:” 

T3 + 2 * T6 + T_s – 4 * T7 = 0

“For Node 4.This node is also on the symmetry adiabatic line. So, using mirror concept:” 

T5 + 2 * T_s + T5 – 4 * T4 = 0

“For Node 1: Writing the energy balance:” 

k * DELTAy * (T5 – T1) / DELTAx + k * DELTAx/2 * (T2 – T1) / DELTAy + h * DELTAy / 2 
* (T_a – T1) = 0 

“For Node 2: Writing the energy balance:” 

k * DELTAx/2 * (T1 – T2) / DELTAy+ k * DELTAy * (T6 – T2) / DELTAx + k * DELTAx/2 * 
(T3 – T2) / DELTAy + h * DELTAy * (T_a – T2) = 0
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“For Node 3: Writing the energy balance:” 

k * DELTAx/2 * (T2 – T3) / DELTAy + k * DELTAy/2 * ( T7 – T3) / DELTAx + h *  
DELTAy / 2 * (T_a – T3) = 0 

“Solve the above 7 equations simultaneously, to get the six nodal temperatures, T1…. T7”

“Heat transfer from the face exposed to convection (i.e. RHS):”

Q_conv =8 * ( h * (DELTAy/2) * (T1 – T_a) + h * (DELTAy) * (T2 – T_a) +h * (DELTAy / 2) * (T3 – T_a))

“Note that in the above eqn. the first factor 8 appears since the heat transfer is 8 times the value for the 
symmetrical section shown.”

Results:

Temperatures T1 … T7 are shown above … Ans.

Convective heat transfer to the inner surface = Q_conv = 10339 W …. Ans.

(b) Variation of T1 … T7 and Q_conv with h:

Let h vary from 200 to 5000 W/m^2.K :
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Plot the variation of typical temperatures T1, T4 and T7 with h:

Plot the variation of Q_conv with h:

�
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Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1.	 Node positions:

2.	 Node temperatures:
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3.	 Temperature contours:
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4.	 Heat flows:

Remembering that Q_conv calculated here is for one-eighth of the section, total heat transfer to inside 
surface by convection is:

Qtotal = 1295 × 8 = 10360 W….Ans.

This matches very well with the value obtained earlier with Finite difference method, viz. Qtotal = 
10339 W. 

5.	 Tabular Nodal results:
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From the above Table, Nodal temperatures can be noted. 

Also, at any given surface, the total heat transfer from that surface can be computed by adding up the 
nodal heat balances corresponding to the nodes on that surface. For example, considering the inner 
surface subjected to convection, nodes on that surface are (from top to down): 1, 18, 17, 19 and 2. And, the 
corresponding nodal balances are: -174.8, -344.8, -302.8, -302.5 and -170.2 W/m. (-ve sign indicates heat 
leaving the surface). Adding up, the Qconv for this one-eighth section is: 1295.1W/m as obtained directly.

=======================================================================

Prob. 1I.B.7. A very long bar of square cross-section has its four sides held at constant temperatures 
as shown in Fig. Determine the temperatures at the internal nodes. Compare the results with analytical 
solution.

4

21 3

5 6

7

x

y

T = 150 C

0

8 9

T = 150 C

T = 150 C

T = 200 C

2

2

Fig.Prob.1IB.7
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Analytical solution for this problem is a little complicated and is given in terms of an infinite series, 
as follows:

θ θ c
2
π
.

1

∞

n

1( )n 1 1
n

sinh n π.
y
L
.

sinh n π.
W
L

.

. sin n π.
x
L
..

=

.

Nomenclature for the above eqn. for the present problem is as follows:

θ T 150
....T = temp. at the desired point; 150 C is the const. temp. on three sides

θ c 200 150
..temp. difference between the temp. of fourth side and the const. temp. 
of three sides.

n...no. of terms considered in the infinite series

x, y ....coordinates of the point where temp. is desired

L 2
m...length along x-axis

W 2
m....length along y-axis

 	 ….T = temp. at the desired point; 150 C is the const. temp. on three sides
θ T 150

....T = temp. at the desired point; 150 C is the const. temp. on three sides

θ c 200 150
..temp. difference between the temp. of fourth side and the const. temp. 
of three sides.

n...no. of terms considered in the infinite series

x, y ....coordinates of the point where temp. is desired

L 2
m...length along x-axis

W 2
m....length along y-axis

	 ..temp. difference between the temp. of fourth side and the const. temp. of three sides.

n…no. of terms considered in the infinite series
x, y ….coordinates of the point where temp. is desired
L – 2	 m…length along x-axis
W – 2	 m ….length along y-axis
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However, this problem can be solved in EXCEL very easily, as shown below:

EXCEL Solution:

All the nine nodes are Internal nodes.

We have the following eqns for temperatures of Internal nodes in 2D conduction: [Ref. 1]

Tnode
Tleft Ttop+ Tright+ Tbottom+( )

4

..when there is no heat gen.

And, ..when there is heat gen.

Tnode

Tleft Ttop+ Tright+ Tbottom+( )
qg ∆x

2
⋅

k
+

4

In EXCEL, we will solve this problem very easily by iteration.

Following are the steps:

1.	 First, enable Iteration in EXCEL, as already explained.
2.	 Set up the 2D scheme as follows:

Note how the Boundary temps are shown around the 9 Internal nodes. The 9 Nodes from 1, 2, …. 9 are: 
D36, E36, F36, D37, E37, F37, D38, E38 and F38 respectively.

3.	 Now, fill in the formula for Node 1, i.e. in cell D36.
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Note the eqn for T1 in the Formula bar.

4.	 Next, to fill in the eqns for other nodes is very easy: simply drag-copy the eqn from cell D36 
to other cells:

In the above fig. the formula for cell F38 can be seen in the Formula bar, after copying from D36.

The temperatures are immediately calculated by EXCEL by iteration.

Temperatures T1, T2, ….T9 can be read off from the above fig.

=======================================================================

Prob.1IB.8. Solve Prob.1IB.3 using EXCEL: 

Let us repeat the problem statement below:

A long conducting rod of rectangular cross-section (20 mm × 30 mm) and k = 20 W/m.K experiences 
uniform heat generation of qg = 5 × 10^7 W/m^3, while its surfaces are maintained at 300 K. (a) Using 
a finite difference method with a grid spacing of 5 mm, determine the temp distribution in the rod.  
(b) With the boundary conditions unchanged, what heat generation rate would cause the mid-point 
temp to reach 600 K? [Ref. 3]

Fig.Prob.1I.B.3
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Note that all the 15 Nodes are Internal nodes.

When there is heat generation, the 2D difference equation for an Internal node is given by:

So, for Node 1, we get:

T1 = (300 + 300 + T2 + T6 + qg *Δx^2 /k) / 4

For other nodes, eqns can be filled up in EXCEL, simply by drag-copy.

Following are the steps in EXCEL Solution:

1.	 Since solution is by iteration, first, enable iteration in EXCEL, as already explained.
2.	 Next, set up the scheme of Nodes and Boundary conditions. Lso, enter the data and name 

the cells. Calculate C_1 as shown:

3.	 In the above Fig. Node nos. 1, 2, …15 are shown in the respective cells. Now, enter the eqn 
for Node 1 in cell E6. The eqn entered is shown in the Formula bar:
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4.	 Now, drag-copy horizontally up to Node 5, i.e. up to cell I6:

5.	 And, drag-copy the entire line vertically up to Node 15, i.e. upto cell I8:
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Note in the above Fig that the temps in all the 15 Nodes are calculated immediately. Compare these 
temps with those obtained using EES earlier.

6.	 Next, we have to find out the qg required to get the centre temp (i.e. Node 8, or cell G7) as 
600K. We shall use the Solver, where Target cell is Cell G7, Equal to: 600, By changing cell: 
D2 (named as qg). We get:

Press Solve. We get:

Press OK and, observe that the value of qg has changed to 1.53 E08 W/m^3: 
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Also, observe that all the Node temps, with this value of qg, are also automatically calculated.

We can note that in cases such as this, where all the boundary temps are known, calculating the internal 
node temps is extremely easy while using EXCEL.

=======================================================================

Prob.1IB.9. LHS and RHS of a 1 cm × 2 cm ceramic strip are maintained at constant temp of 300 C and 
the bottom side is insulated. Top surface is exposed to convection with a fluid at Ta = 50 C with heat 
transfer coeff. h = 200 W/m^2.C. Determine the steady state temps on nodes 1 to 9. 

4

21 3

5 6

7 x

y

T = 300 C

8 9

T = 300 C

Insulated 

Ta = 50 C
h = 200 W/m^2.C ) x = ) y = 0.005 m

Fig.Prob.1IB.9

EXCEL Solution:

Difference eqns for various Nodes are obtained by making an energy balance at each node, remembering 
to write all the heat flows as going into the node.

Difference eqns for the 9 Nodes are:
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1.	 We will use Solver in EXCEL; so, enable Solver, as already explained.
2.	 Set up the scheme in EXCEL as shown. Enter the data, and name the cells.

In the above fig, 1, 2…9 are the Nodes. i.e. through the cells E7:G9. The conditions at the boundaries 
are also shown.

Below the Temps in the Nodes, we have a similar Table where Difference eqns are entered for each node 
(i.e. in cells E14:G16), and the Sum of the squares of these difference eqns is also shown in cell E18.

3.	 Now, enter the difference eqns in the respective nodes.

In the above Fig. difference eqn for Node 1 can be seen in the Formula bar.
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4.	 Now, our aim is to make Sum of squares of difference eqns (i.e. cell E18) to a minimum, by 
changing the cells corresponding to T1to Ts, i.e. cells E7 to G9. So, apply the Solver from the 
Data tab:

Press Solve, and we get:

Press Keep the Solver Solution, and we get the Node temps as follows:

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

207 

Numerical Methods in Heat conduction

Note that Sum of squares is almost zero (as it should be). Read off the temps T1 to T9.

=======================================================================

1IC.	 One-dimensional, transient conduction:

Prob. 1I.C.1. A large Uranium plate of thickness L = 8 cm, (k = 28 W/(m.C), a = 12.5 × 10-6 m2/s) is 
initially at an uniform temperature of 100 C. Heat gen. rate in the plate is 105 W/m3. At time τ = 0, the 
left side is insulated, and right side of the plate is subjected to convection with a fluid at temperature 
of 20 C and a heat transfer coeff. of 35 W/(m2.C). Using a uniform nodal spacing of 2 cm, develop the 
explicit finite difference formulations for all nodes, and determine the temperature distribution in the plate 
after 5 min. Also, find out how long it will take for steady conditions to be reached in the plate. [Ref.2]

0

To

x = 0

T2T1

1 2

qg

Plane wall, 
k = 28 W/m.C, 
"  = 12.5e-06 m^2/s

Ta = 20 C
h = 35 W/m^2.C

) x/2 

3 4

T3 T4

x

Insulated

x = L = 0.08 m

Fig.Prob.1I.C.1

Mathcad Solution:
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This means that a time step less than 15.61 s has to be employed from stability criterion.
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Let us choose:

Difference eqns. for interior nodes:

Nodes 1, 2, 3 are interior nodes. Finite difference equations for these nodes by explicit method are 
obtained from:

However, we will not use eqn.(A), but will work from fundamentals and write the energy balance for 
an internal node as follows (Remember: all heat flow lines into the Node):

�

Further, in explicit method, at a given node, the temperature on the LHS of above eqn., are chosen at 
the previous step ‘i’.

Eqn.(B) is written for all internal nodes.
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Difference eqns. for boundary nodes:

�

For node 4… on surface with convection:

This is a node with convection boundary condition. So, applying the energy balance to the half-volume 
around node 4, with all the heat lines flowing into the element, we get:

�

In the explicit method, in all the above eqns. (B)…(D), the unknown temp at the ‘next step (i+1)’ at 
each node can be explicitly calculated since it is the only unknown in each eqn. However, while using 
Mathcad (or EES), it is preferable to write the energy balance and solve, since it is more instructive.

So, let us write all the eqns for all the nodes 0…4 and then use the Solve Block of Mathcad to get the 
temperatures:

This calculation is easily done in Mathcad. 

We slightly change the notation for convenience in calculation: we write the superscripts as subscripts 
to work with matrix notation, as shown below:
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Note: ‘Temp’ vector is defined as a function of initial temperatures T00….T40.

This is useful to repeatedly use this function to get temperatures at the next step, using the temperatures 
obtained in the previous step.

So, after the first time step, we get the new temperatures as:

i.e. New Temps at Nodes 0 to 4 are: 106.696, 106.696, 106.696, 106.696 and 104.821 C.

Now, set these temperatures as starting temperatures in the Temp function and get the new temperatures 
at the second time step…and so on.

In the small Mathcad program given below, LHS defines a function Temp(n) where n is the no. of 
time steps, which we can specify. Output is a vector containing step no., total time elapsed, and node 
temperatures T0, T1,…T4.

On the RHS, first 5 lines define the initial temperatures at the nodes, all equal to 100 C.

Then, a ‘while loop’ uses the Temp function defined above with these initial temperatures and determines 
the new temperatures at each node. Then, again this is repeated by setting the new temperatures as initial 
temperatures and calling the Temp function. Here, the no. of time steps, ‘n’ can be changed since it is 
included in function definition on the LHS.
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i.e. After 5 min (=300 s), the temperatures are:

T0 = 228.928, T1 = 228.396, T2 = 226.83, T3 = 224.038, T4 = 219.894 deg.C….Ans.
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At what time Steady State is reached?

When steady state is reached, temperatures at successive time steps should not change much.

We see from the above that at 2000th time step, i.e. after 30000 s (= 500 min.), the temperatures have 
stabilized. There is not much difference in temperatures when we compare the values for 2000th and 
2020th time steps.
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Program to get the temps at all Nodes with Time:

Explicit_NodeTemps n( ) T0 100

T1 100

T2 100

T3 100

T4 100

i 0

TTemp Temp T0 T1, T2, T3, T4,( )

T0 TTemp0

T1 TTemp1

T2 TTemp2

T3 TTemp3

T4 TTemp4

Stepi i

Timei i ∆τ.

A00 100

A10 100

A20 100

A30 100

A40 100

A0i T0

A1i T1

A2i T2

A3i T3

A4i T4

C1 augment A3 A4,( )

C2 augment A2 C1,( )

C3 augment A1 C2,( )

C4 augment A0 C3,( )

TProfile augment Time C4,( )

TProfile augment Step TProfile,( )

i i 1

i n<while

TProfilereturn
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Program shown above returns a Matrix as follows:

0th column: gives Time step

1st column: gives Time (s)

2nd to 6th column: Temps. T0, T1, T2, T3 and T4 at different times

Note: In Mathcad Matrix, Rows and Columns are numbered from 0 onwards (though it can be set to 
start from 1).

As an example, after 20 steps, we get for Nodal temperatures:
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To plot temps T0 and T4 with Time:
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Note: At Time = 660 min (= 11 hrs), i.e. Step no. 2640: T0 = 2419 C, T4 = 2304 C

=======================================================================

Prob. 1I.C.2. Solve the above problem by Implicit method. Use the same data.

Mathcad Solution:

In Implicit method, the heat balance equations are the same as earlier; however, the temperatures are 
considered at the ‘future time’ i.e. at time step (I + 1). So, at each step all the nodal equations have to be 
solved simultaneously. While using Mathcad (or EES), this is not a problem.

So, instead of using readily available formula for interior and boundary nodes for various situations, let 
us work from fundamentals, by writing energy balance eqns at each node and solving them in Mathcad 
(Solve Block) or EES.

Also, there is no restriction on the choice of time step Δτ as in the case of Explicit Method. So, we can 
choose a higher time step.

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

219 

Numerical Methods in Heat conduction

In the present case, however, let us choose Δτ = 15 s, for comparison with Explicit Method.

Difference eqns. for interior nodes:

Nodes 1, 2, 3 are interior nodes. Applying energy balance, with all heat flow lines going into the node:

Here, note that all temperatures are considered at ‘future time’, (i + 1). Since they are all unknown yet, 
all the nodal the eqns have to be solved simultaneously.

Difference eqns. for boundary nodes:

For node ‘0’:

Node ‘0’ is on the left surface, insulated. Applying the energy balance for the half-volume around node ‘0’:

�

For node 4:

This is a node with convection boundary condition. So, applying the energy balance to the half-volume 
around node 4, with all the heat lines flowing into the element, we get:

�

So, let us write all the eqns for all the nodes 0 … 4 and then use the Solve Block of Mathcad to get the 
temperatures.

This calculation is easily done in Mathcad. We slightly change the notation for convenience in calculation: 
we write the superscripts as subscripts to work with matrix notation, as shown below.
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T0 0 100 T1 0 100 T2 0 100 T3 0 100 T4 0 100

T0 1 50 T1 1 50 T2 1 50 T3 1 50 T4 1 50
...guess values

T0 0 100 T1 0 100 T2 0 100 T3 0 100 T4 0 100

T0 1 50 T1 1 50 T2 1 50 T3 1 50 T4 1 50
...guess values

	
T0 0 100 T1 0 100 T2 0 100 T3 0 100 T4 0 100

T0 1 50 T1 1 50 T2 1 50 T3 1 50 T4 1 50
...guess values �

�

�

Note that the Vector Temp is written as a function of starting temperatures.

Then, the new temperatures, viz. T01 … T41 are given as:

i.e. New Temps at Nodes 0 to 4 are: 106.686, 106.675, 106.617, 106.391 and 105.514 C.

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

221 

Numerical Methods in Heat conduction

Now, set these temperatures as starting temperatures in the Temp function and get the new temperatures 
at the second time step…and so on.

In the small Mathcad program given below, LHS defines a function Temp(n) where n is the no. of 
time steps, which we can specify. Output is a vector containing step no., total time elapsed, and node 
temperatures T0, T1,…T4.

On the RHS, first 5 lines define the initial temperatures at the nodes, all equal to 100 C.

Then, a ‘while loop’ uses the Temp function defined above with these initial temperatures and determines 
the new temperatures at each node. Then, again this is repeated by setting the new temperatures as initial 
temperatures and calling the Temp function. Here, the no. of time steps, ‘n’ can be changed since it is 
included in function definition on the LHS.
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Check: At time = zero, i.e. at the start, the initial temps are:

Example: After 5 time steps, i.e. after 75 s, the temps are:

�

i = step no.; Dt = one time step = 15 s; t = time duration from beginning = i. Dt, s

�
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i.e. After 5 min (=300 s), the temperatures are:

T0 = 228.56, T1 = 228.049, T2 = 226.473, T3 = 223.709, T4 = 219.555 deg.C….Ans.

=======================================================================

At what time Steady State is reached?

When steady state is reached, temperatures at successive time steps should not change much.

We see from the above that at 2000th time step, i.e. after 30000 s (= 500 min.), the temperatures have 
stabilized. There is not much difference in temperatures when we compare the values for 2000th and 
2020th time steps.

Program to get the temps at all Nodes with Time:
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Program shown above returns a Matrix as follows:

0th column: gives Time step

1st column: gives Time (s)

2nd to 6th column: Temps. T0, T1, T2, T3 and T4 at different times

Note: In Mathcad Matrix, Rows and Columns are numbered from 0 onwards (though it can be set to 
start from 1).

As an example, after 20 steps, we get for Nodal temperatures:
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To plot temps T0 and T4 with Time:
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Note: At Time = 660 min (= 11 hrs), i.e. Step no. 2640: T0 = 2419 C, T4 = 2304 C.

These values are the same as obtained for Explicit method.

=======================================================================

Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1.	 Node positions:
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2.	 Node temperatures:

Note: At Time = 660 min (= 39600 s): T0 = 2416 C, T4 = 2302 C.

These values are almost the same as those obtained for Explicit and Implicit methods.

3.	 Temperature contours:
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4.	 Plot of Temp vs Time for Nodes ‘0’ and ‘4’:

=======================================================================

Prob. 1I.C.3. In areas where ambient temperature drops to subzero temperatures and remains so for 
prolonged periods, freezing of water in underground pipelines is a major concern. It is of interest to 
know at what depth the water pipes should be buried so that the water does not freeze.

At a particular location, the soil is initially at an uniform temperature of 15 C and the soil is subjected 
to a subzero temperature of -20 C continuously for 50 days.

1.	 What is the minimum burial depth required to ensure that the water in the pipes does not 
freeze? i.e. pipe surface temperature should not fall below 0 C. 

2.	 Plot the temp. distributions in the soil for different times i.e. after 1 day, 2 days etc.
Properties of soil may be taken as: α = 0.138 × 10-6 m2/s, ρ = 2050 kg/m3, k = 0.52 W/(m.K), 
Cp = 1840 J/kg.K. [Ref. 1]
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Fig.Prob.1I.C.3

Mathcad Solution:

While adopting numerical procedure, in this case, let us make a reasonable assumption that temp at 
a depth of 6 m does not change from the initial condition of 15 C, even after 50 days.
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Solve this problem by Implicit formulation:

Difference eqns. for interior nodes:

Nodes 1, 2, 3…11 are interior nodes. Finite difference equations for these nodes by implicit method are 
obtained from eqn. (A), by setting m = 1, 2, 3, 4.. etc. i.e.

Difference eqns. for boundary nodes:

Nodes 0 and 12 are boundary nodes; both the nodes have constant temperatures:

For node ‘0’:

For node ‘12’ …. at a depth of 6 m from surface:

Now, to start with, i.e. at τ = 0, all the node temperatures T0, T1,….T12 are known (= 15 C). Then, at the 
next time step, solve all the eqns. simultaneously to get the node temperatures at that time step. Using 
these results, solve the eqns. at the next time step, etc. till you reach the given time limit of 50 days.

This calculation is easily done in Mathcad. We slightly change the notation for convenience in calculation: 
we write the superscripts as subscripts to work with matrix notation, as shown below.

�

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

232 

Numerical Methods in Heat conduction

�

�
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Use Mathcad Solve Block to get updated temps:

�

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

234 

Numerical Methods in Heat conduction

In the above Solve block, TempNew is the function that calculates and returns the new Node temperatures, 
viz. T01, T11, … T121, after the next time step. Note that it is written as a function of initial temps T00, 
T10….etc.

Node Temps after 1 Timestep:

We see that, after 1 time step, the temps are: starting from top T01 = -20 C, T11 = 14.931 C, T21 = 15 C 
… T121 = 15 C.

Now, write a program / Function to get temps after N time steps:

Function Name: Implicit_Temp_1(……)

Inputs: Initial temps and No. of Time steps

Outputs: Time steps, Total time, and temps at all nodes at that time step.

The Mathcad program is shown below:

In this program:

LHS … gives the name of the program with Initial temps and the No. of Time steps as Inputs.

RHS….calculates the new temps at the nodes using the TempNew function explained above. Then, the 
new temperatures are set as initial temperatures and the calculations are repeated by the ‘while loop’ till 
the time steps (Nsteps) are completed. New Node temperatures obtained at the last step are stored in a 
vector Y and returned.
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Note that Y is a Mathcad vector which gives Step no., Total time, and Node temps T0….T12 in columns 
0, 1, 2….14 respectively.
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To get the temp distribution after 50 days:

Store the above Function in another vector called TProfile:

Then:

i.e. 0th column: Timestep = 1200, 1st column: Total time = 4.32E06 s = 50 days. 

Columns 2 to 14 .. give the Node temps T0 …. T12 respectively.
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Now, plot these temps against distance (i.e. depth in the soil):
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At what depth the temp will reach 0 C in the soil after 50 days?

In the above graph, we see that temp is zero at a depth of around 0.9 m.

If we need to know it more accurately: 

Using the Trace graph facility in Mathcad (Format – Graph – Trace menu), we get:

y = 0 C    at x = 0.87078 m; 

i.e. at a depth of 0.871 m, the temp will reach 0 C after 50 days duration …. Ans.

�

To draw Temp profiles in soil after different time periods:

Use the Implicit_Temp_1 Function at different, desired time steps and store them in different vectors 
and then plot them together on the same graph:

Temps T0….T12 after 1 day (Timestep = 24) are shown in columns 2 to 14 in the vector TProfile1.

Similarly, results for Node temps after 7 days, 15 days, 30 days and 50 days are stored in vectors TProfile7, 
TProfile15, TProfile30, TProfile50 respectively, as shown below:
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To plot the temps against x at different times:

It may be observed from the above plot that: even after 50 days of duration, depths beyond 1 m have 
not yet reached the freezing temp of zero deg. C.

=======================================================================
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Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1.	 Node positions:
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2.	 Node Temperatures after 50 days:
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3.	 Temp contours (shaded bands) – at 1200 hrs:
Temp range of colours shown in tool bar at the top of the fig.:

4.	 Temp vs Time for different Nodes:

�
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To draw plot of Temp vs depth from surface, at various times:

First, click on View-Tabular output, and you get the following Table (only part of Table is shown):
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Now copy this to Excel, and edit the Table:

We get:

Now, draw the graph for various times:
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To find at what depth the temp reaches 0 C after 50 days, draw the Temp vs Depth graph at time = 
50 days, again:

Draw the same graph enlarged, i.e. with x-axis from 0 to 1 m:
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We see that temp reaches zero at a depth, x = 0.84 m, after 50 days.

Compare this with the value of 0.87 m obtained earlier with Mathcad.

=======================================================================

Prob. 1I.C.4. Consider a plane wall with k = 1.5 W/m.C, cp = 1000 J/kg.C, ρ = 200 kg/m^3, α = 7.5E-06 
m^2/s. Its thickness L = 50 mm. Initial uniform temp = 25 C. Suddenly, the boundary at x = L is subjected 
to heating by a fluid at a temp of 50 C and h = 75 W/m^2.C. And, the boundary at x = 0 is subjected to 
a heat flux = 2000 W/m^2. Take Δx = 5 mm and Δt = 20 s. Plot the temp distribution in the wall for the 
initial condition, at t = 160 s, at t = 300 s and at t = 1300 s.

Adopt the Implicit, finite difference method.
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0

To

x = 0

T2T1

1 2

Plane wall, Ti = 25 C
k = 1.5 W/m.C, 
"  = 7.5e-06 m^2/s
cp = 1000 J/kg.C
D = 200 kg/m^3

Tinf = 50 C
h = 75 W/m^2.C

) x/2 

9 10

T9

x

qleft = 2000 W/m^2

x = L = 0.05 m

T10

) x = 0.005 m

Fig.Prob.1I.C.4

EES Solution:

“Data:”

L=0.05 “[m]”
k=1.5 “[W/m-C]”
alpha=7.5E-6 “[m^2/s]”
“T_i=25” “[C]”
T_infinity=50 “[C]”
h=75 “[W/m^2-C]”
q_left = 2000 [W/m^2]
DELTAx=0.005 “[m]” 
{Time=300 [s] “parameter to be varied”}

“Calculations:”

M=L/DELTAx+1 “Number of nodes”
DELTAt=20 “[s]”
Fo=(alpha*DELTAt)/DELTAx^2

“The technique is to: Set up the parametric Table. Store the temperatures in the parametric table at a 
given time as old temperatures using the variable ROW. The first row contains the initial values; So, 
Solve Table must begin at row 2.

Use the DUPLICATE statement to reproduce the eqns for the internal nodes. Column 1 contains the 
time, column 2 the value of T[0], column 3, the value of T[1], etc., and column 12 the Row.”
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Row = 1+Time/DELTAt

Duplicate i=0,10

T_old[i]=TableValue(‘Table 1’,Row-1,#T[i])

end

“Using the implicit finite difference approach, the equations for the eleven unknown temperatures 
are:”

“Node 0: constant heat flux, q_left”

In EES this is entered:

q_left+ k*(T[1]-T[0])/DELTAx = (k/alpha)*(DELTAx/2)*(T[0]-T_old[0])/DELTAt

“Node 1 to 9: Applying the heat balance:”

And in EES this eqn is:

Duplicate i = 1,9

k*(T[i – 1]-T[i])/DELTAx + k*(T[i + 1]-T[i])/DELTAx = (k/alpha)*(DELTAx)*(T[i]-T_old[i])/DELTAt

end

“Node 10 – convection: Applying the heat balance:”

In EES this eqn is entered as:

 k*(T[9]-T[10])/DELTAx + h*(T_infinity-T[10])= (k/alpha)*(DELTAx/2)*(T[10]-T_old[10])/DELTAt

�
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Results:

Time T[0] T[1] T[2] T[3] T[4] T[5]
T[6] T[7] T[8] T[9] T[10] Row

[s] [C] [C] [C] [C] [C] [C]
[C] [C] [C] [C] [C]

0 25 25 25 25 25 25
25 25 25 25 1

20 41.33 36.02 32.55 30.34 29.02 28.37
28.28 28.74 29.83 31.72 34.73 2

40 50.41 44.5 40.01 36.75 34.57 33.31
32.87 33.19 34.26 36.06 38.59 3

60 57.69 51.63 46.75 43 40.3 38.54
37.67 37.59 38.24 39.56 41.45 4

80 64.11 57.98 52.9 48.85 45.78 43.62
42.31 41.77 41.92 42.69 43.99 5

100 69.95 63.77 58.55 54.28 50.91 48.4
46.68 45.69 45.36 45.6 46.32 6

120 75.32 69.1 63.77 59.31 55.68 52.85
50.77 49.36 48.57 48.31 48.5 7

140 80.28 74.02 68.59 63.96 60.11 56.99
54.57 52.78 51.56 50.83 50.53 8

160 84.87 78.58 73.06 68.28 64.22 60.84
58.1 55.96 54.34 53.18 52.42 9

180 89.12 82.8 77.2 72.28 68.02 64.41
61.38 58.91 56.92 55.37 54.18 10

200 93.06 86.72 81.03 75.98 71.56 67.72
64.43 61.64 59.32 57.39 55.81 11

220 96.71 90.35 84.59 79.42 74.83 70.78
67.25 64.19 61.55 59.28 57.32 12

240 100.1 93.71 87.88 82.61 77.87 73.63
69.87 66.54 63.61 61.02 58.72 13

260 103.2 96.83 90.94 85.57 80.68 76.27
72.3 68.73 65.53 62.64 60.03 14

280 106.1 99.72 93.78 88.31 83.3 78.72
74.55 70.76 67.3 64.14 61.23 15

300 108.8 102.4 96.41 90.85 85.72 80.99
76.64 72.64 68.95 65.54 62.35 16

320 111.3 104.9 98.85 93.21 87.97 83.1
78.58 74.38 70.48 66.83 63.39 17

�
�
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1160 142 135.3 128.7 122.1 115.5 108.9
102.3 95.73 89.18 82.64 76.11 59

180 142.1 135.4 128.8 122.2 115.5 108.9
102.4 95.79 89.24 82.69 76.15 60

1200 142.2 135.5 128.9 122.2 115.6 109
102.4 95.86 89.29 82.73 76.18 61

1220 142.3 135.6 129 122.3 115.7 109.1
102.5 95.92 89.34 82.78 76.22 62

1240 142.3 135.7 129 122.4 115.8 109.2
102.6 95.97 89.39 82.82 76.25 63

1260 142.4 135.7 129.1 122.5 115.8 109.2
102.6 96.02 89.43 82.86 76.28 64

1280 142.5 135.8 129.2 122.5 115.9 109.3
102.7 96.07 89.48 82.89 76.31 65

1300 142.5 135.9 129.2 122.6 116 109.3
102.7 96.11 89.51 82.92 76.34 66

�
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Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1.	 Node positions:
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2.	 Node temps:

3.	 Temp contours (shaded bands) – 
Temp range of colours shown in tool bar at the top of the fig.:
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4.	 Temp vs Time at different Nodes:

=======================================================================

Prob. 1I.C.5: Consider a fuel element, which is a plane wall of L = 20 mm, cooled on both the faces 
with a fluid of temp = T_infinity = 250 C, with h = 1100 W/m^2.C. For the material, k = 30 W/m.C and 
α = 5 E-06 m^2/s. Initially the wall is at a uniform temp of 250 C, with no heat generation. Suddenly, 
the element is inserted into the reactor causing a uniform heat generation of q_g = 1E08 W/m^3. Using 
the Explicit method of finite difference s, with Δx = 2 mm, determine the temp distribution 1.5 s after 
the element is inserted into the core.[Ref. 3]

0

To

x = 0

T2T1

1 2

Plane wall, Ti = 250 C
qg = 1e08 W/m^3
k = 30 W/m.C, 
"  = 5e-06 m^2/s
cp = 1000 J/kg.C
D = 200 kg/m^3

Tinf = 250 C
h = 1100 W/m^2.C

) x/2 

9 10

T9

x

x = L = 0.02 m

T10

) x = 0.002 m

Tinf = 250 C
h = 1100 W/m^2.C

Fig.Prob.1I.C.5
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EES Solution:

“Data:”

L=0.02 “[m]”
k=30 “[W/m-C]”
alpha=5E-6 “[m^2/s]”
T_i=250 “[C] … Initial temp.”
q_g=1E8 “[W/m^3]”
T_infinity=250 “[C]…. fluid temp”
h=1100 “[W/m^2-C]”
DELTAx=0.002 “[m]”

{time=300 [s] “parameter to be varied”}

“Calculations:”

M=L/DELTAx+1 “Number of nodes”

Fo=(alpha*DELTAt)/DELTAx^2 “…mesh Fourier No.”
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“Stability criteria:”

Biot = h * DELTAx/k

{Fo * (1 + Biot) = 0.5 “…determines Fo from Stability criterion, and, we get: DELTAt = 0.3727 s from 
stability criteria. 

Let us use DELTAt = 0.3 s”}

DELTAt=0.3 “[s]”

“The temperatures in the parametric table as ‘old temps’; and , then, in each step, they are recovered 
using the variable ROW. The first row contains the initial values. So, Solve Table must begin at row 2. 
Note the use the DUPLICATE statement to reduce the number of equations to be typed. Column 1 
contains the time, column 2 the value of T[1], column 3, the value of T[2], etc., and column 7 the Row.”

Row = 1 + Time/DELTAt

Duplicate i=0,10
T_old[i]=TableValue(‘Table 1’,Row -1,#T[i])

end

“Using the explicit finite difference approach, writing the energy balance eqns.,to get the eleven equations 
for the eleven unknown temperatures:”

“Node 0, convection:”  

In EES, it is entered as:

h * (T_infinity – T_old[0]) + k * (T_old[1] – T_old[0]) / DELTAx + q_g * DELTAx/2 = (k / alpha) * 
DELTAx/2 * (T[0] – T_old[0])/DELTAt

“Internal nodes: 1 to 9:”

Duplicate m = 1,9
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In EES it is typed as:

k * (T_old[m-1] – T_old[m]) / DELTAx + k * (T_old[m+1] – T_old[m]) / DELTAx + q_g * DELTAx = 
(k / alpha) * DELTAx * (T[m] – T_old[m])/DELTAt

end

“Node 10: with convection:”

And, it is entered as:

 h * (T_infinity – T[10]) + k * (T[9] – T[10]) / DELTAx + q_g * DELTAx/2 = (k / alpha) * DELTAx/2 
* (T[10] – T_old[10])/DELTAt

Results:

Time T[0] T[1] T[2] T[3] T[4] T[5]
T[6] T[7] T[8] T[9] T[10] Row

[s] [C] [C] [C] [C] [C] [C]
[C] [C] [C] [C] [C]

0 250 250 250 250 250 250
250 250 250 250 250 1

0.3 255 255 255 255 255 255
255 255 255 255 254.8 2

0.6 259.7 260 260 260 260 260
260 260 260 259.9 259.6 3

0.9 264.4 264.9 265 265 265 265
265 265 265 264.8 264.2 4

1.2 269 269.7 270 270 270 270
270 270 269.9 269.7 268.8 5

1.5 273.5 274.5 274.9 275 275 275
275 275 274.9 274.5 273.4 6

1.8 278 279.3 279.8 280 280 280
280 279.9 279.7 279.2 277.8 7

�
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14.1 439.2 451.1 459.6 465.4 468.7 469.8
468.7 465.4 459.6 451 439.1 48

14.4 442.7 454.8 463.6 469.5 472.9 474
472.9 469.5 463.5 454.7 442.6 49

14.7 446.2 458.6 467.5 473.5 477 478.2
477 473.5 467.5 458.5 446.1 50

�
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Plot the variation of T0, T6 and T10 for the first 1.5 s:

0 0.3 0.6 0.9 1.2 1.5
250

255

260

265
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T[10]T[10]

Temp (C) vs Time (s)

Plot the variation of T0, T6 and T10 upto15 s:
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,  
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,  

T[
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Temps after 15 s

=======================================================================

Solution to the above problem by Finite Element Heat Transfer (FEHT) Software:

1.	 Node positions:
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2.	 Node Temps:

3.	 Temp contours (shaded bands) – 

Temp range of colours shown in tool bar at the top of the fig.

4.	 Temps of Nodes 5, 6 and 20 after 1.5 s:
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After 14.7 s:

Node Temps after 14.7 s:

Temp vs Time for Nodes 5, 6 and 20:

=======================================================================

“Prob. 1I.C.6.The ceramic wall shown is initially at a uniform temp of 25 C. Its thickness = 3 cm. It is 
suddenly exposed to a radiation source at 1200 C on the RHS. The LHS is exposed to room air at 25 C 
with a radiation surrounding temp of 25 C, with h = 1.92 × DELTAT^(5/4) W/m^2.K. Convection on 
the RHS is negligible. For ceramic: k = 3.0 W/m.K, rho = 1600 kg/m^3, cp = 0.8 kJ/kg.K. Determine: 
temp distribution in the plate after 15, 30, 45, 60, 90, 120 and 150 s. Also, determine steady state temp 
distribution. Calculate the total heat gained by the plate for these times.”
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Fig.Prob.1I.C.6

“Data:”

L=0.03 “[m]”
k=3 “[W/m-C]”
rho = 1600 “[kg/m^3]”
cp = 800 “[J/kg.K]”
T_ini=25 “[C]”
T_infinity=25.0 “[C]”
T_rad = 1200 “[C]”
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{h=1.92 x DELTAT^(5/4) “[W/m^2-C]”}
DELTAx=0.0075 “[m]”
sigma = 5.67E-08 “[W/m^2.K^4]”
epsilon = 0.8

“time=150 [s]” “parameter to be varied”

“Calculations:”

M=L/DELTAx+1 “Number of nodes”
A=1“[m^2]”

“Node 0: Convection + Radiation: By energy balance:”

sigma * epsilon * ((273 + T_infinity)^4 – (T[0] + 273)^4) – 1.92 * (T[0] – T_infinity )^(5/4) + 
k*A*(T[1]-T[0])/DELTAx =rho * cp *A*(DELTAx/2)*dTdt[0]

“Node 1:”

k*A*(T[0]-T[1])/DELTAx + k*A*(T[2]-T[1])/DELTAx = rho * cp*A*(DELTAx)*dTdt[1]

“Node 2:”

k*A*(T[1]-T[2])/DELTAx + k*A*(T[3]-T[2])/DELTAx = rho * cp*A*(DELTAx)*dTdt[2]

“Node 3:”

k*A*(T[2]-T[3])/DELTAx + k*A*(T[4]-T[3])/DELTAx = rho * cp*A*(DELTAx)*dTdt[3]

“Node 4:”

sigma * epsilon * ((T_rad + 273)^4 – (T[4] + 273)^4)+ k*A*(T[3]-T[4])/DELTAx= rho * 
cp*A*(DELTAx/2)*dTdt[4]

“Integrate using the INTEGRAL command:”

duplicate i=0,4
T[i]=T_ini+INTEGRAL(dTdt[i],time)

end

“To get the temps in Kelvin:”

duplicate i=0,4
TKelvin[i]=T[i] + 273

End
�
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Results:

time TKelvin[0] TKelvin[1] TKelvin[2] TKelvin[3] TKelvin[4]
[s] [K] [K] [K]

[K] [K]

0 298 298 298
298 298

15 299.4 301.6 315.3
384.2 729.2

30 307.2 317.6 368
531.7 891.3

45 327.5 350.5 438.9
641 996.8

60 361.5 395.4 507.8
726.9 1067

75 405 446.3 571.8
795.6 1118

90 453.1 499.3 630.7
852.2 1156

105 502.5 551.9 684.7
900.2 1187

120 550.7 602.8 734.4
942 1212

135 596.3 650.9 780
979.1 1234

50 638.5 695.7 821.9
1012 1253

165 676.9 737 860.3
1042 1269

�
�

840 954 1063 1172
1282 1391

855 954.1 1063 1172
1282 1391

870 954.1 1063 1172
1282 1391

885 954.2 1063 1172
1282 1391

=======================================================================
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Plot the temp variation in the wall with time:

=======================================================================
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Prob.1I.C.7. Solve Prob. 1IC.4 with EXCEL:

Let us state the problem again:

Prob. 1I.C.4. Consider a plane wall with k = 1.5 W/m.C, cp = 1000 J/kg.C, ρ = 200 kg/m^3, α = 7.5E-
06 m^2/s. Its thickness L = 50 mm. Initial uniform temp = 25 C. Suddenly, the boundary at x = L is 
subjected to heating by a fluid at a temp of 50 C and h = 75 W/m^2.C. And, the boundary at x = 0 is 
subjected to a heat flux = 2000 W/m^2. Take Δx = 5 mm and Δt = 20 s. Plot the temp distribution in 
the wall for the initial condition, at t = 160 s, at t = 300 s and at t = 1300 s.

Adopt the Implicit, finite difference method.

0

To

x = 0

T2T1

1 2

Plane wall, Ti = 25 C
k = 1.5 W/m.C, 
"  = 7.5e-06 m^2/s
cp = 1000 J/kg.C
D = 200 kg/m^3

Tinf = 50 C
h = 75 W/m^2.C

) x/2 

9 10

T9

x

qleft = 2000 W/m^2

x = L = 0.05 m

T10

) x = 0.005 m

Fig.Prob.1I.C.4

EXCEL Solution:

We derive the difference eqns for Boundary Node ‘0’, Internal Nodes 1 to 9, and Boundary Node 10, by 
writing an energy balance at the respective nodes:

For Implicit method:

For Boundary Node ‘0’:
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Here, T_old_0 refers to the temp T_0 at the ‘previous’ time step.

For Internal Nodes ‘1 to 9’:

Then, for Node 1:

Here, again, T1_old refers to the temp T1 at the ‘previous’ time step.

In EXCEL, now, it is very easy to write the eqns for Nodes 2 to 9: simply drag and copy from 
Node 1.

For Boundary Node ‘10’:

Here also, T_10_old refers to the temp T_10 at the ‘previous’ time step.
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Note: In the above eqns, Fo is the mesh Fourier No. defined as:

where α is the thermal diffusivity, given by:

ρ is the density, cp is the sp.heat.
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Following are the steps in EXCEL Solution:

1.	 Set up the EXCEL worksheet, enter data and name the cells:

2.	 Now, enter calculations. No. of Nodes M and mesh Fourier No. Fo are calculated. Scheme 
for calculations at different times is shown in the Table. Formulas used for different nodes 
are also shown alongside for ready reference. Initial temperatures, i.e. at time = 0, are also 
entered.
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3.	 Now, enter the time steps in column C, up to time = 1300 s. Part of that Table is shown 
below:

4.	 Now, since all the nodal eqns for implicit method will be solved by iteration, make sure that 
iteration is enabled in EXCEL. i.e. Press Office button, go to EXCEL options:
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Press EXCEL options:

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

GET THERE FASTER

Oliver Wyman is a leading global management consulting firm that combines 

deep industry knowledge with specialized expertise in strategy, operations, risk 

management, organizational transformation, and leadership development. With 

offices in 50+ cities across 25 countries, Oliver Wyman works with the CEOs and 

executive teams of Global 1000 companies.  

An equal opportunity employer.

Some people know precisely where they want to go. Others seek the adventure of 
discovering uncharted territory. Whatever you want your professional journey to be, 
you’ll find what you’re looking for at Oliver Wyman.

Discover the world of Oliver Wyman at oliverwyman.com/careers 

DISCOVER
OUR WORLD

http://www.oliverwyman.de/careers/index.html


Software Solutions to Problems on Heat Transfer
Conduction – Part III

272 

Numerical Methods in Heat conduction

Click on Formulas:

We get:

Note that we have put a check mark on Enable Iterative Calculation, and changed the Max. Iterations 
to 1000, and Max. change to 0.00001. Press OK.

5.	 Now, enter the eqn for Node ‘0’. Eqn can be seen in the Formula bar:
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6.	 Similarly enter the eqn. for Node 1, and then drag-copy it up to Node 9:

7.	 And, enter eqn for Node 10. Now, we see that all temperatures have adjusted themselves in 
row 21:

8.	 Now, it is very easy to complete the Table: Select cells D21 to N21 in row 21 and simply drag-
copy up to the time desired in column C: And, we get following Table: (only partly shown.)

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

274 

Numerical Methods in Heat conduction

�
�

Note that the temperature values obtained match very well with those obtained with EES.

9.	 Now, it is easy to draw the graphs:

a)	 Temp distribution in the slab at various times:
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b)	 Temp variation of LHS and RHS of slab with time:

=======================================================================
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Prob.1I.C.8. A steel plate (α = 1.2 × 10-5 m2/s, k = 43 W/(m.C)), of thickness 2L = 10 cm, initially at 
an uniform temperature of 250 C is suddenly immersed in an oil bath at Ta = 45 C. Convection heat 
transfer coeff. between the fluid and the surfaces is 700 W/(m2.C). 

a)	 How long will it take for the centre plane to cool to 100 C? 
b)	 Draw the temp. profile in the slab at different times.

EXCEL Solution:

Let us divide the thickness in to 10 equally spaced divisions and solve by explicit method.

We derive the difference eqns for Boundary Node ‘0’, Internal Nodes 1 to 9, and Boundary Node 10, by 
writing an energy balance at the respective nodes. (See Ref. [1])

For Explicit method:

For Internal node ‘m’, with heat generation:

Tm
i 1 Fo Tm 1

i Tm 1
i. 1 2 Fo.( ) Tm

i. Fo
qm

i ∆x( )2.

k
.

....(8.55)
Fo

qm
i �x( )2�

k
� � (8.56)

where Fo is the mesh Fourier no. = α * Δt /Δ x^2, and qm = heat gen. rate (W/m^3).

Eqn.(8.55) is the explicit difference eqn. valid for all interior nodes, 1, 2….(M-1), when there is internal 
heat generation. Now, the new temperature Tm

i+1 can be explicitly solved since the other terms involved 
at the previous time step ‘i’, are already known. Here, superscript ‘i’ refers to ‘previous’ time step.

� (8.56)

For node ‘0’ with convection boundary condition:

Explicit formulation:

h A� Ta T0
i� k A�

T1
i T0

i

�x
� q0

i A� �x
2

� � A� �x
2

� C p�
T0

i 1 T0
i

��
� � (8.60)

Simplifying:

T0
i 1 1 2 Fo� 2 Fo� Bi�( ) T0

i� Fo 2 T1
i� 2 Bi� Ta�

q0
i �x( )2�

k
� � (8.61)
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where Bi h x
k

= Bi ot num be=  Biot number

In this particular case, heat generation, q0 = 0

For node ‘10’ with convection boundary condition:

Since conditions on the RHS are identical to those on LHS, use the eqn for Node ‘0’, i.e. eqn. (8.61), but 
changing T_0 to T_10 and T_1 to T_9. Remember that q0 = 0.

Stability criterion:

The limit on ∆τ is determined from mathematical and thermodynamic as follows:

“Coefficients of all Tm
i in the Tm

i+1 expressions (called ‘primary coefficients’) must be greater than or 
equal to zero for all nodes ‘m’”.

Generally, boundary nodes with convection conditions are more restrictive and in such cases, coeff. 
of Tm

i from the most restrictive eqn. must be considered for the stability criterion and the time step 
∆τ must be determined with respect to that coefficient.

Following are the steps in EXCEL Solution:

1.	 Set up the worksheet, enter data and name the cells:
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Note that stability criterion is also calculated, and it is equal to: 3.575; so, Δt is chosen as 2 s which is 
less than that required for stability criterion. Also, we have provided a cell comment regarding stability 
criterion as shown below:

2.	 Set up the worksheet, suitable for calculations of transient conduction, as shown below:
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3.	 Now, after making sure that Iteration calculations are enabled in EXCEL, enter the eqn for 
Node ‘0’ in cell D21: See the formula bar in fig. below:

Note that while entering eqn for T_0 in cell D21, T_0_old refers to D20, i.e. T_0 at the previous step. 
Take care to enter eqns in this way for cells E21 and N21.

4.	 Now, enter eqn. for Node 1 in cell E21 and then drag-copy it up to Node 9, i.e. up to 
cellM21:

5.	 Now, enter eqn for T_10 in cell N21:
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6.	 Now, select the cells from D21 up to N21, and drag-copy downwards, up to the desired 
time, say up to 510 s. Part of the Table is shown below. Observe how the temp in the centre 
line of plate (i.e. Node ‘5’) changes. We have to continue till it reaches 100 C:

�

�

We see that the mid-plane temp reaches 100 C after about 457 s…..Ans.

And, at that time, surface temp is about 83.3 deg.C
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7.	 Next, draw plots in EXCEL:

=======================================================================

1ID.	 Two-dimensional, transient conduction:

Prob. 1I.D.1. Consider 2D transient heat transfer in a L-shaped solid bar, initially at a uniform temp 
of 140 C (see Fig.). k = 15 W/m.K and α = 3.2 × 10^-6 m^2/s. Heat gen. rate qg = 2 × 10^7 W/m^3. 
The right surface is insulated and the bottom surface is maintained at a uniform temp of 140 C at all 
times. At time = 0, entire top surface is subjected to convection with ambient air at Ta = 25 C and  
h = 80 W/m^2.K and left surface is subjected to uniform heat flux of 8000 W/m^2. Nodal spacing is 
Δx = Δy = 1.5 cm. Using Implicit method, determine the temp at the top corner (Node 3) after 2, 5 and 
30 min. (Ref. 3]
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Fig.Prob.1I.D.1

Mathcad Solution:
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Initial values of temps in all nodes: 140 C. i.e.

We shall develop finite difference eqn. for each node by writing the energy balance for the corresponding 
elemental volume around that node, and solve the resulting equations with solve block of Mathcad. 
T1, T2….T8 are the temps at the ‘next’ time step. 

Start with guess values for T1, T2, …. T8:
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We get, after one time step:
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O the RHS, we have temperatures T1, T2,… T8 from top downwards.

Now, to go to the next time step, use the values of T1, T2, …. T8 obtained above as the ‘old’ temp and 
apply the Solve Block again.

We write a small Mathcad program to do this:

In the above program, LHS defines the program as a function of n, the no. of time steps. (Remember 
each time step = 5 s).

In the RHS, first 8 lines define the initial temps to the 8 Nodes.

Then, a while loop is used wherein the earlier defined Temp (T1, T2,…T8) Solve Block is called and is 
assigned to a vector TTemp. Its elements contain the newly calculated Node temps.

In the next 8 lines, old T1….T8 are updated with these new values; and, the Solve Block is called 
successively till the desired no. of time steps are covered.
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Results for n = 0, 1, 6, 24, 60 and 360 time steps are given below:
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Thus, we see from the above that temp of top corner of the body, i.e. T3, after 2, 5 and 30 min (i.e. time 
step n = 24, 60 and 360) are, respectively, as follows:

T3 = 424.039, 514.699 and 528.544 C…after 2, 5 and 30 min..Ans.

�

To plot T3 against Time:

Modify the above program slightly, to return T3:
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Above program returns a vector called ATempT3 wherein only the values of T3 are stored for each 
time step.

Now, draw the Plot:

�
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FEHT Solution for the above problem:

Node positions:
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Node Numbers:

Note that top edge is Node No. 2. in the above set up.

Node Temps after 120 s:

Note that temp of Node 2 after 120 s is: 444 deg.C. Compare this value with 424.04 C obtained with 
Mathcad.
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Temps after 300 s:

Note that temp of Node 2 after 300 s is: 542 deg.C. Compare this value with 514.7 C obtained with 
Mathcad.

Temps after 1800 s:
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Note that temp of Node 2 after 1800 s is: 556 deg.C. Compare this value with 528.5 C obtained with 
Mathcad. (Difference = 5.6%)

Temp of Top corner Node (i.e. Node no. 2) against time:
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Temp contours in the L-bar as colour bands after 1800 s:

Temp contours in the L-bar as Iso-potential lines after 1800 s:

Min = 187.9 C, Max = 619.3 C

=======================================================================

Prob.1I.D.2. : Consider a long solid bar (k = 28 W/m.K and α = 12 × 10^-6 m^2/s) of square cross-
section (size: 20 cm × 20 cm) that is initially at a uniform temp of 20 C. Heat is generated in the bar t a 
rate of qg = 8 × 10^5 W/m^3. 4 sides of the bar are subjected to convection to ambient air at Ta = 30 C  
and h = 45 W/m^2.K. Using Explicit finite difference method and a mesh size of Δx = Δy = 10 cm, 
determine the centre temp of the bar after 20 min. Also, find out when steady state temp is reached. 
[(Ref. 3)]
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Fig.Prob.1I.D.2

Mathcad Solution:

Initial values of temps in all nodes: 20 C. i.e.

Nodes are represented by numbers 1, 2,…..9.
Temps at these nodes have to be found out.
We observe that there is symmetry along the vertical and horizontal centre lines. 
i.e. T1 = T3 = T7 = T9, and T2 = T4 = T6 = T8.
Therefore, we need to find out only three temps, viz. T1, T2 and T5.
So, consider only one -quarter of the section, i.e. the square area 1-2-5-4. For this section, faces 2–5 and 
4–5 are symmetry lines, i.e. these faces can be considered as insulated.

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

295 

Numerical Methods in Heat conduction

Let us adopt ‘Explicit’ method of finite difference solution. 
So, now, there is restriction on the value of time step, Δt, which should be properly chosen to prevent 
numerical oscillations.
We should see that Δt should be such that the coeff. of Tm in the most restrictive node (generally, adjacent 
to a node with convection) is more than zero:

In the present case, Node 3 is subjected to convection from both sides.
The stability criterion for a corner node subjected to convection on both sides is: 
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We shall develop finite difference eqn. for each of the three nodes, viz. 1, 2 and 5 by writing the energy 
balance for the corresponding elemental volume around that node, and solve the resulting three equations 
with solve block of Mathcad. T1, T2, T5 are the temps at the ‘next’ time step. 

Start with guess values for T1, T2, T5:

Note that Temp is written as a function of initial temps T10, T20, T50. It helps in finding out ‘new temps’ 
at successive time steps as shown later.

We get:
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Now, to go to any desired time step, use the values of T1, T2, T5 obtained above as the ‘old’ temp and 
apply the Solve Block again.

We write a small Mathcad program to do this:
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Similarly:

To plot T5 against Time for say, 6 hrs (= 360 time steps):

Let us slightly change the above program, to return stored values of T5:

Following are Correction on p.298 of Part-III 

And, the suggestions for Title page etc. in all parts. 

====================================================== 

 

It should be as follows: 

 

 

Download free eBooks at bookboon.com



Software Solutions to Problems on Heat Transfer
Conduction – Part III

299 

Numerical Methods in Heat conduction

Now, the vector TTempT5 shown below contains all values of T5 for the 360 Timesteps:

Now, plot T5 against Time:

We observe from the graph that the steady state is reached after about 240 min. (= 5 hrs), and at 
that time, T5 = 1023 deg. C.

�
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Solution to the above problem by Finite Element Heat Transfer (FEHT) software:

Node positions:
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 Temp at Node 3 after 20 min:

Note that temp T5 (at Node 3) is 369 C. Compare this with T5 = 379. 3 obtained earlier with Mathcad 
calculations.

Temp after 60 min.:
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Note that temp T5 (at Node 3) is 747 C. Compare this with T5 = 761.2 obtained earlier with Mathcad 
calculations.

Plot Temp T5 vs Time:

Note that steady state temp is reached after about 4 hrs, and its value is: about 1015 C. Compare 
this with T5 = 1023 C obtained with Mathcad.

=======================================================================
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Prob.1I.D.3. A long concrete beam of triangular cross-section is shown, with the two short faces 
measuring 20 cm each. It is initially at a uniform temp of 20 C. Suddenly, one of the short faces and 
the long face are exposed to hot gases at 400 C with h = 10 W/m^2.K; the other short face is insulated.

After one hour of exposure, where do the highest and lowest temperatures occur? Plot the variation of 
these temperatures from time = 0 to 3600 s.

FEHT Solution:

Node positions:

Node Nos.:
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Temps after 3600 s:

We observe that after 1 h, highest temp is 381 C occurring at Node 3 and lowest temp is 86 C 
occurring at Node 8.

Plot of variation of T3 and T8 with Time:
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Temp. contours in the beam after 1h:

=======================================================================

Download free eBooks at bookboon.com

Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

Designed for high-achieving graduates across all disciplines, London Business School’s Masters 
in Management provides specific and tangible foundations for a successful career in business. 

This 12-month, full-time programme is a business qualification with impact. In 2010, our MiM 
employment rate was 95% within 3 months of graduation*; the majority of graduates choosing to 
work in consulting or financial services. 

As well as a renowned qualification from a world-class business school, you also gain access 
to the School’s network of more than 34,000 global alumni – a community that offers support and 
opportunities throughout your career.

For more information visit www.london.edu/mm, email mim@london.edu or 
give us a call on +44 (0)20 7000 7573.

Masters in Management

The next step for  
top-performing  
graduates

*  Figures taken from London Business School’s Masters in Management 2010 employment report

http://www.london.edu/mm/


Software Solutions to Problems on Heat Transfer
Conduction – Part III

306 

Numerical Methods in Heat conduction

Prob.1I.D.4. Consider a long solid bar (k = 28 W/m.K and α = 12 × 10^-6 m^2/s) of square cross-section 
(size: 20 cm × 20 cm) that is initially at a uniform temp of 20 C. Heat is generated in the bar t a rate of 
qg = 8 x 10^5 W/m^3. 4 sides of the bar are subjected to convection to ambient air at Ta = 30 C and h = 
45 W/m^2.K. Using Explicit finite difference method and a mesh size of Δx = Δy = 10 cm, determine 
the centre temp of the bar after 20 min. Also, find out when steady state temp is reached. 
[(Ref. 3)]

Fig.Prob.1I.D.4

This is the same Problem as 1ID.2.

But, let us work it out in EXCEL:

Nodes are represented by numbers 1, 2,…..9.
Temps at these nodes have to be found out.
Because of symmetry along the vertical and horizontal centre lines, we have: 
T1 = T3 = T7 = T9, and T2 = T4 = T6 = T8.
Therefore, we need to find out only three temps, viz. T1, T2 and T5.
Let us adopt ‘Explicit’ method of finite difference solution. 

Now, finite difference eqns:

‘Explicit’ finite difference eqns are derived by applying heat balance at each node, remembering to 
consider all heat flows as flowing in to the node:

For Node 1: This is subjected to convection on both sides. We get:
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Here, subscript ‘0’ refers to ‘previous’ time step.

For Node 2: This is a surface node, subjected to convection. We get:

For Node 5: This is an internal node. We get:

Stability criterion:

While adopting ‘Explicit’ form of solution, there is restriction on the value of time step, Δt, which should 
be properly chosen to prevent numerical oscillations.
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We should see that Δt should be such that the coeff. of Tm in the most restrictive node (generally, adjacent 
to a node with convection) is more than zero:

In the present case, Node 1 is subjected to convection from both sides.
Eqn for T1 can be re-written as:

Therefore: equating the coeff of T10 to zero, we get: 
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Following are the steps in EXCEL calculations:

1.	 Set up the EXCEL worksheet, and name the cells:

2.	 Prepare the scheme for calculations. Make calculations for Biot No., Fourier No. And 
constant C_1 as shown. Enter the initial temps also.
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3.	 Now, enter the eqn for T1 in cell D20, for T2 in cell E20n and for T5 in cell H20. Corner 
temps T3, T7 and T9 are set equal to T1. Mid-face temps T4, T6 and T8 are set equal to T2. 
Eqn. for T5 can be seen in the Formula bar in the screen shot below:

4.	 Now, select cells B19 to L19 and drag-copy for 20 time steps (i.e. 20 min. since each time 
step = 60 s). The temp values are immediately calculated:

Thus: Temp T5 after 20 min. is = 379.314 deg.C…. Ans.

This value matches very well with values obtained with Mathcad. (See Prob. 1ID.2)

5.	 Next, we would like to see when steady state is reached. We put a criterion that when the 
variation in temp T5 is within 0.05, we will say that steady state is reached. We can go on 
drag-copying the row 39 till we get this criterion fulfilled; but, it is laborious and the worksheet 
may become too long. So, we will write a small VBA program which will run the worksheet 
for desired no. of time steps. It will stop and give a message when the steady state is reached: 

6.	 As a preparation to this, let us first write a Macro to make the calculations for the ‘next step’. 
Following is the procedure to write the Macro:
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7.	 Go to Developer and click on: Record Macro:
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We get:

Enter the short cut key to what you like like, write a description what the Macro will do and press OK. 
Immediately in Developer tab, Record Macro button changes to Stop Recording, and the recording process 
starts. Now, go through these simple steps: keep the worksheet up to 6th time step (i.e. up to row 25) as 
it is; then copy this row (Ctrl+C), and ‘Paste special’ only values in the previous row. 
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Press OK, Then, immediately row 25 gets updated.

Following is the VBA code produced:

8.	 Above code advances the calculations by one time step. Now, let us modify the above code 
to up- date the calculations by the required no. of time steps. Let the time steps desired be 
entered in cell K12 in the worksheet. If the entered value for N is less than 7, we need an 
error message.Now, the VBA program should read the value of N, and run the code for that 
many no. of steps:
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9.	 VBA program to do this is shown below: (Read the comments given in code)

This program does the following:

Line 1, 2: declares the Subroutine Macro name

Line 3: says what it does

Line 4: gives keyboard short cut

Lines 5, 6 and 7: declaring Dimensions of variables used.

Line 8 to 12: reads value of cell K12, gives an error message if N < 7 and ends the program
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Line 13: deducts 6 from N, and assigns it as N. (Since 6 time steps are already there in the worksheet, 
we are deducting 6 from N here, so that in the output, the time step shown will be N. So, in K12, we 
should enter any value more than 7.

Line 14 to 19: For … Next loop to do calculations for N steps

Lines 15 to 19: are the same as obtained earlier by recording the Macro. Thus, the heart of the program 
was recorded to get error free code.

Line 21: calculates DIFF1, as absolute value of difference between two successive values of temp T5 (i.e. 
in cell H25 and H24).

Line 22 to 25: Apply the If condition to see if DIFF1 is < 0.01. If the condition is satisfied, give a message 
that the steady state is reached, and give the time step no.

Line 26: ends the For…Next loop

Line 27: ends the Sub statement.
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10.	 For convenience, we assign this Macro to a Form control button:

Go to Developer – Insert – Form controls, and click on the first button in top row:

Create the button by dragging the mouse and we get the screen:

Select the Macro name and click OK. This means that when we press the button, the Macro will run.
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Now, edit the words in the button to Run:

11.	 Now, if we click on Run, we get:
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12.	 Another important thing is that now, if we change N to some other value, it will proceed 
from time step 20 shown in the above screen shot. So, we have to reset the worksheet to 
the original position before we enter the next trial. This is quite easy. Just create a Macro2 
to copy the row 23 to row 24 (with Formulas), and assign this Macro to a Form control 
button, named as: Reset. When you click ‘Reset’ button, the worksheet is restored to original 
condition:

Reset Macro is shown below:
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13.	 Add some comments/ notes on the procedure to be followed, for clarity:

14.	 Now, let us see when steady state is reached, by putting different values for N. Put N = 360 
and click on Run, we get:

We observe that steady state is reached when time step of 345 is reached, and a message has appeared, 
i.e. difference between successive values of T5 in cells H25 and H24 is < 0.01. We can, of course, change 
this condition to some other value in the VBA code, if we so desire.
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15.	 Now, comment out this condition in the VBA code, and run the program up to time step 
480 (i.e. larger than step 345) and compile a Table by copying the ‘values’ separately, and 
draw the graph of Ts vs Time:

=======================================================================
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Now, solve the above problem in EXCEL, with Implicit finite difference equations:

Remember that with Implicit method is inherently stable and there is no restriction on the value of ΔT 
to be used. However, we shall use a ΔT = 60 s, as we used in the case of Explicit method.

In Implicit method, we use the Temp values in the next step; so, in each step, the finite difference 
equations have to be solved by iteration. This is extremely simple in EXCEL; all that we have to do is to 
ensure that Iteration Calculations are enabled .

For this problem, Implicit finite difference eqns are derived, as usual, by applying heat balance at the 
given node, considering all heat flow lines as going in to the node. Also, remember that, because of 
symmetry, all the corner temps are equal (i.e. T1 = T3 = T7 = T9), and mid-face temps are also equal 
(i.e. T2 = T4 = T6 = T8). The derivation of eqns is given below, briefly:

Implicit finite difference eqns:

Node 1:
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Node 2:

Node 5:
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Following are the steps in EXCEL calculations:

1.	 We shall set up a worksheet to do the following:
a)	 Calculate temperatures T1, T2 and T5 by Implicit method
b)	 Have a Form control button driven Macro to continue the calculations till the desired 

time step
c)	 Also, this button should build a Table of Time step vs Temp T5 up to the desired Time 

step, and draw a plot of the same
d)	 And, a Form control button driven Reset to reset the calculations and plot to the original 

condition. 
2.	 Set up the worksheet, enter data, name the cells:
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3.	 Set up the calculations: First enable Iterative calculations in EXCEL by going to: OFFICE 
button – EXCEL Options – Formulas:

Observe that we have put a check mark in front of Enable Iterative calculation, and changed the Max 
iterations to 1000 (from default value of 100) and Max change to 0.000001 (from default value of 0.001). 
Click OK.
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4.	 Set up the scheme as shown. Enter the eqns for T1, T2 and T5 in cells D20, E20 and F20 
respectively. Eqn for T5 in cell F20 can be seen in the Formula bar:

Note that the above scheme calculates only up to a time step of 6.
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5.	 Now, select cells d20, E20 and F20 and drag-copy the entire line up to row 25. The 
calculations (with iterations) are immediately completed:

6.	 Now, write a VBA code to perform these calculations up to the desired no. of time steps, 
N. Have a Form control button to run this Macro. (See the previous VBA code for Explicit 
method). This code also copies the calculated values of T5 against Time step and Time in to 
a separate Table starting from cell B30. Following is the code to do this: (Read the comments 
inside the code)
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7.	 Have a Form control button “RUN” to run this code, as explained earlier:

8.	 Have the Table of results, to which results will be copied by the above code, set up. Also, 
draw the plot of T5 vs Time step, and format it with respect to grid lines, axes titles, plot 
title etc.:

9.	 Adjust the plot such that when the Table is filled up to, say, 400 Time steps, it should be 
accommodated in the plot. To do that, select the plot, and right click. We get:
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Click on Select Data:

On top of above fig., in Chart data range: change it to accommodate up to cell D400, as shown. This 
means that as we go on filling up the Table, up to cell D400, the values will automatically up dated in 
the plot. Click OK.

10.	 Next, important thing is: after one set of calculations are over for a given N, if we need to 
perform a new set of calculations for another N, we have to ‘Reset’ the calculations to the 
original values i.e. for 6 time steps only. Also, we have to delete the values after 6 time steps 
from the Table that we built up during the previous calculations, and the plot has to re-drawn. 
This is done by another Macro, connected to the Reset button. Its VBA code is shown below:
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This Macro is also connected to a Form control Button, named as: ‘Reset’. This is shown below:
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11.	 Now, as an example, let us enter N = 6 and click ‘Run’. We get immediately a Error message:

12.	 Click OK. Now, click ‘Reset’. Now, Enter N = 20, and click ‘Run’. We get:

Observe that the Table has been built for 20 Time steps, and the plot is also up-dated.
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13.	 Now, let us run the program for 400 Time steps. Before doing so, click on ‘Reset’. We get the 
original set up:

14.	 Now, enter N = 400, and click on ‘Run’:
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We see that the steady state is reached after 352 time steps. And, at this time, T5 = 1022.933 deg.C. Press 
OK. Now, we also see that the Results Table has been built up to this time and also the plot is updated:

�
�

Thus, we see that EXCEL, combined with the power of VBA programming and Macro recording, can 
solve heat transfer programs very effectively.
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